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Let us begin with the non-equivariant stable homotopy category SHC. Recall that this contains the Spanier-
Whitehead category as a full subcategory of dualizable objects. Now, we will consider SHC = Ho(Sp), where Sp
is the category of naive spectra (with the appropriate model structure). Of course, this is not the unique model for
the SHC. In the 1990s, a number of other point-set models showed up:

• EKMM defined MS , the category of S-modules;

• Hovey-Smith-Shipley defined SpΣ, the category of symmetric spectra;

• SpO, the category of orthogonal spectra.

These are better than naive spectra because they all possess actual symmetric monoidal structure. If we write M for
any of these, then Ho(M) ∼∆ SHC (i.e., as triangulated categories). In fact, all these models for spectra are Quillen
equivalent. (Recall that a Quillen equivalence between model categories M and N is an adjunction F : M � N : G
that is compatible with the model structures such that the induced adjunction LF : Ho(M) � Ho(N) : RG is
an equivalence. Two model categories are called Quillen equivalent if there exists a zigzag of Quillen equivalences
between them.)

Of course, having a Quillen equivalence is much stronger than having an equivalence of homotopy categories; the
former sees things like function spaces, etc. For instance, if K(n) is the nth Morava K-theory, then Ho(ModK(n)) ∼∆

Ho(d.g.Modπ∗K(n)). Thus, the Quillen-equivalence-type captures much higher-order information than the homo-
topy category; in this case, the homotopy types of mapping spaces are different. So, a natural question is: How
many models does SHC have, up to Quillen equivalence? This is answered by the following theorem.

Theorem 1 (Schwede: 2001, 2007). Suppose M is a stable model category such that Ho(M) ∼∆ SHC. Then M
and Sp are Quillen equivalent.

We would like to equivariantly generalize Schwede’s theorem. Let G be a finite group. For us, an G-equivariant
orthogonal spectrum X consists of the following data:

• for any finite-dimensional G-representation V ∈ RepO(G), we have XV , a pointed O(V ) oG-space;

• for any V,W ∈ RepO(G), we have a G- and O(V )×O(W )-equivariant map XV ∧ SW → XV⊕W .

The morphisms are defined in the obvious way. We denote this category by SpG. Then, we write Ho(SpG) = SG

for the G-equivariant stable homotopy category. (Note that in others’ terminology, this is indexed on a complete
universe, since we’ve made the definition for all representations.) Of course, there are other models for Ho(SpG),
for instance:

• MSG
, Mandell-May’s SG-modules (a generalization of EKMM);

• Blumberg’s “continuous G-functors”;

• the LMS G-spectra.

It is known that these models (and all the others) are Quillen equivalent.

So of course, we now have the question: If M is a stable model category such that Ho(M) ∼∆ Ho(SpG), does
it follow that M and SpG are Quillen equivalent?

We don’t know the answer to this, even when G = C2. For our current technology, this question is rather too
general. Instead, we will add a few assumptions:

1



• our categories admit function G-spaces;

• our categories are bitensored over G-Top∗;

• the functor SV ∧ − : M →M is invertible up to homotopy.

This motivates us to define a G-equivariant stable model category to be a model category M with the following
structure:

• mapping G-spaces;

• tensors and cotensors over G-Top∗;

• for any V ∈ RepO(G), SV ∧ − : M →M is invertible up to homotopy (or equivalently, a left Quillen functor
which is a Quillen equivalence).

Note that if G is trivial, this is more structure than Schwede assumed.

Proposition 1 (P). Let M be a G-equivariant stable model category (which is cofibrantly generated and proper).
Then the category SpO(M) of internal orthogonal spectra in M has a G-equivariant stable model structure, and the
adjunction Σ∞ : M � SpO(M) : ev0 is a (G-Top∗-enriched) Quillen equivalence.

Let us now formulate the main conjecture.

Conjecture 1 (P). Suppose M is a G-equivariant stable model category with Φ : Ho(SpG) ∼∆ Ho(M) such that
for any H ≤ G, Φ(Σ∞(G/H)+) ' (G/H)+ ∧Φ(S), naturally with respect to the Burnside category. TThen M and
SpG are G-Top∗-Quillen equivalent.

Here is a partial result.

Theorem 2 (P). The conjecture holds 2-locally for G = C2i1 × · · · × C2in .

The reason for considering the 2-local case separately is that 2-local homotopy theory behaves a bit differently.
This all sort of stems from the fact that p : M(p) → M(p) is nontrivial iff p = 2. The main equivariant fact that
we use is the Segal conjecture (proved in the most generality by Carlsson), that π∗G(EG+) ∼= π∗GS∧I(G) for any finite

group G (where I(G) denotes the augmentation ideal of the Burnside ring).
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