
Math 110 Quiz – based on the material of Week 2 (Section 108) Name:

Please check this box if you’re not officially enrolled in this section: �

Each of the two problems is worth 5 points. Justify all your answers; use complete sentences, and give explicit
formulas wherever possible.

1. Let V be a vector space, let u, v ∈ V be vectors in V , and suppose that the subset {u+v, u−v} ⊂ V is linearly
dependent. Prove that the subset {u, v} ⊂ V is also linearly dependent.

For the subset {u+ v, u− v} ⊂ V to be linearly dependent means that there exist scalars a, b ∈ R which are
not both zero such that

a · (u+ v) + b · (u− v) = 0.

Rearranging this equation gives the equation

(a+ b) · u+ (a− b) · v = 0.

This shows that {u, v} ⊂ V is also linearly dependent, as long as a+b and a−b are not both zero. So, suppose
for a counterexample that in fact the system of equations{

a+ b = 0
a− b = 0

is satisfied. Adding the equations gives 2a = 0, so a = 0. But then substituting this into either equation
yields that b = 0 as well. But this contradicts our original hypothesis that the scalars a and b were not both
zero. So the vectors u and v are indeed linearly dependent.

2. Let W ⊂ Mn×n(R) denote the subset of skew-symmetric matrices. This is a subspace. Find a basis, and
determine its dimension.

By definition, W = {A ∈ Mn×n(R) : A = −AT }, where the transpose matrix AT is defined by declaring
that (AT )ij = Aji. Thus, looking in the (i, j) entry of the matrix equation A = −AT , we obtain the relation
Aij = −Aji. So we can equivalently write

W = {A = (Aij) ∈Mn×n(R) : Aij = −Aji for all 1 ≤ i, j ≤ n}.

(Note that when i = j, we get that Aii = −Aii, and so all diagonal entries in a skew-symmetric matrix must
be zero.)

Now, let us write {Eαβ}1≤α,β≤n for the standard basis of Mn×n(R), where

(Eαβ)ij =

{
1, α = i and β = j,
0, otherwise.

Then, for any i, j we have Eij − Eji ∈W . We claim that the subset {Eij − Eji}1≤i<j≤n ⊂W forms a basis:
these are just the matrices with a 1 somewhere above the diagonal and a −1 in the symmetric spot below the
diagonal. To see that these span W , suppose we are given an arbitrary element A ∈W as above. Then

A =
∑

1≤i<j≤n

Aij · (Eij − Eji).

To see that this set is linearly independent, suppose we are given an equation∑
1≤i<j≤n

cij · (Eij − Eji) = 0.

Comparing (α, β) entries for α < β, we get cαβ = 0.

Now, by definition, the dimension of W is the cardinality of this basis (and it’s a theorem that this number
is independent of the basis chosen), which is (n2 − n)/2. (Intuitively, the “n2” comes from counting all the
possible entries of an n × n matrix, the “−n” comes from the fact that the diagonal elements must all be
zero, and the “/2” comes from the fact that the below-the-diagonal entries are uniquely determined by the
above-the-diagonal ones.)


