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0. MISCELLANEA

0.1. Exercises.

0.1.1. The number of points needed to achieve various letter grades for your homework
score is recorded in the syllabus.

0.1.2. Partial solutions may be submitted for partial credit.

0.1.3.  Solutions to exercises should always be justified (even if e.g. the exercise is stated as
merely a “yes or no” question).

0.1.4. In preparing your homework, please copy down the problem statement, since it is

possible that the numbering may change.
0.2. Conventions.

0.2.1. As this document is a work in progress, I will sometimes want to make changes to
existing material (in addition to adding material as we cover it during lecture). Of course, it
would be quite difficult for a reader to spot such changes, especially as the document grows.
Therefore, any substantial such changes will be temporarily flagged by their change date (for
easy searching) and additionally will be colored as follows: changes that have occurred since
the most recent lecture are red, changes made between the past two lectures are blue, and
changes made between two and three lectures ago are green. Older changes are no longer
colored or dated.

0.2.2.  We use standard notation without comment, e.g. Z denotes the integers and Set
denotes the category of sets. However, notation will very often only be “local”: the meanings
of various symbols will be fluid, and notation may change slightly through the document as

needed.

0.2.3. The term “natural number” (and the notation N) sometimes will include 0 and some-
times will not. It will often be a good exercise to think through this boundary case, to see

whether the given assertion holds (or even makes mathematical sense).



4 AARON MAZEL-GEE

0.2.4. We use the basic language of category theory freely. The canonical reference is
[Mac71]. Many more efficient introductions are available, e.g. [Saf] or [Wei94, §A|. We
consider posets as categories without comment. We write e.g. NS and Z< for the usual poset
structures on the natural numbers and the integers. Given some datum in a category (e.g. an
object or morphism), we may use the superscript (—)° to denote the corresponding datum
in the opposite category, although we may also omit this superscript when our meaning is
sufficiently clear. We mostly ignore set-theoretic issues.! We refer the reader to [Shua| for a

thorough discussion of the role of set theory in category theory.

0.2.5. Especially in later sections, we will frequently give references to Lurie’s books [L.ur(9]
and [Lur]. Our exposition is nevertheless intended to be self-contained, with these references
merely providing the reader with entry points for exploring those books further. For brevity,
we will use the abbreviations “T” and “A” to refer to these works, and moreover we will
omit environment names (except for the section symbol §). So for instance, we will refer to
[Lur09, Theorem 4.1.3.1] simply as [T.4.1.3.1] and to |[Lur, §1.3.3] simply as [§A.1.3.3].

0.2.6. The term “(commutative) ring” means “associative unital (resp. commutative) ring”.

Likewise, modules are always unital (meaning that the unit element acts as the identity).

0.2.7. To simplify language, universal quantifiers will often be dropped. For instance, an
assertion involving an integer n should generally be understood to refer to all integers n
unless otherwise specified, and formulas involving arbitrary elements (e.g. of abelian groups)

should generally be understood to refer to all elements unless otherwise specified.

0.2.8. For brevity, we will often use a slash to make multiple statements at once. This idiom
has two possible meanings; the specific meaning should always be clear from context. On
the one hand, we will write e.g. “homotopy co/kernel sequence” as a stand-in for “sequences
which are simultaneously homotopy cokernel sequences and homotopy kernel sequences —
and let us not forget that it suffices to check either condition in order to deduce both”. On
the other hand, we will write e.g. “co/limits” as a stand in for “both colimits and limits”.

PART I. HOMOLOGICAL ALGEBRA

1. SOME MOTIVATION FOR HOMOLOGICAL ALGEBRA

1.1. Intersection theory. A basic endeavor in geometry is to understand intersections. For
example, given a (smooth) manifold M and two submanifolds Ny, N; & M of complementary
dimensions, a fundamental question is to compute the algebraic intersection number

[No] - [N1] € Z .

10r, said differently, we implicitly work with respect to a fixed Grothendieck universe.
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If Ny and N; intersect transversely (i.e. T,Ny + T,Ny = T,M for all p € (Ny n Ny)), then
this is simply the (signed) sum of their intersection points. Moreover, this is invariant under
small perturbations, as long as the intersection remains transverse.

