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Hatcher 1.3.12 Draw an octagon, with alternating labels a and b. Then on each a-label,
attach another path labelled a. Do the same for b. We define a quotient map to the wedge
of two-circles by labelling one circle a, the other b, and associating identified edges. The a-
loops and b-loops correspond to a2, b2, and the octagon gives the (ab)4-loop. The subgroup
corresponding to this covering space certainly contains the subgroup generated by a2, b2,
and (ab)4. The quotient is a dihedral group of order 8. Since the covering has 8 sheets, this
is the whole subgroup.
Hatcher 1.3.18 Take X̃ to be the covering space corresponding to the commutator sub-
group. This is clearly an abelian cover, for the group of deck transformations is the quotient
group, i.e. the abelianization. If Y → X is any abelian covering space, then Y is speci-
fied by some subgroup H ⊂ π1(X) such that [G,G] ⊂ H and, by the universal property

for abelianization, there is a covering map X̃ → Y . Uniqueness is obvious: the universal
property yields an isomorphism of covering spaces from X̃ to any other such space.

As for the examples, the subgroups are Z2 and Z3. We can take the standard unit
lattices in R2 and R3 respectively and draw a line between points that are related by
integer translations. Integer translations are clearly the decck transformations.
Hatcher 1.3.19 The abelianization is Z2g, and then any such Zn is a quotient. For the
Z3 covering, take three loops, each around one genus. If {a1, b1, . . . , ag, bg} is the standard
generating set, we take the subgroup generated by {b1, . . . , bg, a4, . . . , ag}, and then the
commutator of {a1, a2, a3}. The quotient is Z3, so that is the deck group of this covering.
Here is how we do the picture: for genus 3, take a tube around the Z3 lattice in R3, and
identify tubes according to a translation action. We pick a middle bubble, and then circles
in the middle of each translating tubes, and attach via those circles. For higher genus,
attach handles to the middle bubble.

Next, given such a covering space, the quotient of R3 by the group of these integer
translations, call it G, is a 3-torus T 3 (recall we took a quotient of a subspace U). Thus,
the homeomorphism from Mg to this quotient induces an embedding from Mg → T 3. To
see that this is a surjection on the level of π1’s, we show surjectivity on the level of deck
transformations. But this is obvious because this amounts to taking an algebraic quotient
map (or, geometrically, looking at paths in the universal cover, we can find the corresponding
path generated by a1, a2, a3 in the universal cover of Mg). On the other hand, suppose such
an embedding f exists. Let p : K → M be the covering of Mg corresponding to the
kernel of the induced homomorphism, and let q : R3 → T 3 be the universal covering. We
then have a lift f̃ : K → R3 between the covering spaces. f̃ is injective: if f̃(x) = f̃(y)

then q ◦ f̃(x) = q ◦ f̃(y), which means p(x) = p(y). Any path from x to y in K then

yields a loop based at f̃(x) = f̃(y). By definition of K, this then projects to the constant
path in T 3, which thus forces the original path to be constant (for the covering is a local
homeomorphism). Therefore, x = y. The original map f was a local homeomorphism, and
hence the same holds for the lift. Thus, f is an embedding. The final step is to show the
deck group is Z3. The group certainly contains Z3 by construction. To see this is the whole
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thing, any loop in the quotient is associated to a covering transformation for the usual cover
R3 → T 3 and hence has to come from this subgroup.

(1) p restricts to a local homeomorphism near each point in the fiber of x.

(2) e · (γH) = (eγ)H = γH, and associativity of the action follows from that of the group
operation. If H ⊂ K, we define a map from fH,K : G/H → G/K by γH → γK. To see this

is well-defined, if γ1H = γ2H then γ1γ
−1
2 ∈ H ⊂ K, and thus γ1K = γ2K. G-equivariance

is obvious. We define our functor from Sube(G) → Fun(BG, Set)ptd,trans,e by taking H to
the G-action on G/H with basepoint H, and by taking the inclusion from H → K to fH,K .
Faithfulness is obvious. To see it is full, given any morphism f : (G/H,H) → (G/K,K),
it takes H → K by definition, and is defined on the rest of G/H by equivariance. Thus,
f = fH,K . Essential surjectivity is obvious, since any G-set (X,x) identifies with G/Stab(x).

