
Solutions: quiz 8, discussion section 12-1

Math 125, Spring 2018, Prof. Mazel-Gee

1. The slope of the tangent line to the curve y(x) is the value of the function y′(x) = 120x2−15x4.
So, we are looking to maximize this function. To avoid confusion, let us write this as
z(x) = y′(x). Observe that z(x) is a degree-4 polynomial that opens downwards (since its
leading coefficient is negative), so it will indeed have a global maximum. To find it, we
compute that

z′(x) = 240x− 60x3 set
= 0 ⇒ 60x(4− x2) = 0 ⇒ x = 0 or x = ±2 .

This function z′(x) is a cubic with three roots with limx→±∞ z′(x) = ∓∞, so it is positive
on the intervals (−∞,−2) and (0, 2) and negative on the intervals (−2, 0) and (2,+∞). So,
the first derivative test tells us that z(x) has local maxima at x = ±2 and a local minimum
at x = 0. So, we compute that z(2) = z(−2) = 120 · 4 − 15 · 16 = 480 − 240 = 240 is the
maximum value of z(x).

2. We make all of the necessary computations, and then include a graph of the function below.

First of all, we rewrite the function as y = x
x2−9 = x

(x+3)(x−3) . Thus, we find that the domain

is R\{±3} = (−∞,−3) ∪ (−3, 3) ∪ (3,+∞).

The only x-intercept occurs at x = 0 (where we have y = 0 as well) since this is the only
x-value where the numerator is zero (and the denominator is not). Of course, the origin is
then the y-intercept as well.

This function is odd, because it’s the ratio of an odd function and an even function (or of
course this feature can be checked directly).

The denominator vanishes at x = ±3 while the numerator does not, so these are asymptotes.
Since this is a rational function with the degree of the denominator larger than the degree
of the numerator, it has a horizontal asymptote of x = 0.

To find the intervals of increase/decrease, we compute that

y′ =
(x2 − 9) · 1− x · (2x)

(x2 − 9)2
=
−(x2 + 9)

(x2 − 9)2
.

This is negative for all x-values in the domain of y(x), so y(x) itself is always decreasing.
In particular, this implies that its behavior at the asymptotes is given by limx→−3± y(x) =
limx→3± y(x) = ±∞ (i.e. approaching from the left we get −∞ and approaching from the
right we get +∞).

As y(x) is always decreasing (since y′(x) < 0 for all x-values in its domain), there are no
local extrema.
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To find the intervals of concavity, we compute that

y′′ =
(x2 − 9)2 · (−2x) + (x2 + 9) · 2(x2 − 9) · 2x

(x2 − 9)4

=
(−2x) + 4x(x2 + 9)

(x2 − 9)3

=
4x3 + 34x

(x2 − 9)3

=
2x(2x2 + 17)

(x2 − 9)3
.

This is zero only at x = 0, where it changes signs, so the origin is the unique inflection point.
This also changes signs as ±3, so we find that y(x) is concave up on the intervals (−3, 0) and
(3,+∞) and concave down on the intervals (−∞,−3) and (0, 3).
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