
MA 151A HW9 SOLUTIONS

May 12.3. Tensoring with a flat module preserves exactness, so the induced sequence

0→ π ⊗ C f⊗idC−−−−→ ρ⊗ C g⊗idC−−−−→ σ ⊗ C → 0

is exact. It is then shown in May that there is an induced long exact sequence in homology.
One can go through the details in May in order to write down the induced maps between
homology groups.

Hatcher 2.1.12. This is fairly obvious. For reflexity, take P = 0. For symmetry, if P
is a chain homotopy from f# to g#, then −P is a chain homotopy from g# to f#. For
transitivity, if g# − f# = ∂P + P∂, then h# − f# = ∂(P +Q) + (P +Q)∂.

Hatcher 2.1.22. a) (Xn, Xn−1) is a good pair, so we have an isomorphism

Hj(X
n, Xn−1) = Hj(X

n/Xn−1) = Hj(∨kSn) = ⊕kHj(S
n)

Let us show Hi(X) = 0 for i > n by induction on n. If n = 0 then we can build a simplicial
complex as a collection of points, and this is obvious. Then from the long exact sequence
we have isomorphisms from Hi(X

n−1) → Hi(X
n) for i > n, which establishes the result.

For i = n, the long exact sequence yields an injective map from Hn(X) → Zk for some k.
The only subgroups of Zk are free abelian.

b) If k > n, then Hn(X) = Hn(Xk): proof is by induction on k using the long exact
sequence with the good pair (Xk+1, Xk). For the actual problem, we go by induction on
n. Case n = 0, 1 are trivial. By the fact above, we may assume X = Xn+1. From our
assumption, we then have X = Xn, and Xn−1 = Xn−2. Using the good pair (Xn, Xn−1)
and the long exact sequence an isomorphism from Hn(Xn) to the homology of a wedge of
spheres.

c) Use the long exact sequence with the good pair (Xn, Xn−1). Since Hn(Xn−1) = 0, we
have an injective map from Hn(Xn)→ Hn(Xn, Xn−1) = Zk.
Hatcher 22.8. Let us first treat the local degree. It is a basic fact from complex analysis
that near any point p ∈ S2 there is a choice of local coordinates z, w near p and f(p)
respectively such that z(p) = 0, w(f(p)) = 0, and f takes the form f(z) = zn (and n is
independent of the choice of coordinates). This holds more generally for any holomorphic
map and on any Riemann surface. Very briefly, the proof is that, in any coordinates with
f(p) = p = 0, we can write f(z) = znh(z), where h(z) 6= 0. Working in small disk centered
at p, we can choose a branch of the logarithm to construct g(z) such that gn = h. We then
set w(z) = zg(z), which is conformal for z close enough to p. This reduces our question
to studying the local degree of the map z 7→ zn. It is then not hard to see this map has
degree n: using the notation from page 136 of Hatcher, let us choose U and V to be the
unit disk. The local homology groups H2(U,U − {x}), H2(V, V − {x}) are isomorphic to
H1(U − {x}), H1(V − {x}) respectively (from the long exact sequence). These spaces both
deformation retract to a circle, and f∗ restricts to the map z 7→ zn on the circle. The
degree calculation for this map is shown in Hatcher. Alternatively, one could write out the
suspension of z 7→ zn on S1 in coordinates and show it is homotopic to the polynomial on
S2 (although that may be cumbersome–I have not tried).
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For the global degree, we use prop 2.30 in Hatcher: picking 0 as the point in question,
factor to isolate each preimage, and then apply the result for the local degree at each zero.

Hatcher 22.9. a) We use cellular homology. Recall there is a CW structure with one 0-cell,
one 1-cell a, and one 2-cell attached via aa−1. Since there is one 0-cell, d1 = 0. Since the
attaching map is nullhomotopic, the map ∆αβ is nullhomotopic. Hence d2 = 0. It follows
that H0 = H1 = H2 = Z.

b) We use the standard CW structures for S1, a 0-cell a and a 1-cell z, and S1∧S1, a 0-cell
b and 1-cells x, y, and then take the product CW structure. This has a 0-cell a × b, three
1-cells a× x, a× y, b× z, and two 2-cells x× z, y × z. Since there is one 0-cell, d1 = 0. d1
comes as a product of the d1’s for the original complexes, so d2 = 0. It follows that H0 = Z,
H1 = Z3, H2 = Z2.

