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1 Mapping what?

Traditionally, we have the notion of mapping spaces in Top, sSets, ChR≥0, etc. The question is: Is there a fundamental
underlying definition of what a mapping space should be? In our opinion, this is best done using a universal property.
Let M be a model category, X ∈ M, K ∈ sSet; let K denote the simplex category of K, i.e. the category whose
objects are maps σ : ∆[n] → K and whose morphisms are commutative triangles. Denote by cX : K → M the
constant functor with value X. Given all this, we can construct a functor sSet→ Ho(M) given by

K 7→ hocolimKcX.

This is homotopy invariant, and we can factor it as

sSet - Ho(M)

Ho(sSets).
? −⊗

X

-

What we’re interested in, then, is −⊗X.

Example 1. If M = sSets, then K ⊗X ∼= K ×X.

Example 2. If M = ChR≥0, then S1 ⊗X ∼= X ⊕ ΣX .

Now, the important thing for us is that − ⊗ X has a right adjoint, which we denote Map(X,−) : Ho(M) →
Ho(sSets), and this is the universal property of the mapping spaces.

Example 3. If M = ChR≥0, then all mapping spaces are products of Eilenberg-MacLane spaces. If L,N ∈ ModR,

then πi(Map(L,ΣnN)) = Extn−iR (L,N). In fact, Map(L,ΣnN) =
∏n

i=0K(Extn−i, R(L,N), i).

We have the following wish list for mapping spaces.

1. Map(−,−) :Mop ×M→ sSets should be functorial.

2. We should have composition maps ◦ : Map(X,Y )×Map(Y,Z)→ Map(X,Z), which we demand to be strictly
associative and unital.

3. Map(X,Y ) should be homotopy invariant in both slots: if f : X → X ′ is a weak equivalence, then so should
Map(f, Y ) and Map(Y, f) be weak equivalences.

4. The homotopy type of Map(X,Y ) should be given by the above universal property. (In particular, we should
have π0(Map(X,Y )) = [X,Y ].)

2 Approach

Suppose X,Y ∈ M are fibrant. We define the category C(X,Y ) to have objects the spans X
∼←− Z → Y and to

have morphisms commutative diagrams of such; we then define the full subcategory C̃(X,Y ) ⊂ C(X,Y ) of those
spans where the first (backwards) map is a fibration.
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Let’s return to our wish list to see how this measures up. In fact, the first two wishes go through easily. To
check homotopy invariance, one might imagine that we’d like to take the nerve of C(X,Y ) and explicitly verify
homotopy invariance of the mapping space. Unfortunately, the category C(X,Y ) need not be small, and so we run
into set-theoretic issues. These can be sidestepped, but there’s a better way to go about this, too. Namely, we have
the following theorem.

Theorem 1. There exists a subcategory I ⊂ C̃(X,Y ) such that for any small subcategory J ⊂ C̃(X,Y ) with I ⊂ J ,

there exists a small subcategory K ⊂ C̃(X,Y ) with I, J ⊂ K such that I → K is a weak equivalence.

In this situation, we call I a core for C̃(X,Y ). Then, we can simply take the nerve of I to recover a well-defined
homotopy type.

Theorem 2. The nerve of the core satisfies the last two properties on our wish list.

3 Retakh’s theorem

Theorem 3. When M = ChR≥0 and L,N ∈ ModR, then C̃(L,ΣnN)
∼−→ ExtnR(L,N), and πi(ExtnR(L,N)) =

Extn−iR (L,N).
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