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We begin with the following question: What is String(n)? (To make our lives easier, we’ll assume for this talk
that n ≥ 5. Rather than answer this directly, we can ask for its classifying space. It fits into the tower

BString(n)

BSpin(n)
? λ- K(Z, 4)

BSO(n)
? w2- K(Z/2, 2)

BO(n)
? w1- K(Z/2, 1)

where the L-corners are fiber sequences, so that we’re killing the homotopy groups from the bottom upwards. (Here,
2 · λ = p1, so one often says that λ = p1/2.) Thus, as a rudimentary definition, we might say that String(n) is a
topological group with a map to Spin(n) and with the appropriate classifying space.

Why do we care about String(n), anyways? There are a number of motivations, and we’ll just highlight one.
Namely, there is a connection to topological modular forms via the Witten genus. Given a manifold M , we can
construct a formal power series W (G) ∈ Z[[q]] which for string manifolds is the q-expansion of an integral modular
form. This gives a map W : MString(n)∗ → MF∗. There is also a natural map tmf∗ → MF∗, and in fact there
is a factorization α : MString(n)∗ → tmf∗. By work of Ando, Hopkins, Rezk, and Strickland, this lifts to the
σ-orientation, a map of spectra σ : MString(n)→ tmf . Meanwhile, there is the Höhn-Stolz conjecture, which says
that if M4d is a string manifold with positive Ricci curvature, then W (M) = 0. To attack such a conjecture, we
certainly need a geometric understanding of the Witten genus. For this, we need to understand the string group.

The first way one might attempt to build String(n) is the following simplicial-homotopical approach. There is
a sequence of functors

BString(n)
Sing∗ Sing∗BString(n)

Λ∗ G∗
|−|
 |G∗|

(where Λ∗ is the Kan simplicial loop group). This does indeed yield a topological group, but there’s so much
homotopy theory in the mix that it’s impossible to really get a geometric handle on things in this picture. The first
approach, by Stolz, was to define an extension sequence G → String(n) → Spin(n), where G is a group of gauge
transformations, giving a PU(H)-bundle on Spin(n) (for H a Hilbert space). Next, Stolz and Teichner defined
another extension sequence PU(III1)→ String(n)→ Spin(n), where PU(III1) is the group of projective unitary
transformations in a III1-factor. This has certain desirable properties over the original construction, but the issue
with both of these is that we’re trying to extend by K(Z, 2), and this is necessarily infinite-dimensional.

However, there is a way to get around this. Recall that K(Z, 2)-bundles on M are in bijection with H3(M ;Z),
and these in turn are in bijection with U(1)-bundle gerbes. So there’s a tradeoff: we get to work finite-dimensionally,
but we need to work higher-categorically. Specifically, there is a sense in which K(Z, 2) is equivalent to U(1)⇒ pt.

There is a general yoga of categorification: sets become categories, monoids become monoidal category, and
groups become 2-groups. A first guess for the categorification of a manifold is that we should move to internal

1



categories in the category of manifolds (i.e. a pair of manifolds with source, target, and identity maps, etc.). Then
we could categorify Lie groups into what are called Lie 2-groups. The first example of this is an ordinary Lie group
G, considered as a category internal to manifolds as G ⇒ G; the group-object structure is given by the group
structure on G. But if we consider an abelian Lie group A, we can put a monoidal structure on [pt//A] = A⇒ pt:
there’s nothing to do with objects, and the fact that A is abelian allows us to compose morphisms appropriately.
Thus, we might hope for a fiber sequence [pt//U(1)] → String(n) → Spin(n) of topological categories, and then
taking geometric realization would give K(Z, 2)→ |String(n)| → Spin(n).

This idea has been considered before. There is a model due to Baez, Crans, Schrieber, and Stevenson, and
then there is another model due to Henriques. In these projects, they actually did infinite-dimensional versions,
using a different topological group whose realization is again Spin(n). But this is somewhat unsatisfying. When we
categorify, we’d like to do so as weakly as possible. Thus, we should categorify manifolds to (presentable) stacks.
This is only subtly different from the category of internal categories in the category of manifolds, but the difference
lies in the fact that the morphisms in the former are local in the space of objects of the source: if we want to
describe a morphism from X = (X1 ⇒ X0) to Y = (Y1 ⇒ Y0), we can given a cover {Ui} → X along with functors
and coherence data {Ui} → Y . Only in the category of stacks does this give a global functor X → Y . Then, Lie
groups categorify to 2-groups in stacks, and we have the following theorem.

Theorem 1. Equivalence classes of central extensions of 2-groups in stacks of the form [pt//U(1)]→ G→ Spin(n)
are in bijection with a topological-group-cohomology group H3

Segal(Spin(n);U(1)). For n ≥ 5, this is isomorphic to
Z, and in that case a generator corresponds to a model of String(n).

In general, H2
Segal(G;A) classifies central extensions A→ E → G, where E is a principal A-bundle over G; this

is better than H2
naive(G;A), which classifies central extensions such that topologically, E ∼= G×A. To be explicit,

we can define H∗Segal(G;A) to be the hypercohomology of BG• with values in A. Because we have this explicit
model, we can even check by hand that the model of String(n) produced in the theorem is finite dimensional.

This is good, but it seems a little unfortunate that we still need to choose an explicit cocycle in the Segal
cohomology group. Luckily, there is the following theorem.

Theorem 2. The 2-groupoid of central extensions [pt//A] → E → G has π0 = H3
Segal(G;A), π1 = H2

Segal(G;A),

and π2 = H1
Segal(G;A).

Lemma 1. H2
Segal(Spin(n);U(1)) = H1

Segal(Spin(n);U(1)) = 0.

Corollary 1. The String(n) extension is completely canonical.
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