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Let R be an A∞-ring spectrum. This means in particular that we have a category ModR of (right) R-modules.
We also have a forgetful functor ModR[t] → ModR, where R[t] denotes the free A∞-ring spectrum on R. However,
this functor doesn’t preserve compact objects. In fact, the fiber of the forgetful functor over M ∈ ModR is the space
of R[t]-module structures on M , which is equivalent to

AlgR(R[t],EndR(M)) ∼= ModR(R,EndR(M)) = Ω∞EndR(M).

So, the fiber over M is really just the space of its R-module endomorphisms.

Now, there are two versions of the K-theory of R[t]. We can take the usual K(R[t]), i.e. the K-theory of
the category PerfR[t] of perfect R[t]-modules (i.e. those that are compact as R[t]-modules), but we can also take
K(End(R)) = K(End(PerfR)), where End(PerfR) is the category of perfect R-modules equipped with an endomor-
phism. We’d like to compare these. We don’t know anything about their higher K-theories, but we can say exactly
what their K0’s are. Let us make assume that R is connective. Then we have the following standard observations:

1. K0(R) = K0(Ho(PerfR)).

2. Ho(ProjR)→ Ho(PerfR) is a K0-isomorphism.

3. Ho(ProjR) ' Projπ0R
.

These three ingredients together imply that for any connective A∞-ring R, there is a natural isomorphism K0(R) ∼=
K0(π0R). In particular, K0(R[t]) ∼= K0(π0R[t]). Note that π0(R[t]) = (π0R)[t], and it is known that there is
a splitting K0(R[t]) ∼= K0(R) × NK0(R), where NK0(R) is often nonzero. (This implies that K-theory is not
homotopy invariant.)

Now, KEnd(R) is not usually of the form K(A) for some ring A. However, more complicated arguments give
the following result.

Theorem 1 (Blumberg, Tabuada, G). For R connective, KEnd0(R) ∼= KEnd0(π0R).

If in addition π0R is commutative, thenKEnd0(π0R) is classically known: by results of Almkvist, KEnd0(π0R) ∼=
K0(π0R)×W0(π0R), where the latter factor is the ring of rational Witt vectors. (In general, W0(π0R) ⊆W(π0R),
the ring of big Witt vectors. It is the ring of exactly those elements that can be written as polynomials with
coefficients in π0R.) Of course, this factor W0(π0R) again prevents homotopy invariance. For R a connective
A∞-ring spectrum with π0R commutative, we have a splitting KEnd(R) = K(R)×W (R) on the spectrum level.

There is a “motivic” perspective on K-theory which realizes it as mapping spectra in a category of noncommu-
tative motives. For this, we really need to allow K-theory to be defined on stable ∞-categories. Here, stable means
that the category has a 0 object, finite colimits, and the suspension is an equivalence. We will denote the category
of these by Catex∞ , where we require our functors to be exact (i.e. they must preserve finite colimits). Ring spectra
naturally give these via Perf : RingSp→ Catex∞ . We obtain the presheaf category PrecatSp(Cat

ex
∞) = Fun(Catex∞ , Sp),

and we define the category of motives to be the full subcategory of this Mot = ShvSp(Cat
ex
∞), subject to the technical

conditions:

• F commutes with filtered colimits.

• F sends localization sequences to cofiber sequences.

Recall that a sequence A → B → C in Catex∞ is a localization sequence if it is one on homotopy categories.

1



Theorem 2. The stable Yoneda embedding

Σ∞ : Catex∞
Yoneda−−−−→ PreSp(Cat

ex
∞)

sheafification−−−−−−−−→ Mot

has that Σ∞S corepresents K-theory (or precisely, the non-connective K-theory of Bass, Thomason, et al., denoted
K). That is, we have canonical isomorphisms

Map(Σ∞S,Σ∞R) ∼= K(R).

From this framework, we have K(R[t]) = Map(Σ∞S,Σ∞R[t]). Can we get KEnd(R) from this? Well, now we
have that

KEnd(R) = Map(Σ∞S[t],Σ∞R) = Map(SpecΣ∞R,SpecΣ∞S[t]).

