
Math 110 Quiz – based on the material of Week 3 (Section 105) Name:

Please check this box if you’re not officially enrolled in this section: �

Each of the two problems is worth 5 points. Justify all your answers; use complete sentences, and give explicit
formulas wherever possible.

1. Prove that if a vector space is infinite-dimensional, then it contains an infinite linearly independent subset.

Let V be an infinite-dimensional vector space. By induction, we construct an infinite sequence of linearly
independent vectors. First, choose some nonzero vector v1 ∈ V . This is the first element of our sequence.
Then, suppose we have a linearly independent subset Sn = {v1, . . . , vn} ⊂ V . If this spanned V , then it
would be a basis of V , so that by definition V would be finite-dimensional (with dim(V ) = n), contrary to
assumption. So this subset cannot span: in other words, we have a strict inclusion Span(Sn) ( V . Choose
any vector vn+1 ∈ V \Span(Sn). We claim that the subset Sn+1 = {v1, . . . , vn, vn+1} ⊂ V must also be
linearly independent. Otherwise, there would exist a list of scalars a1, . . . , an+1 ∈ R which are not all zero
such that

∑n+1
i=1 ai ·vi = 0. If an+1 = 0, this would contradict the linear independence of Sn, while if an+1 6= 0,

this would rearrange to give the equation vn+1 =
∑n

i=1(−ai/an+1) · vi, contradicting the assumption that
vn+1 /∈ Span(Sn). So Sn+1 = {v1, . . . , vn+1} ⊂ V is indeed linearly independent. Finally, if S =

⋃∞
n=1 Sn were

linearly dependent, then there would exist a nontrivial representation of zero using finitely many of its vectors.
But these would then all be contained in SN for some sufficiently large integer N , which is a contradiction.

2. Consider the linear transformation d/dx : P3(R)→ P2(R). Find bases of the null space N(T ) and the range
R(T ), and verify the dimension theorem. Is this linear transformation one-to-one? Is it onto?

Let us consider an arbitrary vector a0 +a1x+a2x
2 +a3x

3 ∈ P3(R). Applying our linear transformation gives

d

dx
(a0 + a1x + a2x

2 + a3x
3) = a1 + 2a2x + 3a3x

2 ∈ P2(R).

For this to be zero, its coefficients must all be zero, which implies that a1 = a2 = a3 = 0. So the null space is
N(T ) = {a0 : a0 ∈ R} ⊂ P3(R), the subspace of constant polynomials. This has a basis given by {1} ⊂ P3(R).
Meanwhile, the range is spanned by the linearly independent subset {1, 2x, 3x2} ⊂ P2(R), i.e. this is a basis
for the subspace R(T ) ⊂ P2(R). So we check that indeed

dim(N(T )) + dim(R(T )) = 1 + 3 = 4 = dim(P3(R)),

as dictated by the dimension theorem.

This linear transformation is not one-to-one, since it has nonzero kernel. On the other hand, it is onto: any
element of P2(R) has a preimage given by any antiderivative.