However, if the intersection of Ny and N; is not transverse, the situation is somewhat
complicated. On the one hand, there will always exist arbitrarily small perturbations of
either Ny or N; that make the intersection transverse, and it is a fact that the resulting
intersection number will not depend on the chosen perturbation.? However, this approach

has a number of (related) drawbacks.

(1) Perturbations are noncanonical.
2) Perturbations will generally destroy the inherent symmetries of the situation.?
g Yy Y Y
3) Even if one begins with algebraic varieties, the perturbations guaranteed by the
g g g y
genericity of transversality are generally only transcendental.*

A first application of homological algebra is to compute non-transverse intersections without
perturbations. We will illustrate the failure of ordinary (i.e. non-homological) algebra in

§1.4, after some preliminaries.

1.2. Tensor products of modules. We first recall the notion of tensor product.

Let R be a commutative ring, and let M and N be R-modules. The (relative) tensor
product of M and N over R,° denoted M ®p N, is the universal abelian group equipped
with an R-balanced bilinear function

Mx N5 M®grN ,

i.e. a function satisfying the following axioms:
(1) e(m +m’,n) = p(m,n) + p(m',n) and p(m,n +n') = p(m,n) + p(m,n);
(2) go(m T n) = (P(m, r- n)'6
In other words, for any abelian group A, precomposition with ¢ determines a canonical

isomorphism

{R-bilinear functions M x N — A} <= {abelian group homomorphisms M @z N — A} .

2A good introduction to these ideas is [GP74].

3For instance, perturbations to transverse intersections need not exist in the equivariant context.

1t turns out that it is in some sense always possible to perturb of algebraic varieties that achieve transver-
sality, however, at least when the ambient variety is sufficiently nice. This is Chow’s moving lemma, which is
fundamental in the classical approach to intersection theory in algebraic geometry [EH16]. (In that context,
“perturb” means “change to a new but rationally equivalent algebraic cycle”.)

5The word “relative” here is meant to emphasize that R is an arbitrary commutative ring. By contrast,
the term “absolute tensor product” would emphasize that R = Z.

6The notation here stems from the fact that more generally, we can define the relative tensor product

when R is merely an associative ring, M is a right R-module, and N is a left R-module.
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In the case that R is understood (and particularly when R = Z or when R is a field), we
may simply write ® := ®g.

The relative tensor product M ®g N is defined by a universal property, which does not a
priori guarantee that it exists. However, it is also easy to construct explicitly. Namely, one
begins with the abelian group M x N and quotients by the following relations:

(1) (m+m/,n) ~ (m,n) + (m',n) and (m,n+n') ~ (m,n) + (m,n’);

(2) (m-r,n) ~ (m,r-n).

Exercise 1.1 (2 points). For any natural numbers m,n € N, prove that Z/m ®z Z/n =
Z/gcd(m,n).

1.3. Basic principles of algebraic geometry. In order to illustrate intersection theory
via tensor products, we recall a few basic principles of algebraic geometry. We work over
R to adhere to geometric intuition, but the same ideas apply over any field. For further
background, see [Har77, §I.1].

1.3.1. The polynomial functions on R™ are the n-variate polynomials: O(R") = R[zy, ..., z,].
We simply write R = O(R") (leaving n implicit).

1.3.2. By definition, an algebraic subset of R" is a closed subset Z < R” that is cut out
by (i.e. equal to) the vanishing of some subset S < R of polynomial functions on R™.” In
this case we write Z = V(5), and we say that Z is the vanishing locus of the elements of
S. If J < R is the ideal generated by a subset S < R, then V(J) = V(S).?

1.3.3. We write I(Z) < R for the ideal of those functions that vanish along Z. Then, the

ring of polynomial functions on Z is
O(Z)=R/I(Z) .
1.3.4. Conversely, any ideal J < R has a corresponding vanishing locus
V(J):={peR": f(p)=0forall fe J} < R".
1.3.5. These constructions determine functions

I
{subsets of R™ {ideals in R} .°
%

7By definition of the Zariski topology, these are precisely the Zariski-closed subsets of R™.

8Since R is noetherian, any ideal is finitely generated. In other words, we may always take S to be a finite
set of polynomial functions on R™.

