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1 K-theory

Let us begin with the easiest possible example of a stack. The map f : X = [Spec(Z)/Spec(Z/2Z)] → Spec(Z)
is proper and smooth. However, the pushforward f∗ : Qcoh(X) → Qcoh(Z) does not admit a right adjoint.
On the other hand, spectral algebraic geometry has an interesting perspective to offer. Namely, X is just the
truncation of the spectral DM-stack X which classifies oriented multiplicative formal groups (i.e. π0(X ) = X).
Then, OX (Spec(Z)) = KU . Moreover, this still has the action of Z/2Z, which one can check is via the Adams
operations ψ±1. In fact, KO = KUh(Z/2Z) → KU is a Galois extension (in the sense of Rognes).

Now, one can check that Qcoh(X )
∼=−→
Γ
KO-Mod

f∗−→ S0-Mod admits the left adjoint f !. In fact, f !(IZ) ∼= Σ4KO,

where IZ is the dualizing complex (i.e. the Anderson dual) of S0. (Note however, that X 6∼= Specét(KO), although
there is a map Specét(KU)→X .)

Let us dwell on this example for a bit. Recall that π1(S0) = Z/2, generated by η.

Proposition 1. There is a commutative diagram

S0 - KU

Cη
?

-

-

Ko ∧ Cη,

∼=

6

and the asserted equivalence is KO-linear.

Proof sketch. There is the descent spectral sequence E2 = H∗((Z/2Z,KU∗) ⇒ π∗KO, and KU∗ = Z[β±1]. The
action is given by (ψ−1)(β) = −β, and one computes that the one possible differential is nontrivial, and one gets
η3 = 4ν and all the other usual relations in π∗KO. In fact, we can also read off from the specral sequence the
Toda bracket computation 〈η, η2, 2〉 = −2β2. Using this, one computes the homotopy of KO ∧ Cη through the
Atiyah-Hirzebruch spectral sequence. Since the map KO∧Cη → KU is one of ring spectra, it follows that the map
is an equivalence.

Corollary 1. At p = 2 (so that K(1) = KU/2), K(1)0(Cη) ∼= F2[{±1}] over F2[{±1}] ⊂ F2[Z×2 ] = G1 (the first
Morava stabilizer group).

Now, note that KU ∧ HF2
∼= ∗, but we can remedy this by taking connective covers: H∗(ku,F2) ∼= A//E(1).

Given that ko ∧ Cη ∼= ku, we can also obtain that H∗(ko,F2) ∼= A//A(1) (where A(1) = 〈Sq1,Sq2〉). Thus, for an
arbitrary spectrum X we have the spectral sequence Ext∗∗A(1)(H

∗(X,F2)) ⇒ ko∗X. A particularly interesting case

is to take X = ko, and then ko ∧ ko as a ko-module ends up yielding the v1-periodic homotopy of S0 at p = 2.

Theorem 1. There are fiber sequence K(Fp)→ K(Zp)→ K(Qp) (due to Quillen) and K(Z)→ K(Qn)→ K(KU)
(due to Blumberg and Mandell).

Note that these both have the flavor of piecing together global information from the special fiber and the total
fiber. (Recall that KU = ku[β−1].) However, there is not a general picture here: Rognes has proved that there
is no fiber sequence (for p any prime) of the form K(ku/p) → K(ku) → K(ku[p−1]). (This is just a brute force
computation of homotopy groups.)
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2 Topological modular forms

As the theory currently stands, we can revisit almost everything we’ve done above. Let M ⊂M be spectral DM-
stacks classifying generalized derived elliptic curves. Now we have a map Tmf = Γ(OM ) → TMF = Γ(OM ) =
Tmf [∆−1]. Then a result in Meier’s thesis can be phrased as saying that Qcoh(M ) ∼= TMF-Mod. Of course, there
is the question: is Qcoh(M ) equivalent to Tmf-Mod? In any case, there is the following theorem.

Theorem 2. The pushforward f∗ : Qcoh(M ) → S0-Mod admits a right adjoint f ! (due to Lurie). Moreover, the
Anderson dual of Tmf is given by MapS0(Tmf, IZ) ∼= Σ21Tmf (as Tmf -modules) (due to Stojanoska).

However, it’s not clear whether this Anderson dual is the line bundle f !(IZ). Of course, one would like to
generalize to TAF spectra.

Now, once again Tmf ∧ HF2
∼= ∗, and so again we pass to the connective cover tmf = Tmf [0, . . . ,∞).

(Unfortunately, H∗(TMF [0, . . . ,∞),F2) is not even finitely presented over A, so we really do need to use Tmf
instead of TMF .) Then we have the following theorem.

Theorem 3 (Lawson-N). At p = 2, there is an E∞ map tmf → tmf1(3).

Here, the target should be thought of as analogous to ku if tmf is to be thought of as ko; recall that π∗tmf1(3) =
Z(2)[v1, v2].

Now, we would like an analog of real (8-fold) Bott periodicity. We have the following analog.

Theorem 4 (Hopkins-Mahowald, Behrens-N). There exists a finite complex DA(1) (the “double” of A(1)) with
H∗(DA(1),F2) ∼= A(2)//E(2) (as modules over A(2)), and tmf ∧DA(1)

∼−→ tmf1(3).

Behrens observed that the proof of this “periodicity theorem” is the same as the one in the previous section.

Corollary 2. H∗(tmf,F2) ∼= A//A(2).

(This follows from the fact that H∗(tmf1(3),F2) = A//E(2).)

3 Further work

One of the most ambitious things we might try to do with this is rerun Mahowald’s computations of the v2-periodic
homotopy of S0, which begins with tmf ∧ tmf .

Another possible application of the above realizability result is the surjectivity of the Witten genus π∗MString→
π∗tmf .

Then, too, there is the result of Barwick that there is a fiber sequenceK(ku∧2 )→ K(tmf1(3)∧2 )→ K(tmf1(3)∧2 [v−1
2 ]),

which should be believable since ku∧2 = tmf1(3)∧2 /v2. This is the first positive resolution of a conjecture of Ausoni-
Rognes at height greater than 1. (The general statement has to do with BP 〈n〉, not even arbitrary E∞-ring spectra.)
This implies that K(2)0(DA(1)) ∼= F2[Q8] as modules over F2[Q8] ⊂ F2[G2]. This implies a rather obvious general
question: If G ⊂ Gn is a finite subgroup of the nth Morava stabilizer group, must there exist a finite complex X
such that K(n)0(X) ∼= Fpn [G]? Certainly this will fail in general for trivial reasons, but if we allow direct sums on
the right side, the question remains wide open; for more, see Mitchell’s work on A(n) ⊂ A.
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