This final target is (morally) the motive associated to the affine line.

Now, any F ∈ Mot determines a “noncommutative cohomology theory”. Namely, they take values in spectra,
and they satisfy a version of Mayer-Vietoris: given a pullback square

A - B

C
?

- D
?

in Catex∞ such that fiber→ B → D and fiber→ C → D are localization sequences, then

F (A) � F (B)

F (C)

6

� F (D)
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is a pullback (or equivalent, a pushout) in spectra.

Let us give an example that illustrates why this looks like a topology (and why it’s better to work geometrically).

Example 1. Consider the pushout diagram

Gm ⊂ - A1

A1
?

∩

- P1.

?

This gives a pullback diagram

PerfP1
⊂ - PerfA1

PerfA1

?

∩

- PerfGm ,
?

where the two maps PerfA1 → PerfGm
are localizations since they come from open immersions. Now, given some

F ∈ Mot∗ (which just flips all the variance), we also have a pullback

F (P1) - F (A1)

F (A1)

?
- F (Gm)

?
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of spectra.

This immediately gives nice corollaries like the projective bundle theorem, which says that K(Pn) = K(An) ×
· · · ×K(A0).

Now, this Mayer-Vietoris principle gives a locality condition, but we still don’t have homotopy invariance.
However, we will try to force it, and see what happens.

It is rather hard to give formulas for the homotopy invariant versions of the dual motives that agree with the
classical versions. Of course, we can impose it formally, along the lines of Morel and Voevodsky’s work. Say, let
MotA

1 ⊂ Mot be the full subcategory of A1-invariant motives, i.e. F (X ⊗A1) ' F (X) for all X ∈ Catex∞ . (Of course,

really by X ⊗A1 we mean X[t] = X ⊗ PerfS[t].) The inclusion has an adjoint LA1

, the A1-homotopization, but the
proof of its existence is nonconstructive. We’d like an explicit formula. Classically we have KH(R) = |K(R⊗AnZ)|,
where AZ = (A0

Z ⇒ A1
Z ⇒ · · · ) is the standard cosimplicial affine space over Z. There are two problems in enriching

this. The hard part is to construct the analogous cosimplicial affine space over S, and then we also must show that
the construction is indeed homotopy invariant.

We’ll at least explain why the first part is hard. Recall that AZ = A0
Z ×A1

Z
{A1

Z ⇒ A2
Z ⇒ · · · }, where the maps

use the additive group structure (so the associated cosimplicial ring has Z[t0] → Z[t0, t1] ⇒ with t0 → t0 + t1 and
the two backwards maps the projections). The problem, then, is that we need to use the addition over the sphere
spectrum, and this is not at all rigid, so we need some analog. In the noncommutative world, A2

S = A1
S ⊗A1

S, which
is reflected by the fact that S[t0, t1] = S[t0]∧S[t1], and the problem is that smash product is only a coproduct in the
category of E∞-ring spectra and not in the category of A∞-ring spectra, and to consider them as E∞-ring spectra
would defeat the whole purpose. (Note that S[t] isn’t even free as an E∞-ring spectrum.)

This motivates us to ask: What do these functors AnS : Catex∞ → Spaces represent? This is an interesting
question anyways, since it ties in to questions about pairs of commuting elements in groups. First,

A0
S(C) = Mapex(PerfS, C) ∼= Map(∆0, C)

is the “space of objects of C”. Next,

A1
S(C) = Mapex(PerfS[t], C) ∼= Map(∆1/∂∆1, C) = LC,

the “free loopspace of C” (i.e. the space of objects of C equipped with an endomorphism). To understand the
additive group structure, we need to go one step further. So, we get

A2
S(C) = (A1

S ⊗ A1
S)(C) = Mapex(PerfS[u,v], C) = Map(∆1/∂∆1 ×∆1/∂∆1, C),

the “space of commuting elements in C (consider the fundamental domain presentation for the torus!). In fact, one
can show that A1

S is “the” additive group in noncommutative geometry. This allows us to write down the analogous
cosimplicial object using the additive structure, and again we can cut out the hyperplane section to get AS.
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