c) There is a CW structure in which the one-skeleton looks like a dumbell thing. Take
three 0-cells x, y, z. The 1-skeleton consists of loops around x, y, z, so that the loop around
x contains the other two circle, and 1-cells b, c respectively connecting x to y and x to z.
We then identify the loops, calling them all a, to get a quotient complex and add a 2-cell
A using the attaching map aba−1b−1ca−1c−1. We then have d1 = 0, d2(A) = a, so that
H0 = Z, H1 = Z2, H2 = Z.

d) We can build a CW structure with one 0-cell, two 1-cells a, b, and one 2-cell with attaching
map anbma−nb−m. By the usual reasoning, d1 = 0. d2 is 0 since for we have the same number
of a’s and a−1’s and b’s and b−1’s in the attaching map. Thus H0 = H2 = Z, H1 = Z2.

Hatcher 2.2.23. Using problem 22, χ(Mg) = nχ(Mh), and hence 2 − 2g = n(2 − 2h).
Rearranging yields g = n(h − 1) + 1. To prove problem 22, let Y be an n-sheeted cover
of a CW complex X. The CW structure on X lifts to one on Y such that the number of
k-cells is n times the corresponding number in X. The result then follows from definition
for Euler characteristic.

Hatcher 2.2.40. The short exact sequence of chain complexes yields the usual long exact
sequence of homologies

· · · → Hi(X)
n∗−→ Hi(X)→ Hi(X;Zn)→ Hi−1(X)

n∗−→ Hi−1(X)→ . . .

Using exactness, we can truncate to the short exact sequence

0→ ker(Hi(X)→ Hi(X;Zn))→ Hi(X,Zn)→ im(Hi−1(X;Zn)→ Hi−1(X))→ 0

Using exactness again, ker(Hi(X) → Hi(X;Zn)) = im(Hi(X;Zn) → Hi(X)) and this is
Hi(X)/nHi(X) by the first isomorphism theorem, and im(Hi−1(X;Zn)→ Hi−1(X)) is the
n-Torsion of Hi−1(X). This gives the desired short exact sequence.

H̃i(X;Zp) = 0 for all primes p if and only if H̃i(X) has no p-torsion and H̃i(X) = pH̃i(X)

for all p. This occurs if and only if it has no n-Torsion, and H̃i(X) = nH̃i(X) for all n.

These conditions are necessary and sufficient for turning H̃i(X) into a vector space over Q:
given x ∈ Hi(X), for any m/n ∈ Q, we can find a unique y ∈ x such that ny = mx. The
Q-action is (m/n, x) 7→ y.

Hatcher 2.3.1. We aim to contradict condition (2). Take X = RP2 with its standard
CW structure (page 141) and A the 1-skeleton consisting of one 0-cell and one 1-cell. More
generally, any closed non-orientable surface and its 1-skeleton should do, but let us treat
the simplest example. Recall H2 = 0, H1 = Z2, and H0 = Z. A is just a circle, so H1 = Z,
H0 = Z, and X/A is just S2. Assuming the torsion functor gives a homology theory, taking
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the long exact sequence at n = 1 yields

0→ Z2 → 0

which is not exact, and thus gives a contradiction.
For the mod-torsion functor, take the same pair. Going to the long exact sequence,

starting at h̃2(RP2), the sequence for usual homology is

0→ Z→ Z→ Z2 → 0

and the map from Z → Z is multiplication by 2. Moding by torsion, the first map is
unaffected, and the sequence becomes

0→ Z→ Z→ 0→ 0

which is not exact.

(1) We compute the homology for a finitely generated abelian group G and then substitute
G = Zn. For Mg, we take the usual CW structure from Hatcher and can compute the maps
dn as usual. We get Hi(Mg, G) = G for n = 0, 2, and G2g for n = 1. For Ng, do the same
thing: we get H0 = G, H1 = Gg−1 ⊕G/2G, and H2 is the 2-Torsion of G.

Now we put G = Zn. For n odd, there is no 2-torsion, so H2 = 0, and G = 2G, which
implies H1 = (Zn)g−1. For n even, the 2-torsion consists of every elements k such that
n|2k. There is only one such element, namely n/2, so the 2-torsion is just Z2. As for H1,
G/2G = Z2, so H1 = (Zn)g−1 ⊕ Z2.


