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This talk is based on ongoing work with Behrens, Ormsby, and Stapleton.

Given a ring spectrum E which is connective, flat, etc., there is an E-Adams(-Novikov) spectral sequence. This
is based on E∗E = π∗E∧E, so it is important to understand this ring of cooperations. When E = HFp or E = BP ,
then E ∧ E =

∨
E, so in these cases it’s relatively easy to understand the shape of the Adams E2-page. On the

other hand, these are not so useful. On the other hand, for instance, bo ∧ bo '
∨

Σ4jHZj ∧ bo (due to Mahowald,
Milgram, Lellmann, Davis), and the bo-Adams spectral sequence ended up being a very efficient tool for studying
v1-periodic homotopy. So, the natural thing is to turn to v2-periodic homotopy. This is generally accomplished by
replacing bo by tmf . We are very far from truly understanding how this works, but of course the first step is to
understand tmf ∧ tmf .

In this direction, Mahowald, Davis, and Rezk have studied eo2 ∧ eo2; the analogous splitting (in a sense to be
made precise momentarily) doesn’t work as expected. Rather, some variants of tmf with level structures (of Γ0

type) appear. This phenomenon is not well understood; nevertheless, this was then used by Behrens, Hopkins,
Henn, and Mahowald to study a v322 -periodic self map on the Moore spectrum M(1, 4) as well as the Hurewicz
image of tmf . Also, Laures in his thesis explored cooperations for TMF1(N) and TMF [1/6] in a modular fashion.

The work at hand (which is entirely at p = 2) seeks to relate these three different approaches to studying
tmf ∧ tmf :

1. Mahowaldian ASS approach: after a few change-of-rings isomorphisms, ExtA(2)(A//A(2))⇒ tmf∗tmf .

2. Laures’ ANSS approach: a descent spectral sequence runs H∗∗(MWeier ×Mfg
MWeier)⇒ tmf∗tmf .

3. level structures approach: there are a family of maps tmf ∧ tmf → TMF0(N) (the global sections of a sheaf
of E∞-ring spectra over the moduli M0(N) of elliptic curves with level N structure, which for us is a cyclic
subgroup of order N).

We’ll start with the third approach. There are two maps M0(N) → Mell = M: one is the forgetful map

(C,H ⊂ C)
F7→ C, and the other is the quotient map (C,H ⊂ C)

Q7→ C/H. The first induces a map of ring spectra
F : TMF → TMF0(N), but the second only induces a map of spectra Q : TMF → TMF0(N). However, we can
extend this to a TMF -module map

TMF
Q- TMF0(N)

TMF ∧ TMF
?

Q̃

-

tmf ∧ tmf.
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In fact, we get a whole family of maps Q̃k : tmf ∧ tmf → TMF0(N).

A side effect of the present work is that we can make a wise choice of connective X to get X → tmf ∧ tmf →
TMF0(N); this is an example of Mahowald’s idea of “connective models”, in the sense that after 2-localization it
becomes an equivalence.
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What makes X “good”? To understand this, let’s recall some facts about the dual Steenrod algebra. As
an algebra, A∗ = F2[ζ1, ζ2, . . .], where |ζi| = 2i − 1. The submodules A(i) ⊂ A are dual to the subcomodules

(A//A(i))∗ = F2[ζ2
i+1

1 , ζ2
i

2 , . . . , ζ
2
i+1, ζi+2, . . .]. At i = −1 this is realized by HF2, at i = 0 this is realized by HZ, at

i = 1 this is realized by bo, and at i = 2 this is realized by tmf ; when i > 2, these comodules are not realizable.
In any case, these comodules admit a weight filtration, where we set wt(ζi) = 2i−1. Then we get the Brown-Gitler
modules Bi(j) ⊂ (A//A(i))∗, where Bi(j) is the span of elements of weight less than or equal to 2i+1j. These are
realized (at the same i as above) by (HF2)j , HZj , and something which by analogy is called boj .

Proposition 1 (Mahowald). As A(i)-comodules, there is the splitting (A//A(i))∗ '
⊕

j≥0 Σ2i+1jBi−1(j).

This is a height-lowering splitting. At i = 1, it implies the result above that bo ∧ bo '
∨

Σ4jHZj ∧ bo. The
question, then, is: Is the analogous thing for tmf true, i.e. is there an equivalence between tmf ∧ tmf and∨

Σ8jboj ∧ tmf? Unfortunately, the answer is no (due to Davis, Mahowald, and Rezk). Rather, (bo1 ∪ b̃o2) ∧ tmf

is roughly tmf0(3), a connective cover of level-3 tmf ; similarly, (
˜̃
bo2 ∪ bo3 ∪ b̃o1) ∧ tmf is roughly tmf0(5).

Now, we can use the above proposition to split our ASS as
⊕

ExtA(2)(H∗Σ
8jboj) ⇒ tmf∗tmf , and so we can

separate the contributions from the various boj .

Now, let’s recall the approach of Mahowald and Lellmann to bo∧ bo. They begin with a map Σ4jHZj → bo∧ bo.
To construct this, they run cell by cell; to get a handle on the obstructions, they need to understand bo ∧ bo. This
is done by understanding the easier space bu∧ bu, which comes with a canonical map from bo∧ bo. These sit in the
diagram

Σ4jHZj
- bo ∧ bo

Q-equivalence- Q[u2, v2]

bu ∧ bu
? Q-equivalence- Q[u, v]

?

KU ∧KU.
-

We have that KU ∧KU is a Mahler basis for Mapc(Z×2 ,Z2). This yields that bu∗bu = (KU∗KU ∩ Q[u, v])AF≥0,
which in turn yields that bo∗bo = (KO∗KO ∩ Q[2u2, u4, 2v2, v4] + torsion)AF≥0. (Here, AF stands for “Adams
filtration”.) This is all illustrated in a sequence of slides of spectral sequences that are surely available on Vesna’s
webpage. Now, to check that we have the right map Σ4jHZj → bo ∧ bo, we check the composition Σ4jHZj →
bo ∧ bo→ bu ∧ bu→ HF2 ∧ bu.

Thus, the questions in the case of tmf become:

1. What do we replace bu with?

2. What is the analog of the Mahler basis?

Number theorists know that we should be replacing the notion of a Mahler basis with the Morava stabilizer group;
however, these are too complicated. Instead, the present approach uses tmf1(3) ' BP 〈2〉 instead of bu. The
two descriptions (in terms of modular forms and it terms of BP ) are both necessary to understand this. (The
equivalence is due to Lawson and Naumann.) Now, Laures’ work tells us that we have the pullback square

TMF1(3)∗TMF1(3)
rationalization- Q[a1, a3, a1, a3][∆−1,∆

−1
]

Z[[q, q]]

q-expansion

?
- Q[[q, q]].

?

(That is, we’re identifying TMF1(3)∗TMF1(3) = MF1(3)2-var.∗ .) In fact, H0(MWeier ×Mfg
MWeier) is the ring of

2-variate modular forms of nonnegative Adams filtration and integral q-expansion.
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So, we study tmf∗tmf via the map to the complex-orientable spectrum tmf1(3) ∧ tmf1(3), which sits in the
diagram

Σ8iboj - tmf∗tmf - (MF 2-var.
∗ )AF≥0

tmf1(3)∗tmf1(3)
?

- ( ... )
?

A//E(2)
?

BP∗BP.

�

From this, it appears that we have the connective covers we hoped. (Again, see slides for more.)
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