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1 Cartoon of the cobordism hypothesis

The cobordism category, for us, is the 1-category Bordn whose objects are closed (oriented) (n − 1)-manifolds
whose morphisms are cobordisms therebetween. This is symmetric monoidal under disjoint union. Atiyah defined
a topological quantum field theory (tqft) to be a symmetric monoidal functor Bordn → Vectk (although we can
replace the target with any symmetric monoidal category).

We give a cartoon of a more general cobordism category. The objects are 0-manifolds, the 1-morphisms are
cobordisms, the 2-morphisms are cobordisms between 1-morphisms, all the way up to n-morphisms. (Note that
this contains all sorts of manifolds with corners.) Defined properly, this becomes an n-category.

The Baez-Dolan cobordism hypothesis then says that if E is a symmetric monoidal n-category, then we have a
bijective correspondence Z 7→ Z(∗) between extended framed TQFTs and “nice” (i.e., fully dualizable) objects of
C.

2 Why this implies GTMW

We want to keep track of tangential structure. Let χ : G→ O(n) be a representation (for e.g. G = {1}, G = SO(n),
G = U(n), etc.); this gives rise to the notion of a G-structure on a manifold, by demanding a lift of the map
classifying the tangent bundle. Then there is an equivalence Fun⊗(BordGn , C ∼ ChG. We’ll leave it at that in the
interest of time.

3 A moduli space coming from string theory

Suppose M is a smooth manifold. Consider the data of a complex line bundle with connection (ξ,∇ξ) on M . This
data is equivalent to a continuous functor PM → L from the topological category of paths in M to the category
of complex lines. Thus, the moduli space Lconn of complex lines with with connection should be the geometric
realization |Fun(PM ,L)|.

Segal defined a topological B-field as follows. For every map f : C → M of a closed 1-manifold into M , we
want to assign a complex line Lf ; we want to do this in a symmetric monoidal way, so that Lf1 ⊗ Lf2 = Lf1

∐
f2

.

Then, given a Riemann surface Σ with a decomposition ∂Σ = C1

∐
C2, we’d like to assign an isomorphism ψΣ,f :

Lf1 → Lf2 , again in a symmetric monoidal way. We finally can define the moduli space of topological B-fields to
be |Fun⊗(Bord(M),L)|. We have

|Fun⊗(Bord(M),L)| ∼−→ MapE∞
(|Bord(M),CP∞),

and this allows us to compute the homotopy type of this moduli space. Namely,

B(M) ' K(H2(M)⊕ Z, 1)× (CP∞)b ×K(Z, 3)× (H3(M,Z)⊕H1(M,Z)).

Supposedly, physicists have been considering objects like this for a long time without really knowing what they were
doing. It turns out that we get the cobordism hypothesis for an E∞-groupoid target whose geometric realization is
a K(G,n), although we can remove this last hypothesis with a lot of work.

1