(3) This is well-defined: if γ1H = γ2H then γ1(g
−1H ′) = γ1Hg = γ2Hg = γ2(g

−1H).
Injectivity is clear, and for surjectivity, γgH → γH ′. Equivariance is similarly easy:
(γ1γ2)g

−1H ′ = γ1(γ2g
−1H ′). We define our functor on objects by H 7→ (G/H,H), and

on morphisms as follows: if gHg−1 ⊂ K, we take (G/H)→ (G/gHg−1, gHg−1) by the map
above, and then compose with the map to (G/K,K) induced by inclusion. The functorial
properties are routine to check.

To show it is a equivalence of categories, let us start with faithfulness. Suppose g, h ∈
Hom(H,K) are sent to the same morphism. Then g−1K = h−1K, so gh−1 ∈ K. As for the
full property, given f : (G/H,H)→ (G/K,K), we have f(H) = g−1K for some g ∈ G. So,
for h ∈ H,

ghg−1K = ghf(H) = gf(H) = K

and thus gHg−1 ⊂ K. Moreover, by equivariance, we have that f is the morphism associated
to the element g. Essential sujectivity is as above. The fact that the relevant diagram
commutes in obvious.

(4) We define the functor on objects by F3((X̃, x̃)
p−→ (X,x)) = p∗(π1(X̃, x̃)). For arrows,

given any morphism of based covering spaces f : ((Y, y)
p−→ (X,x)) → ((Z, z)

q−→ (X,x)),
q∗(π1(Z, f(y))) is conjugate to q∗(π1(Z, z)) via some element g. Then,

gp∗(π1(Y, y))g−1 = gq∗(f∗π1(Y, y))g−1 ⊂ gq∗(π1(Z, f(y))g−1 = q∗π1(Z, z)

and thus g ∈ HomSub(G)(F3(Y ), F3(Z)). We define F3 on morphisms by F3(f) = g.
This is well-defined: if we have two group elements g, h conjugating q∗(π1(Z, f(y))) to

q∗(π1(Z, z)), then gh−1 ∈ q∗(π1(Z, z)), and so these define the same morphisms in Sub(G).
As for functoriality, consider morphisms of based covering spaces f1 : (X1, x1) → (X2, x2),
f2 : (X2, x2) → (X3, x3) (here we drop the covering map itself from our notation). These
correspond under F3 to group elements g1, g2. Theorem 1.38 in Hatcher guarantees

g2g1π1(X3, f2(f1(x1)))g
−1
2 g−11 = π1(X3, x3)

which means F3(f2f1) = g2g1 = F3(f2)F3(f1).
We next need to show this defines an equivalence of categories. Faithfulness follows

from uniqueness of liftings, and essential surjectivity is immediate from Theorem 1.38 in
Hatcher (this is the same as for F4). To check it is full, let (Y, y) and (Z, z) cover X and
g ∈ HomSub(G)(F3(Y, y), F3(Z, z)). A representative of g−1 lifts to a path in Z that takes
z to some z′ ∈ Z. Then, π1(Y, y) admits a morphism f to π1(Z, z

′) and there is a lift
f : (Y, y)→ (Z, z′) of the covering from (Y, y)→ (X,x). We then must have F3(f) = g.
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It is obvious that the diagram commutes on the level of objects. For morphisms, if
f : (Y, y) → (Z, z) is a morphism in Covptd,conn,e(X), then from f(y) = z we have that
π1(Y, y) injects into π1(Z, z).

(5) For the first functor, essential surjectivity and faithfulness are both clear (it is literally
surjective). If f : Y → Z is a morphism of covering spaces, then picking any y ∈ Y , we
see this is induced by a morphism of based covering spaces f : (Y, y) → (Z, f(y)). For
the second functor, again both faithful and essentially surjective properties are immediate.
Given two equivariant maps, as above we can just choose a basepoint to see the functor is
full.

(6) As a G-set, F1(p) = p−1(x) with G-action given by the action of g on y as a deck
transformation.

