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1.1 Background

Let us give a bit of background, drawing on classical theory.

Example 1 (moduli space of vector spaces). Let Vectn(X) denote the set of isomorphism classes of n-dimensional
real vector bundles. Then Vectn is representable in the homotopy category, by the CW complex BO(n). This space
has a canonical vector bundle γ → BO(n), and the bijection is given by pullback.

The essential part of the proof of this representability theorem is the following. We set

BO(n) = colimN→∞Grn(RN ),

and then any vector bundle V → X admits a fiberwise linear embedding into a trivial bundle, as

X × RN

V
π

-

j

-

X.
?

Then we obtain a map X → Grn(RN ) = {W ⊂ RN linear subspace |dimW = n} = LinEmb(Rn,RN )/Gln(R) by
x 7→ proj2(j(π−1(x))). Then, the pullback of the tautological bundle over Grn(RN ) yields V .

We may summarize this by saying that BO(n) = Grn(R∞) is the moduli space of vector spaces: it classifies
families of vector spaces.

To study vector bundles, then, we can look at characteristic classes, e.g. H∗(BO(n)): we can evaluate c ∈
H∗(BO(n)) on V → X as c(V → X) ∈ H∗(X). (Examples include the Stiefel-Whitney classes wi ∈ Hi(BO(n),F2)
and the Pontryagin classes pi ∈ H4i(BO(n);Z). In fact, H∗(BO(n),F2) = F2[w1, . . . , wn]. From the definitions, it’s
not even obvious that wi 6= 0, though this can be proved by explicit example (using the evident bundle on (RP∞)i).

Example 2 (moduli space of finite sets). We want to classify families of finite sets over a space X; these are
just covering spaces with finite fibers. Let us denote by Covn(X) the set of n-fold covering spaces of X up to
homeomorphism over X. This is also representable in the homotopy category, by the CW complex BΣn. As an
explicit model, we can take the Grassmannian-esque construction

BΣn = colimN→∞ Inj({1, . . . , n},RN )/Σn = colimN→∞{A ⊂ RN : |A| = n}.

The idea here is similar. Any covering space E → X admits a fiberwise embedding

X × RN

E
π

-

j

-

X,
?
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and then we map X → Inj({1, . . . , n},RN )/Σn by x 7→ proj2(j(π−1(x))).

We can again ask for characteristic classes. These are actually quite difficult to compute. On the one hand,
H∗(BΣn,Q) = H∗(∗,Q), but the torsion is where all the fun happens. For instance, H∗(BΣ2,F2) = H∗(BΣ3,F2) =
F2[x] with |x| = 1, but then H∗(BΣ4,F2) = F2[x, y, z]/(xz) with |x| = 1, |y| = 2, and |z| = 3. These are theoretically
computable in finite time, but there is no known explicit formula for H∗(BΣn,F2).

Note that there are canonical maps BΣn → BΣn+1 representing the natural transformation Covn(X) →
Covn+1(X) given by adding a trivial sheet. This induces opposite maps in cohomology. It is a theorem of
Nakaoka that the inverse system · · · → H∗(BΣ2) → H∗(BΣ1) stabilizes at each degree ∗ for n >> ∗, and that
limH∗(BΣn,F2) = H∗(BΣ∞,F2) is a polynomial ring in explicit characteristic classes.

1.2 Moduli spaces of manifolds

We’d like to copy the same story over for families of manifolds, i.e. smooth fiber bundles π : E → X with closed
fibers. It turns out that the right notion of “family” turns out to be that we should demand that E and X be
boundaryless manifolds and π be a smooth proper submersion. (Then for x ∈ X, π−1(x) ⊂ E will be a smooth
submanifold by the submersion condition, which is compact by the properness condition.)

Thus, given a closed manifold W , we write BunW (X) for the set of smooth proper submersions π : E → X with
all fibers diffeomorphic to W , up to diffeomorphism over X. As it turns out, this is a representable functor, albeit
in a slightly weak sense: there exists a space BDiff(W ) and a natural isomorphism [X,BDiff(W )] ' BunW (X).
This is not quite as good as in our previous examples, since X here must be a smooth manifold but BDiff(W ) is
only a CW complex. To define this space, one sets

BDiff(W ) = colimN→∞{Q ⊂ RN smooth, closed : ∃ diffeo Q ≈W} = colimN→∞ Emb(W,RN )/Diff(W ).

The sketch of the proof goes exactly the same as before.

There are many variations on this theme. For example, if W is oriented, we could replace Emb(W,RN )/Diff(W )
with Emb(W,RN )/Diff+(W ); this yields BDiff+(W ), the moduli space for W -bundles π : E → X along with
compatible orientations of the fibers, i.e. an orientation of the fiberwise tangent bundle TπE = ker(Dπ : TE →
π∗TX) over E.

So, this leaves us in the same place as before, trying to determine the characteristic classes of manifold bundles,
or equivalently H∗(BDiff(W )). Note that when dimW = 0, this reduces to the earlier question of covering spaces,
namely when |W | = n then BDiff(W ) ' BΣn.

Example 3. For W oriented, we have the generalized MMM-classes in H∗(BDiff+(W )). We obtain these as follows.
If dimW = n then by Poincaré duality we have

∫
W
− = 〈−, [W ]〉 : Hn(W )

∼−→ Z. This admits a fiberwise version: if

π : E → X is an oriented smooth fiber bundle, then we have
∫
W
− = π! : Hk+n(E)→ Hk(X). This can be used to

obtain characteristic classes of manifold bundles out of characteristic classes of (oriented) vector bundles. Namely,
if c is a characteristic class of vector bundles, then we have H∗(E) → H∗(X) taking c(TπE) 7→ Hc(π : E → X).
This construction Hc defines a natural transformation BunW → H∗(−), and hence there exists a universal class
Hc ∈ Hk(BDiff+(W )) (for each c ∈ Hk+n(BSO(n))).

We end with the question: Given W and c, does there exist a bundle π : E → X with fiber W such that
Hc(π : E → X) 6= 0? If so, are they algebraically independent (as c varies)? Do they generate H∗(BDiff+(W ))?
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