
MA 151A HW5 SOLUTIONS

May 2.4. Suppose C has all coproducts and coequalizers and let F : J → C be a diagram
over C. Set

X =
∐

Xα∈ob(J)

F (Xα) , Y =
∐

f∈HomJ (Xβ ,Xγ)

F (Xβ)

There are two natural morphisms from Y → X. The first one, 1 : Y → X, is given by
taking each F (Xβ) in the coproduct defining Y to its copy in the coproduct defining X.
The second map g : X → Y is the coproduct of all the morphisms F (f) : F (Xβ)→ F (Xγ).
We can then find a coequalizer q : X → L of the morphisms 1, g.

It follows from the definitions that L is a colimit. We have a morphism q : X → L
that restricts to a family of morphisms qα : Xα → L such that qα = qβ ◦ f for every
f ∈ HomJ(Xα, Xβ). In other words, (L, qα) defines a co-cone. Universality for coequalizers
immediately shows that this is a universal co-cone, i.e. a colimit.

On the other hand, if C has all limits and equalizers, then Cop has all co-limits and co-
equalizers. By the work above, Cop has all co-limits. Dualizing back to C, we see it has all
limits.

Hatcher 1.2.3. The space–call it X–deformation retracts to a wedge sum of k copies of
Sn−1. By Van-Kampen’s theorem, π1(X) = ∗kπ1(Sn−1) = 0.

Hatcher 1.2.4. The map from R3 − {0} → S2 given by x 7→ x/||x|| is a deformation
retraction. We restrict this to R3 − X to see that R3 − X deformation retracts to the
complement of 2n points in S2. This then deformation retracts onto a wedge sum of 2n− 1
circles, so that π1(R3 −X) = F2n−1.

Hatcher 1.2.7. We build a CW structure on X as follows: take the standard CW structure
on S1 (with one 0-cell and one 1-cell) and attach a 2-cell via the map that goes along the cir-
cle once clockwise, and then again counterclockwise. This attaching map is nullhomotopic,
so the π1 is Z.

Hatcher 1.2.10. The arcs α and β can be deformed within X to the complement of two
parallel lines in a cylinder. The key is that one can unlink the two arcs within the cylinder.
Thus, such a complement is a deformation retract of X. This then deformation retracts to
the twice punctured disk with boundary γ (a pair of pants). There are two generators for
the π1, each one representating a loop with winding number 1 around one of the removed
points. The loop γ is homotopic to the product of the generators (we may have to invert
one or both, depending on how we choose our orientations), and hence is not nullhomotopic.

Hatcher 1.2.14. With deep excitement, I pull out my coloured markers. On the left I have
drawn the one-skeleton of I3, with colours showing which 0-cells and 1-cells are identified
in the quotient. I’ve also given the one-cells names and orientations.
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On the top right I’ve drawn the 1-skeleton of X. We get the three 2-cells by identifying
parallel faces. Of course there is one 3-cell. By shrinking the path a, we see the 1-skeleton
deformation retracts to a bouquet of three circles (drawn on the bottom right), and hence
π1(X) is generated by the paths ab, ac−1, and ad. By attaching the relevant 2-cells to the
one skeleton, we obtain that abcd, ac−1d−1b, and adb−1c−1 are homotopically trivial paths
in X (and adding the 3-cell does nothing). Labelling i, j, k as the representatives of ab,
ac−1, and ad respectively in π1(X), we thus have a surjective map from the group

〈i, j, k|ij−1k, jk−1i, ki−1j〉 → π1(X)

These relations simplify to j = ki, k = ij, and i = jk, which yields i2 = j2 = k2 = ijk.
Also, working within X, we have the homotopy of paths based at the other 0-cell ba ' dc,
which gives

i4 ' abababab ' adcbadcb ' cbcdcdad
' ca−1d−1db−1a−1ad ' ca−1b−1d ' e

and hence we have a surjection from the quaternion group

Q = 〈i, j, k|i2 = j2 = k2 = ijk, i4 = e〉
to π1(X). If the map isn’t injective, then π1(X) identifies with a quotient of Q and hence
has order at most 4. The elements classes e, i, i2, i3, j are not equal in π1(X), and hence the
order is greater than 4. Therefore, the map above is an isomorphism.

Hatcher 1.2.16. One could go about this problem using the infinite version of Van Kampen
found in May (page 18). Since the problem is in Hatcher, we will avoid the categorical
language here.

Let Xg ⊂ X to be the surface a surface of genus 2g and 2 boundary components ”cen-
tered” at a point x, the sense that x lies on a closed curve that set separates X into two
components of genus g and two boundary components. It is a basic exercise to see π1(Xg)
admits the presentation

{a1, b1, . . . , ag, bg, a′1, b′1, . . . , a′g, b′g, cg, dg|cg =
∏

[aj , bj ]
∏

[a′j , b
′
j ]dg}

which is just the free group on 2g−1 generators. We obtain the presentation by representing
X2g as a quotient of a polygonal minus two small disks. Above, aj , bj represent generators
for one surface of genus g, and a′j , b

′
j for the other surface, while cg, dg are the boundary

curves.
For g < h, the inclusion map induces a map ig,h : π1(Xg) → π1(Xh) which, by Van-

Kampen’s theorem, is π1-injective. Moreover, we have a family of induced inclusion maps
ig : π1(Xg)→ π1(X) such that ih ◦ ig,h = ig (note: the word colimit should come to mind).
Using our presentation, we thus have a family of compatible maps F2g+1 → X. Embedding
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all copies of F2g+1 into F∞ gives a map F∞ → π1(X). The map is surjective, for any
curve representing an element of π1(X) lives in some compact subsurface, and hence in the
image of some F2g+1. Any curve representing an element of the kernel lives in a compact
subsurface, and hence can be seen as a representative of the trivial curve in some Xg.
Thus, it corresponds to the trivial word in F2g+1 ⊂ F∞. This establishes injectivity, and
furthermore that our map is an isomorphism.