90ver an algebraically closed field k, this construction restricts to a bijection between closed subsets of
k™ (with respect to the Zariski topology) and radical ideals of k[z1,...,z,]. The composite V o I carries
a subset Y € k" to its closure Y < k", while the composite I o V carries an ideal I < k[z1,...,z,] to its
radical T = {f € k[zy1,...,2,] : 3 n > 0s.t. f* € I} € R. By contrast, over R the function V fails to be
injective, e.g. V(R[z]) = V(22 + 1) = @.
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These are inclusion-reversing, and associate intersections of subsets with unions of ideals. In

particular, given algebraic subsets Zy, Z; € R™ and writing I; = I(Z;), we have
O(Zo N Zl) = R/(I(],Il) = R/IO Rr R/Il .

1.4. Intersections via tensor products. We now proceed to study a few basic examples

of intersections via tensor products.

1.4.1. Our first example merely illustrates the above principles.
Consider the curves y = 22 and y = z in the plane R%. Their intersection is the locus

where © = 22

,orxz-(x—1) =0. Now, R is an integral domain (in fact, it is a field), and
so the equation r - s = 0 in R implies that »r = 0 or s = 0. In this case, we find that the
solutions are z = 0 and x = 1.

We now compute the same intersection, but using the above principles. The algebraic

subsets
Zy = {(z,y) e R* : y = 2%} < R? and Zy ={(z,y) eR*: y =z} < R?
respectively correspond to the ideals
Iy=1(Z)=(y—2*)< R and L =I1Z)=(y—z)<R.
So, the polynomial functions on Zy n Z; are

O(Zyn 7)) = R/Iy®r R/, = R/(Iy, ) = R[z,y]/(y — 2%,y — ) = R[z]/(z — 2%
= Rlz]/(z- (1 —2)) = R[z]/z x R[z]/(1 —2) @ R xR,

where the second-to-last isomorphism is via the Chinese remainder theorem (note that R[z]
is a principal ideal domain, in fact it is a Euclidean domain).'® The fact that this is the
cartesian product of two copies of R corresponds to the fact that Zy n Z; consists of two

points.

1.4.2.  Our second example illustrates the power of scheme theory, i.e. the presence of
nilpotent elements, which can in good situations detect the correct multiplicity of a non-
transverse intersection point.

Consider the ideals Iy = (y — 2?) and I; = (y) in R. These correspond to the curves
y = 22 and y = 0. These intersect “twice” at the origin. This can be seen in differential

10An explicit inverse is given by carrying the pair (a,b) € R x R to the function z — fap(x) i=a+(b—a)x
(which has f,5(0) = a and f, (1) = b), considered as an element of R[x]/(x-(1—x)). One can check directly
that this is a ring homomorphism. It is clearly injective. To see that it is surjective, for any g € R[z] we
claim that g — f;(0),g(1) lies in the ideal generated by x - (z —1). Observe that g — fy(0),4(1) vanishes at z = 0
and = = 1. So this is simply the assertion that if a polynomial vanishes at r € R, then we can factor out

(z — ). (And this can be accomplished via the Euclidean algorithm.)
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topology by taking derivatives (in fact, it can be seen in algebraic geometry that way too).
Correspondingly, we compute that

R/Iy®r R/I, = R/(Io, 1) = Rz, y]/(y — 2%, y) = R[z]/(2?) .

The 2-dimensionality of this R-algebra again reflects the fact that the two curves V'(I) and
V(I;) intersect “with multiplicity two”. Namely, this R-algebra corresponds to “the origin
along with infinitesimal fuzz in the direction of the x-axis”. This is in contrast with the
previous example, where the tensor product split as a cartesian product.

These techniques are quite robust.

Exercise 1.2 (4 points). Consider the curves y = 2% and y = —1 in R% Compute and

interpret their scheme-theoretic intersection.

1.4.3. Here is the simplest example of a non-transverse intersection for which ordinary (as
opposed to homological) algebra fails to give the correct answer.

Consider points a,b € R! as algebraic subsets. These correspond to the ideals I, =
(x—a) <€ Rand I} = (x —b) € R. We compute the functions on their intersection to be

R, a=0

O({a} n{b}) = R/Iy®r R/I, = R|z|/(x —a,z —b) = R/(a —b) = { 0 ast

Generically, two points in the line do not intersect, and in this situation (i.e. when a # b) we
obtain the expected intersection number of 0. However, in the non-generic situation where
a = b, we obtain a 1-dimensional R-algebra.

