
MA 151A HW6 SOLUTIONS

May 3.3. Take the usual quotient map f : R → S1 and let g = f |(0,2). This is clearly

surjective and a local homeomorphism, but it is not evenly covered: |g−1(x)| = 2 for x 6= 1,
while |g−1(1)| = 1.

Hatcher 1.3.2. The map is obviously surjective. It suffices to check the covering space
condition on the topological basis for X1 ×X2 consisting of open sets of the form U1 × U2,

where Uj ⊂ Xj is open. On such sets Uj , we have p−1
1 (U1) = tαUα1 , p−1

2 (U2) = tβUβ2 ,
and hence p−1(U1 × U2) = tα,β(Uα1 × Uα2 ), and p restricts to a homeomorphism on each
Uα1 × Uα2 .

Hatcher 1.3.4. For the first one, take a family of spheres S2
j indexed by j ∈ Z, and insert

an interval of length one from the north pole of S2
j to the south pole of S2

j+1. Map the
intervals onto the circle and the spheres onto the sphere in the obvious way.

For the other one, take the universal cover of a wedge of two circles (the standard Cayley
group for the free group on two generators) and add a sphere at each vertex. The chords
map onto the circle, and the spheres map onto the sphere.

Hatcher 1.3.7. We first show π1(Y ) = 0: let f : S1 → Y be a map. If f does not
enter the copy of the interval [−1, 1], then it is contained in an embedded copy of R, and
hence nullhomotopic. Thus, if f is non-trivial on the level of homotopy, then it traverses
the entire sin(1/x) curve. As x → 0, the function sin(1/x) accumulates to every point in
[−1, 1]. Thus, any such map is not continuous, which is absurd.

Let p : R → S1 denote the usual covering space and suppose there exists such a lift
g : Y → R. g must take S1\{1} injectively to a component of p−1(S1\{1}), i.e. just some
interval of the form (n, n+1). Since p−1(1) = Z, we see g takes [−1, 1] into Z, and moreover
g is constant on [−1, 1]. Therefore, the image of g is [n, n+ 1) or (n, n+ 1]. However, this
contradicts compactness of Y , for g(Y ) must be compact.

Hatcher 1.3.10. For 2-sheeted covers, this is the same as finding all 2-vertex directed
graphs with valency 4, up to isomorphism. On the level of groups, this amounts to finding
all index 2 subgroups of F2. We take the graph approach here. See the end of the problem
for an image of all three. To see this is all that is possible: if we pick a vertex, then the
graph either has a loop based at that vertex or it does not. If it has such a loop, then the
other vertex must be attached via two edges, and should have a loop as well. This is how
we get the first two. If there is no such loop, then every edge must connect to the other
vertex, which gives the third graph.

For 3-sheeted covers we are now looking for 3-vertex graphs with valency 4, up to isomor-
phism (or index 3 subgroups). They are all given in an image at the end of the problem.
To see this is all there is, first suppose a vertex has a loop. Then the edges that emanate
either go to the same vertex or different vertices. If they go to the same, then a similar
argument to before shows we get the first graph. If they are different, then we have a
subgraph consisting of a triangle with a loop on top. The only possible ways to fill that
in are with the four diagrams at the bottom. If the graph has no loops, then the edges
emerging from a vertex can be grouped into two pairs, such that two edges are in a pair if
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they end at the same vertex. It is then clear that the second and third graphs are the only
ones possible, up to isomorphism.

Hatcher 1.3.11. The graphs are pictured below. Dashed lines indicate which edges are
identified.

Both these graphs do not cover any space (apart from themselves). Indeed, if they did,
the resulting graph would have one or two vertices. The two vertex case corresponds to
the identity map. They cannot cover 1-vertex graphs because any such graph would have
valency three at the vertex, and the sum of the valencies in a finite graph is even.


