
Math 410 – Midterm 2 Name:

If you need more space, continue on the back (and indicate clearly if you do so).

In problems 6 and 7, write in complete sentences. You may use abbreviations. You may also use shorthand symbols,
but they should not constitute the majority of what you write. (Remember, proofs are all about communication!)

The entire exam is worth 50 points.

(2 points ea.) 1. Indicate whether each statement is true or false.

(i) If two elements of Sn are disjoint, then they commute.

(ii) If two elements of Sn commute, then they are disjoint.

(iii) Suppose that x, y ∈ Zn are two elements such that xy = 0. Then, x = 0 or y = 0.

(iv) Suppose that gcd(m,n) = 5. Then there exist a, b ∈ Z such that am+ bn = 20.

(v) Let M be a monoid and let a, x, y ∈M . If ax = ay and xa = ya, then x = y.

(vi) Suppose that σ1, σ2, σ3 and τ1, τ2, τ2, τ4 are two lists of pairwise-disjoint cycles in Sn of length

at least 1. Then it is possible that σ1σ2σ3 = τ1τ2τ3τ4.

(vii) If M is a monoid and a, b ∈M∗, then ab−1 ∈M∗.

(viii) Every abelian group has at most one identity element.

(ix) If σ ∈ Sn can be written as a product of 8 transpositions, then it can also be written as a

product of 12 transpositions.

(x) For any m,n ∈ Z, if m|n and n|m then m = n.

(2 points) 2. Recall Fermat’s little theorem: For any p ∈ N≥2, if p is prime then ap ≡ a (mod p) for all a ∈ Z. Give an
example demonstrating that the hypothesis that p be prime is necessary.
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(4 points) 3. Find an element x ∈ Z such that x ≡ 3 (mod 4), x ≡ 4 (mod 5), and x ≡ 5 (mod 7).

(4 points) 4. Find all solutions to the equation x+ 2y = 1 in Z4.
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(6 points) 5. The nth perfect shuffle is the element Ψn ∈ S2n defined by the formula

Ψn(k) =

{
2k , 1 ≤ k ≤ n
2(k − n)− 1 , n < k ≤ 2n

.

For 0 ≤ n ≤ 4, write Ψn in cycle notation and find the smallest positive integer rn such that (Ψn)rn = ε.
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(8 points) 6. Let n ∈ N≥2. Prove that the following statements are equivalent.

(a) For every x ∈ Zn, if x2 ≡ 0 then x ≡ 0.

(b) There is no prime p such that p2|n.
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(6 points) 7. List the multiplication tables of the six-element groups Z2 × Z3 and S3. (If you use shorthand notation for
their elements, be sure to indicate the meaning of your notation.) Then, prove that these two groups are not
isomorphic.

Z2 × Z3

S3
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