Using homological algebra, namely the notion of derived tensor products, we will be

able to obtain the expected intersection number of 0 even when a = b.

1.4.4. The following exercise illustrates another source of failure of the expected dimension,

introducing projective space along the way.

Exercise 1.3 (6 points). Generically, two lines in R? intersect in a point. Of course, not all
pairs of lines are in general position. For instance, consider the curves y = x and y = v + 1
in R?.

(a) Compute (the functions on) their intersection using tensor products.

The issue here is that these lines “just barely avoid intersecting”: morally they should intersect

“at infinity”.!! This issue is repaired by passing to the projective plane, i.e. the quotient
RP? := (R*\{0})/R*

A better way to say this would be to consider the equations y = z and y = tx + 1: these are surfaces in
R3, which may be considered as families of lines indexed by the parameter t € R. Ast — 1% their intersection
point has x — —o0, while as ¢ — 1~ their intersection point has x — +00. This suggests that there should

be a single point “at infinity” where they intersect in the case that ¢t = 1.
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by the scaling action. So, its points are specified by nonzero triples [z : y : z], called
homogeneous coordinates, which are governed by the relation that for any A € R* we have

[z:y: 2] =[\x: Ay : Az]. Moreover, there is an inclusion R? < RIP? given by the formula
(z,y) =~ [z 1y 1.7
(b) Show that a homogeneous polynomial g € R[x, y, z] (Ni.e. one for which g(Ap) = A\%-g(p)
for some d € N) has a well-defined vanishing locus V(g) < RP?.
(¢) Find homogenizations of f; = y—x and fy = y—x — 1, i.e. homogeneous polynomials
91,92 € Rlz,y, 2] such that g;([z 1y : 1]) = fi(z,y).
(d) Working in an appropriate affine chart, use tensor products to compute and interpret
the intersection of the vanishing loci V(g;) < RP2.

1.4.5. As we have seen in §1.4.4, given two lines in R?, we are more likely to get the expected
number if we intersect them (or rather their closures) in RP?: namely, this gives the correct
answer even when the lines are parallel. However, this fails to give the correct answer when
the two lines are equal. Derived tensor products repair this failure. Namely, the derived
tensor product of a (projective) line with itself in RP? is “a line, but with cardinality equal
to that of a single point”.

1.4.6. Of course, there are also examples that are not self-intersections where derived tensor
products give the correct answer where ordinary tensor products do not. For this it is
necessary to work in higher dimensions, see e.g. [FH16, Example 2.6].

2. CHAIN COMPLEXES, HOMOLOGY, AND TENSOR PRODUCTS

We now proceed to introduce the basic objects of study in homological algebra.

2.1. Algebra conventions. For concreteness, we work in the context of ordinary algebra.
Namely, we fix a commutative ring k and a k-algebra R. For the most part, we will work
in Modg, the category of (right) R-modules, and one may take k to be Z. However, at
times we will want to specialize to a commutative ring, and for this it is convenient for k

13" Moreover, we will study some interactions between k-modules and R-

to be arbitrary.
modules. At the level of ordinary (i.e. non-homological) algebra, these are encapsulated by

the following facts.

(1) The category Mody is symmetric monoidal via the tensor product, which we denote
by ® := ®y; its unit object is k.

1264, the “points at infinity” are those of the form [z : y : 0]. Since we disallow the possibility that
x =y = 0, these form a copy of RP! := (R*\{0})/R*. Note that each such point [z : y : 0] may be uniquely
identified with a slope %, where we declare that co := & for y # 0 (this is the unique point in RP"\R").

130f course, we will apply results developed for R-modules to k-modules without comment.
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(2) The category Modg, is naturally enriched in Mody. In other words, for any R-modules
M, N € Modg, the set hompoq,, (M, N) of R-linear homomorphisms carries the natural
structure of a k-module, and moreover composition in Modg is k-multilinear.

(3) Moreover, k-modules naturally act on R-modules in two different ways: for any k-
module 7" € Mody and any R-modules M, N € Modi we have R-modules

T ®Ik M and hom|\/|0d]k (T, N) s

where the (right) R-actions are induced from those on M and N, and these construc-

tions participate in natural isomorphisms
(1) homModR (T A M, N) = homModk(T, homModR (M, N)) = homModR(M, homModk (T, N)) .

