
Math 425A – Midterm 2 Name:

Show all your work, and precisely state any theorems that you use. The entire exam is worth 70 points.

(3 points ea.) 1. Indicate whether each statement is true or false. (You do not need to show your work here.)

(i) For any metric space M , the empty subset ∅ ⊂M is clopen.

TRUE. It tautologically satisfies the definitions of open subset and closed subset.

(ii) If S ⊂ R2 is bounded, then S ⊂ R2 is compact.

TRUE. Since S is bounded then so is S, and the Heine–Borel theorem then implies that S is compact.

(iii) If f : M → N is a homeomorphism, then it is a continuous bijection.

TRUE. A homeomorphism is a continuous bijection satisfying the further condition that its inverse is
also continuous.

(iv) If S ⊂M is closed and bounded, then it is compact.

FALSE. A counterexample is obtained by taking M to be the set N equipped with the discrete topology
and S = M . (This statement is reminiscent of the Heine–Borel theorem, but that result requires that
M = Rn.)

(v) Any path-connected subspace of a path-connected metric space is connected.

TRUE. Path-connectedness implies connectedness. (This has nothing to do with being a subspace of a
path-connected space.)

(vi) If f : S1 → R2 is continuous, then it is uniformly continuous.

TRUE. This is because S1 is compact, and when the source is compact then continuity and uniform
continuity are equivalent.

(vii) If f : M → N is continuous and N is disconnected, then M is disconnected.

FALSE. This would be true if f were additionally assumed to be surjective (see problem 4).

(viii) For any n ≥ 1, Rn is path-connected.

TRUE. It is trivial to show that R is path-connected, and products of path-connected spaces are path-
connected.

(ix) If f : M → N is a continuous embedding and K ⊂M is closed, then f(K) ⊂ N is closed.

FALSE. For a counterexample, take K = M = (0, 1) and N = R and f to be the standard embedding.
(This statement is reminiscent of one of the topological characterizations of continuity, namely that the
preimage of every closed set is closed.)

(x) If M is not path-connected, then it is disconnected.

FALSE. For a counterexample, take M to be any metric space that is connected but not path-connected
(such as the topologist’s sine curve).

(xi) If S ⊂ N ⊂M and S is open in M , then S is open in N .

TRUE. The condition of being open in M is stronger than that of being open in N (although they are
equivalent if N is open in M).

(xii) Every embedding of a bounded metric space is bounded.

FALSE. For a counterexample, consider the embedding tan : (−π2 ,
π
2 )→ R: this is in fact a homeomor-

phism, but the source is bounded while the target (its image) is not.

(xiii) Every isometry is a homeomorphism.

TRUE. An isometry is a homeomorphism that moreover preserves all distances.
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(xiv) If S ⊂M and p ∈ ∂S, then p ∈ ∂Sc.
TRUE. We may define the boundary ∂S as the set of points p ∈M such that for all r > 0, Dr(p)∩S 6= ∅
and Dr(p)∩Sc 6= ∅. This is evidently symmetric under replacing S with Sc (because (Sc)c = S), so that
in fact ∂S = ∂Sc.

(xv) If S ⊂M is disconnected, then S ⊂M is disconnected.

FALSE. For a counterexample, take M = R and S = [0, 1) ∪ (1, 2], so that S = [0, 2].

(3 points) 2. Prove that boundedness is not invariant under homeomorphism.

For this, it suffices to find a homeomorphism between a bounded metric space and a non-bounded metric space.
Such a homeomorphism is given by tan : (−π2 ,

π
2 )→ R.

(8 points) 3. Let d0 and dE respectively denote the discrete and standard (i.e. Euclidean) metrics on R. Prove that every
function f : (R, d0)→ (R, dE) is uniformly continuous.

We claim that for any ε > 0, we may take δ = 1. For this, we must show that for any p, q ∈ R, whenever
d0(p, q) < 1 then dE(f(p), f(q)) < ε. Indeed, if d0(p, q) < 1 then it must be that p = q, because otherwise
d0(p, q) = 1 6< 1. And in this case, then we have dE(f(p), f(q)) = dE(f(p), f(p)) = 0 < ε.

(8 points) 4(a). Suppose that f : M → N is a surjective continuous function between metric spaces. Prove (directly from the
definition) that if M is connected then N is connected.

We prove the contrapositive: that if N is disconnected, then so is M . For this, let AtB = N be a disconnection
of N : that is, A,B ⊂ N are proper disjoint clopen subsets whose union is N . Then, fpre(A), fpre(B) ⊂M are
clopen, by the two topological characterizations of continuity. Moreover, neither is empty, as f is surjective.
And they are disjoint because A and B are; so neither is all of M , either. Thus, fpre(A)tfpre(B) = M forms
a disconnection of M .

(3 points) 4(b). Give an example illustrating that the converse of the assertion in part (a) is false.

We take M = {a, b} to be a set with two elements and N = {c} to be a set with one element, both equipped
with the discrete topology. Then there is only one function M → N , and it is both surjective and continuous.
However, N is connected but M is disconnected (via the disconnection {a} t {b} = M).

(3 points) 4(c). Give an example illustrating that the assertion in part (a) no longer holds if f is not assumed to be surjective.

We take M = {a} to be a set with one element and N = {b, c} to be a set with two elements, both equipped
with the discrete topology. We define f : M → N by declaring that f(a) = b. Then, f is continuous and M
is connected, but N is not connected.
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