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We begin with the definition of symmetric powers; we will start with a specific example, the category Gpd. This
has two monoidal structures, (Gpd,q, ∅) and (Gpd,×,pt). Moreover, there is a exponential-type monoidal functor
S : (Gpd,q, ∅) → (Gpd,×,pt) given by X 7→ SX = qn≥0Sn o X; this is called the total symmetric power of the
groupoid X. (The objects of Sn oX are n-tuples of morphisms, but then there are extra morphisms induced by the
symmetric group action.) Moreover, the fold map X q X → X and the unique map ∅ → X are sent under S to
∗ : SX × SX → SX, the concatenation product and () : pt → SX, a unit map (induced by the “empty tuple”).
In fact, (SX, ∗, ()) may be viewed as the free symmetric monoidal groupoid on the groupoid X. In particular, the
assignment X 7→ SX is a monad. It has the two structure maps µ : S ◦ S ⇒ S and ι : id⇒ S.

Now suppose E is an orbifold cohomology theory with products (i.e. a contravariant functor such that for any
fixed group we obtain an equivariant cohomology theory and such that equivalences of groupoids induce isomor-
phisms, etc.). The particular axioms we will focus on are that E(X q Y ) ∼= EX ⊕ EY and that we have a map
EX ⊗ EY → E(X × Y ).

Definition 1. A total power operation in an orbifold theory E is a natural transformation P : E → E ◦ S as
set-valued functors, such that:

1. P makes E into a comodule over the comonad F 7→ F ◦ S.

2. The diagram

E(X q Y )
P - E(SX × SY )

EX ⊕ EY

∼=

?

(a, b) 7→ P (a)⊗ P (b)
- ESX ⊗ ESY

6

commutes.

Theorem 1. This implies all the usual properties of power operations (cf. Bruner-May-McClure-Steinberger).

We might in addition assume that E has some reasonable theory of transfers along “essentially finite” covers

of orbifolds. Then, ESX =
⊕̂

n≥0E(Sn o X) becomes a Hopf ring, where the second multiplication ◦ is given
by transfer along the concatenation product ∗, i.e. ◦ = ∗!. In this situation, P is exponential in the sense that
P : EX → ESX satisfies P (a+ b) = Pa ◦ Pb and P (0) = 1 (the unit for the second multiplication ◦).

We will spend the rest of the talk studying two particular examples, the second building on the first. The first
is simple. Let E be orbifold K-theory and P be the total Atiyah power operation: P ([V ])|SnoX = [V ⊗n]. Here,
transfers are given by right Kan extensions.

We now work towards orbifold Tate K-theory. Let X be an orbifold groupoid (so the objects and morphisms
sets are actually manifolds, all structure maps are smooth, the source and target maps are submersions, and the
stabilizers are finite; as a background reference, cf. Moerdijk’s Orbifolds as groupoids: an introduction). Recall
that ΛX = Fun(•//Z, X) is the inertia groupoid of X; the objects of ΛX are arrows g : X → X. Then, an
element ξ ∈ Center(ΛX) = Nat(idΛX , idΛX) must satisfy ξg = g1. More precisely, g gets sent to g viewed as an
automorphism in ΛX of g : X → X.

The significance of a center element ξ is that if we start with a vector bundle V on ΛX, then ξ acts on V as a
fiber-preserving automorphism, and hence V splits (as an orbifold vector bundle) as a direct sum of eigenspaces:
V ∼=

⊕
ξ Vξ.
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(As a particular example, if a finite group G acts on a manifold M , then the global quotient orbifold has for its
object-object the manifold M and for its arrow-object the manifold G ×M . Then ΛX = (qg∈GMg) //G. Now, a
vector bundle V on ΛX is a G-equivariant vector bundle on qg∈GMg, and then ξ acts on V |Mg as multiplication
by g ∈ Cg.)

Now, we can finally define orbifold Tate K-theory : KTate(X) is the Grothendieck group of infinite sums of the
form

∑
Vaq

a where a ∈ Q≥0, Va is an orbifold vector bundle on ΛX (with ξ acting by e2πia, the so-called “rotation
condition”), and q is a formal variable. We give two motivations for the rotation condition:

1. The rotation condition is one half of Norton’s first condition in the generalized moonshine conjecture.

2. The rotation condition arises from work on orbifold loopspaces by Lubercio-Uribe: LX = Orb(R//Z, X) carries
an R-action, and then LXR ∼= ΛX. (Abstracting from the usual description of the Witten genus in terms of
representations of the circle, the a here is just the generalization when our circle is now an orbifold.)

We have the following power operations for Tate K-theory. We want to run from KTate(X) to KTate(SX). The
first thing to observe is that ΛSX admits an embedding Q : SΦX

∼−→ ΛSX, where ΦX denotes the indecomposables
in ΛSX. So we have

SEt : KTate(X)
???−−→ Krot(ΦX)

PAtiyah−−−−−→ Krot(SΦX)
Q∗

←−−∼= KTate(SX).

For the last map, let’s recall that an object of ΦX is a k-tuple of morphisms in X, which maybe-kinda-sorta induces
a morphism of groupoids from ΦX to X. Whatever this is, it’s enough to give us the ??? map.

Theorem 2. There is a total symmetric power

SEt : EX
P−→ ESX

diag∗

−−−→ E(S(pt)×X)
ε!−→ E(X)[[t]],

where ε : S(pt)→ qn≥0pt.

Theorem 3. If V is a vector bundle over a space, then SKTate
t ([V ]) =

⊗
k≥1 S

k
tk(V ) is Witten’s stable exponential

class.

We have certain operations Tk, which play the role of the Adams operations. Then, SKTate
t (x) = exp(

∑
k≥1 Tk(x)tk).

In fact, these Tk are Hecke operators. This is connected to generalized moonshine, which involves “twisted Hecke
operators”, and moreover PTate is an elliptic total power operation; for spaces, our construction gives Ando’s
power operations. In fact, the right side is (essentially) a Borcherds product, and we obtain a reformulation of the
moonshine concept of “replicability”: F (t)− F (q) = t−1(Λ−tF )(q).
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