Of course, one may take R = k as a special case.!* As a result, the notions that we will
develop relating to the interactions between k-modules and R-modules will all be general-
1zations of the notions that we develop relating to k-modules alone.

As we will see later, most of the theory works equally well for a general abelian category,
although there will be some additional hiccups that do not arise when studying modules.

Exercise 2.1 (5 points).
(a) Given a k-module T' € Mody and R-modules M, N € Modg, verify the isomorphisms

(1).

(b) Verify the naturality of the isomorphisms (1) in all three variables.

2.2. Chain complexes. A chain complex of R-modules is a diagram

d d d dn—
S Moy S M, S M, —— -

of R-modules such that for all n € Z we have the equality
dn © dn+1 =0

in hommod,, (My+1, My—1). One may simply write M, for a chain complex; the bullet indicates
that “all indices are being referred to at once”. To emphasize the differentials, one may write
(M,,d,). Also, one may simply refer to a chain complex as a “complex™.! On the other

14The above facts then reduce to the assertion that Mody is a closed symmetric monoidal category, i.e.
that it carries a self-enrichment that is compatible with its symmetric monoidal structure. (More generally,
facts 2 and 3 can be simultaneously articulated as the assertion that Modg is naturally a closed module over
the closed symmetric monoidal category Mod.)

150n the other hand, the Freyd-Mitchell embedding theorem states that any abelian category embeds fully
faithfully into Modg for some ring R (although the choice of such a ring R is noncanonical). So in a sense,
working at the level of abelian categories offers no additional generality.

16The word “chain” here is historical. Namely, given a simplicial complex X, the first example of a chain
complex was given in degree n by the “n*™® chain group” of X, i.e. the group of chains (i.e. formal linear
combinations) of m-simplices of X, with differentials given by taking an n-simplex to the signed sum of
its boundary (n — 1)-simplices (for which reason the morphisms d,, of a chain complex are also sometimes
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hand, we also may omit the bullet and simply write M := M, for simplicity. The integer n
is called the degree or the dimension. For an element m € M,,, we may write deg(m) := n.

The morphisms d,, are called the differentials of the chain complex. We fix the convention
that they are always indexed by their source (i.e. the source of d, is M,). However, one
frequently omits the indices, in which case the equation d,, o d,,1; = 0 may be more simply
written as d> = 0. On the other hand, when we wish to emphasize that these are the
differentials of M,, we superscript them as d*.

In this notation, a morphism of chain complexes M, EiR N, is by definition a sequence of
morphisms M, ELN N,, of R-modules such that the diagram

dM aM aM M
n+2 n+1 n n—1
— M, > M, > My, —— -+
fn-Hl fnl fn—ll
. —)N Nn+1 N > Nn ~ > n—1 —)N e
dn+2 dn+1 dn dnfl

commutes.!” These morphisms are often referred to as chain maps. We write Chp for the
category of chain complexes of R-modules.

In depicting a complex, it is customary to decorate the term in degree 0 with a squiggled
underline whenever it appears explicitly.

Any R-module M € Modgr determines a chain complex concentrated in degree 0:

s 00— M —0—> -
This construction determines a fully faithful embedding
Modgr < Chpg .
As a result, we may not notationally distinguish between data in Modg and its image in
Chg.

When a complex only has a few nonzero terms, for brevity one may omit the terms that

are zero. For instance, the above complex may also be written as M.

2.3. Homology. Fix a chain complex M,. Its n-cycles and n-boundaries are the sub-

modules
Z,(M,) :=ker(d,) = M, and  B,(M.,):=im(d,s;) S M, .*®

Note that B, (M,) < Z,(M,) because d*> = 0. Then, the n'* homology of M, is the quotient

R-module . (M) ’ (d )
n L] er n
M) = B L) imlde)

referred to as its “boundary maps”); see §8.4 (and Footnote 151) for a closely related discussion. It was only
later realized that chain complexes are worth studying in their own right.
For typographical reasons, we will generally draw morphisms of chain complexes vertically in this way.

18The German words for “cycle” and “boundary” respectively begin with the letters “Z” and “B”.
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Although H,,(M,) is an R-module, it is common to refer to it merely as a homology group.

