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All our spaces will be Hausdorff.

Definition 1. The dth symmetric power of a space X is SP dX = Xd/Σd, where the symmetric group Σd acts
by permutation. The infinity symmetric power of a pointed space (X,x0) is SP∞X = colimd SP

dX; the maps
i : SP dX → SP d+1X are given by adding x0.

We can regard this as a functor: for a map f : X → Y and any d ∈ [1,∞], we define SP df componentwise.

Definition 2. A ramified covering is a map of spaces π : X → Y along with a d-inverse t : Y → SP dX such that
((SP dπ) ◦ t)(y) = (y, . . . , y) and (t ◦ π)(x) = (x, x0, . . . , xd−1) (for any xi).

The idea is that there are d points hovering over each point of Y , but they’re not necessarily unique, and they’re
unordered.

Example 1. If X is a G-space and H ≤ G has finite index [G : H] = d < ∞, then we have the ramified covering
π : X/H → X/G, called the orbit projection. The d-inverse t : X/G → SP d(X/H) is given by the sum of the
preimages.

Theorem 1. Any ramified covering arises as in the previous example.

This is the perfect setting to study transfer maps in cohomology. Given π : X → Y and h any cohomology
theory, we have hπ :: hY → hX; a transfer is a map hX → hY with certain nice properties. Of particular
importance are the properties codified as Raush’s axioms:

1. naturality;

2. Tid(X) = id(hX);

3. T⊕πi
=

⊕
Tπi

;

4. commutativity with the boundary operator δ for h;

5. naturality with respect to pullbacks.

(The pullback of a ramified covering is also a ramified covering.)

Let us now define a transfer for ordinary (singular) cohomology H. The definition actually comes on the chain
level. First, we have σ : C∗(SP

dX) → C∗(X) given by addition. (This is easy, since C∗(SP
dX) ∼= SP d(C∗X).)

Then, given a ramified cover π : X → Y , we define

tr : C∗Y
C∗t−−→ SP dC∗X

σ−→ C∗X.

(The same construction works for singular homology.)

What happens if we use an arbitrary cohomology theory? In fact, there is the following no-go theorem.

Theorem 2. Any cohomology theory admitting transfers for arbitrary ramified coverings and satisfying Raush’s
axioms must be a singular cohomology theory (or a direct sum of these but shifted).

Sketch of proof. We first must show surjectivity of the maps

i∗ : h∗SP d+1X → h∗SP dX
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for connected based CW complexes; this is easy to prove using the pullback axiom. This implies that h∗(SP∞X)→
h∗(SP dX) is also surjective; this is proved by examining the lim1 sequence. Then, we apply the Leray-Serre-
Atiyah-Hirzebruch spectral sequence for the fibration {∗} ↪→ X � X. One shows (with some difficulty) that this
degenerates on the E2-page, which implies the result since Ep,q2

∼= Hp(X;hq({∗})) ⇒ hp+q(X). This last step
amounts to showing that the differential d2 is zero, and solving the appropriate extension problem. (For the first
task, one shows that im(h∗X(p+1) → h∗X(p)) = im(h∗X(p+N) → h∗X(p)) for N ≥ 1, which tells us about the
associated exact couple. The second task requires a good deal of stable homotopy theory.)

We can get transfer maps in generalized cohomology theories, however; we must restrict ourselves to unramified
coverings.
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