(i) If X̃
p−→ X is a disjoint union of covering spaces, then the fiber over x ∈ X splits as

a disjoint union of preimages contained in each fiber. If x1, x2 ∈ p−1(x) lie in different
components, then no element of G takes x1 7→ x2. Thus, p−1(x) splits into a disjoint union
of G-sets.

(ii) We know from the theory of covering spaces that F1 takes connected covering spaces to
transitive G-sets. Hence F2 is just a restriction of F1.

(iii) Commutativity is equivalent to the following statement: given a covering p : (Y, y) →
(X,x), p−1(x) is isomorphic toG/π1(Y, y) asG-sets. To prove this claim, we take γπ1(Y, y) 7→
γy, where γ is viewed as a deck transformation for p. If γ−11 γ2 ∈ π1(Y, y), then γ−11 γ2 fixes y,
and hence γ1 = γ2, since deck transformations are determined by their action on one point.
This proves our map is well-defined. G-equivariance is clear, and surjectivity follows from
the path-lifting criteria. Injectivity also follows from the fact that deck transformations are
determined by their action on one point.

(7) Since j is an equivalence of categories, there exists a functor k : D → C such that
jk ' idD and kj ' idC . While we should have j∗k∗ ' idFun(C,D) and k∗j∗ ' idFun(D,C), we
find it less painful to just show j∗ is fully faithfull and essentially surjective. Given functors
f1, f2 : C → D, j∗Hom(f1, f2) = Hom(f1 ◦ j, f2 ◦ j). Given a natural transformation ϕ
from f1 to f2, the image under j∗ is ϕ ◦ j. Since j is an equivalence of categories itself,
natural transformations ϕ1, ϕ2 satisfy ϕ1 ◦ j = ϕ2 ◦ j if and only ϕ1 = ϕ2, which means
j∗ is faithfull. The functor j∗ is full, since any ϕ ∈ Hom(f1, f2) is equal to j(kϕ). j∗ is
essentially surjective since any functor ϕ in the image is isomorphic to the object j∗k∗ϕ.

(8) I’ll present two (similar) solutions.

(i) Take X to be any locally path connected but not semi-locally simply connected space
(the Hawaiian earring is an example). We find a contradiction by showing the map F is not
essentially surjective. Consider the forgetful functor G : ΠX → Set that takes x→ π1(X,x),
and a path to the induced map on the π1’s. We show this is not isomorphic to any object of
the form F (p). If such a covering p existed, then by using the map i∗, we see the associated
(normal, path-connected) covering space has deck group π1(X,x). But then it is a simply
connected covering space! And we know such a thing does not exist.

(ii) Take X to be the Hawaiian earring. As above, we contradict essential surjectivity.
Write X = ∪nCn, where Cn is the relevant circle of radius 1/n. Choosing the origin to
be our distinguished basepoint, any neighbourhood of the origin contains all but finitely
many Cn’s. Given any covering space p : X̃ → X, we can restrict to a small neighbourhood
of a preimage of the origin homeomorphic to ∪n≥NCn for some large N . In other words,



4 MA 151A HW8 SOLUTIONS

we can restrict p to a trivial covering space of ∪n≥NCn. The corresponding functor would
then restrict to the trivial functor on Π∪n≥N Cn. To find our contradiction, we just need a
functor that doesn’t have this property. For that, we just need a G-set such that infinitely
many of the elements in the fundamental group represented by Cn act non-trivially. Simply
choose the G-set G/e, whose G-action is faithful.

(9) Let ϕ : G/H → G/H be an endomorphism. There exists γ ∈ G such that ϕ(H) = γH.
For this to be well-defined, we need ϕ(H) = ϕ(gH) for any g ∈ H. That is, γgγ−1 ∈ H.
This implies γ lying in the normalizer N(H) is a necessary and sufficient condition. By
equivariance, this defines ϕ on the rest of G/H:

ϕ(gH) = gϕ(H) = gγH.

This map is clearly an automorphism, which shows any endomorphism is an automorphism.
To characterize the group, the construction above allows us to set up a surjective map

N(H) → Aut(G/H). The kernel consists of all γ ∈ G such that γH = H, and this is just
H itself. Thus the space is N(H)/H.