Exercise 2.2 (3 points). Verify that the constructions Z,, B,,, and H,, define functors
ChR —> MOdR .

A morphism M, ELR N, in Chp is called a quasi-tsomorphism if the induced morphisms
H,(M,) Hnll), H, (N,) are isomorphisms for all n € Z. We may indicate that a morphism
is a quasi-isomorphism by decorating the arrow as —.

We say that a complex M, is acyclic if H, (M,) = 0 for all n. So, M, is acyclic if and only
if either (and hence both) of the unique maps 0 — M, and M, — 0 is a quasi-isomorphism.

2.4. The derived category of R-modules.

2.4.1. By and large, we would like to think of quasi-isomorphic chain complexes as “essen-
tially interchangeable”, with some representatives of a given quasi-isomorphism class (namely
the projective and injective complexes introduced in §5) being “well-adapted” for certain
purposes.'??° In other words, one should think of quasi-isomorphisms as if they are actual
isomorphisms.

This can be made literally true by localizing the category Chg at the quasi-isomorphisms,
i.e. by adjoining formal inverses for them. This yields a category that (for reasons that will be

explained shortly in §2.4.3) we will denote by Ho(Dg) and refer to as the derived category

21

of R-modules; its objects are called derived R-modules.”® So by definition, there is a

canonical functor
ChR — HO (DR)

that carries all quasi-isomorphisms to isomorphisms, and moreover it is universal with respect

to this requirement. Indeed, for any category €, the restriction functor
(2) Fun(Chg, @) «<— Fun(Hq(Dg), ©)

9T his is very closely akin to how one should think of equivalent categories as “essentially interchangeable”,
even when they are not isomorphic. However, in a precise sense, all categories are “equally well-adapted” for
all purposes (in contrast with chain complexes).

20While quasi-isomorphic complexes have isomorphic homology groups, the converse is generally false:
the obstruction is encoded by k-invariants, as explained in §7.3.3. (This same name is given to the (closely
analogous) obstructions to spaces with the same homotopy groups being weak homotopy equivalent.) That
is, a quasi-isomorphism class of complexes is equivalent data to its homology groups along with all of its
k-invariants. For this reason, we will generally consider quasi-isomorphism classes of complexes themselves
as the “true” mathematical objects of lasting interest, while their homology groups are merely algebraic
invariants that can be extracted therefrom.

2IThe placement of the word “derived” in the term “the derived category of R-modules” is admittedly
slightly unfortunate, but this term is quite common. (It arises from the fact that this term is a shortening

of “the derived category of the category of R-modules”.)
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is a fully faithful inclusion, whose image consists of those functors Chg — € that carry
quasi-isomorphisms to isomorphisms.??

Note that a derived R-module is a “purely homotopical” object: while it can by definition
be presented by a chain complex of R-modules, one cannot speak e.g. of its underlying R-
module in dimension 0, as this notion is not preserved under quasi-isomorphisms.?® On the
other hand, one can speak e.g. of its n'® homology, since by definition a quasi-isomorphism
induces an isomorphism on n'* homology. Thus, the n'® homology functor admits a factor-
1zation

Chp —"  Modp

Ho(Dr)

which is unique up to unique isomorphism (and which is denoted using the same notation,
as is justified by the fully faithful inclusion (2)).

2.4.2. Essentially by construction, given two complexes M, N € Chg, morphisms from M

to N in the derived category Ho(Dpg) are given by equivalence classes of zigzags

~

M o—> 0 ... — > 0N

(in which all backwards maps are quasi-isomorphisms).?* Thankfully, it will turn out that
every equivalence class contains representatives of the forms

M- e—N and M-—eN,
which makes the situation substantially more manageable.?®

2.4.3. Although we introduce the derived category now, we will not have much use for it: it
contains too little information. The richer and more primitive object is Dy, the derived oo-
category of R. This is a mathematical entity whose objects are still the derived R-modules,
but whose hom-objects are more elaborate: namely, they are derived k-modules.® As the

22This should be thought of as a “many-object” version of the localization of the k-algebra R with respect
to a subset S = R: this yields a k-algebra R[S™!] equipped with a k-algebra homomorphism R — R[S™!]
such that for any k-algebra T, the restriction map homag, (R, T) <= homayg, (R[S™'],T) is the inclusion of
those homomorphisms R — T that carry all elements of S to invertible elements of 7. (Namely, the latter
is obtained by considering k-algebras as one-object k-linear categories.)

231 ikewise, one cannot speak of the underlying set of a weak homotopy equivalence class of topological
spaces, nor can one speak of the set of objects of an equivalence class of categories.

24Returning to the context of Footnote 22, this zigzag of morphisms in Chp is analogous to a formal
product 51_1 ~7’1~52_1'r2~...~5;1
s;€8.

ZThese reductions are guaranteed by the existence of two different model structures on Chp, which

in which the elements s; 1 are formally adjoined inverses of the elements

respectively have the features that all objects are fibrant and that all objects are cofibrant; see §8.2.

2636 to be more precise, Dy is a k-linear co-category (see §6.2).
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notation suggests, passing from Dy to Ho(Dg) amounts to extracting the 0" homology
groups of these hom-objects.

In fact, the relationship between the derived co-categories D and Dy precisely mirrors
that between the categories Modr and Mody, laid out in §2.1. However, it will take us a while
to see this, since the likewise relationship between the categories Chr and Chy will have to
be “homotopically corrected” in order to descend to the corresponding derived oo-categories.
We discuss tensor products of chain complexes presently, but defer the discussion of hom-
complexes to §4 in order to highlight more fundamental homotopical notions in §3.2” We
discuss “homotopical corrections” in §5, and finally return to the derived co-category in §6.

2.5. Tensor products of chain complexes. Given complexes M, N € Chy of k-modules,
we define their tensor product complex

(M@®N)e := (M ® N)e
as follows. First of all, we define its £ term to be
i+j=k i+j=k

Then, the differential is characterized by the fact that it carries a pure tensor
m@ne (M;,®N;) < (MQN);
to the sum of pure tensors
dm®n) :=dm)®@n+ (=1)"-m®d(n) ,*
(an element of ((M;—1 ® N;) @ (M; ® Nj_1)) < (M ® N)j_1). More elaborately, this may be

written as

N (m@mn) = d (m)@n+ (—=1)' - m@d} (n) .
Exercise 2.3 (2 points). Verify that this formula defines a complex.

In particular, in solving Exercise 2.3 you will see why the signs are necessary in the definition
of the tensor product of complexes. In fact, many sign conventions are possible (and all give
equivalent symmetric monoidal categories), but it is impossible to remove all signs from the
theory (unless one works over Fy).
From here, it is straightforward to see that the above construction defines a monoidal
structure
Chy x Chy -2 Chy |

2TThis ordering of topics is due to the fact that the discussion of §3 makes (light) use of the tensor product
of complexes.

28The factor (—1)* is determined by the Koszul sign rule, which is a general principle asserting that in
commuting graded quantities past one another of degrees a, 3 € Z one should pick up a factor of (—1)®#.

(We consider the symbol “d” as an expression of degree —1 since it lowers degrees by 1.)
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with unit object k := k € Chy. In fact, this is a symmetric monoidal structure, with

symmetry isomorphisms

M®N = N®M
determined by the formula
men — (_1)deg(m)-deg(n) ‘n®m .29
More generally, this same construction defines an action
Chy x Chg -2 Chg
of the symmetric monoidal category (Chy,®,k) on the category Chg.
Exercise 2.4 (8 points). Fix two complexes M, N € Chy.
(a) Verify that the formula [m] ® [n] — [m ® n] determines a morphism
Hi(M) ® Hy(N) — Hys(M® N)
of k-modules.

It follows that we obtain a morphism

@ (H(M)® Hj(N)) — H(M® N)

itj=k
of k-modules.

(b) Prove that this is an isomorphism under the assumption that k is a field.
(c) Find an example where this is not an isomorphism.

3. HOMOTOPIES, HOMOTOPY CO/KERNELS, AND EXACT SEQUENCES
3.1. Homotopies.

3.1.1. Let M; ER My be a morphism of R-modules. This gives us a complex M, := (M; ER
My). Observe that this has a canonical morphism

f

M. My
coker(f) 0 —— coker(f)

to the cokernel of f (considered as a complex in degree 0). Observe further that

coker(f), n=0
H,(M.) = { ker(f), n=1

0, otherwise

29This formula is another instance of the Koszul sign rule.
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Hence, the above map is a quasi-isomorphism iff f is an injection. One might think of M, as
a “presentation” of the underlying R-module Hy(M,) = coker(f): the generators are My, the
relations are M; (i.e. each m € M; gives a relation d(m) ~ 0), but then H;(M,) furthermore
measures the “redundancy” of the relations. Said differently, M, is a “homotopically correct”
version of the cokernel of f, which remembers not only the literal cokernel but also the extent
to which the relations are overdetermined. Indeed, it will be the homotopy cokernel of the

morphism f.

3.1.2. Let M,, N, € Chg be complexes and let f,, go € homch, (M., N,) be morphisms. A
(chain) homotopy from f, to g. is a set of morphisms

hn
Mn — Vp41
satisfying the condition that
Gn— fo=dY 1 0 hy + hy_gody

We may write this as f, LY gde. A nullhomotopy of g, is a homotopy 0 LY g. from the
zero map. A contraction of a complex is a nullhomotopy of its identity map. If a complex
admits a contraction, we say that it is contractible.

Exercise 3.1 (2 points). Show that the relation of homotopy on homcy,(M,, N,) is an
equivalence relation.

In fact, the argument of Exercise 3.1 easily upgrades to imply that we can enhance Chpg
from an ordinary category to a category enriched in groupoids (a.k.a. a (2, 1)-category):*! its
objects are chain complexes, its 1-morphisms are chain maps, and its 2-morphisms are chain
homotopies.*? Indeed, the arguments for transitivity, reflexivity, and symmetry of the relation
of homotopy respectively endow these hom-categories with their composition laws, identity
morphisms, and inverses (so that they are indeed hom-groupoids). It is moreover clear that
homotopies may be composed appropriately, either by definition or using Exercise 3.2 below.

30Chain homotopies are sometimes depicted as in the diagram

M M M M
d d) dy_q

n+2 n+1
—— My M, My, 4 — -

.
s .
frt1 In+1 ‘i\,’ fn 9n ‘(V“,’/ frn-1 In—1 )
.
.

-
-

P -
PR —> _ 4>. oo
— A p— Ny ——— Noot —
n+2 n+1 n n—1

this may be helpful as a mnemonic device, but note that it does not commute in any reasonable sense.
31As we will see, this is the homotopy (2, 1)-category of a more fundamental object, namely an co-category
(meaning an (oo, 1)-category).
32This explains the notation f, = g, just introduced.
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3.1.3. To give a more geometric perspective on chain homotopies, let us introduce the
complex I € Chy and the morphisms i, i1 € homep, (k, I) according to the diagram

k 0 > k

0 l(idk,O)
i — K (—idy,idy) Kok

i T(O,idk)
k 0 > k

This object I € Chy (along with the two maps iy and i) is an interval object for the
homotopy theory of chain complexes (which explains the notation).* The general definition
of an interval object is suggested by the discussion of §8.1.2. In the present setting, this
assertion amounts to the following result.

Exercise 3.2 (4 points). Given maps f, g € homcy, (M, N), prove that a homotopy f = ¢
is equivalent data to a map IT® M %, N that makes the diagram

k@M ~ M
i0:=io®id s <

]I@VM ----------- ] s N
i1:=11®id s ;

k@SM =~ M

commute.

So, a map I ® M — N is the same thing as two maps M — N and a homotopy between
them. Said differently, [® M € Chg is the universal object equipped with two maps from M

and a homotopy between them. Of course, the two universal maps are iy and ;.

Exercise 3.3 (2 points). Give a formula for the universal homotopy ig = i; between two

maps from M.

33This is a particularly natural choice of an interval object: as we will see, it is the (nondegenerate)
simplicial chains (with coefficients in k) on the 1-simplex A! (whose underlying topological space is a closed
interval), and the two maps ig and i; are the simplicial chains on the inclusions of its two O-simplices (i.e.

the endpoints of the closed interval).
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Similarly, it follows from Exercise 3.2 that a map

M2 5 I@M
C := colim iol — N

I®@M

is equivalent data to a triple of morphisms fy, f1, fo € homeh, (M, N) as well as a pair of
homotopies fo = fi = f».>* Said differently, C' € Chp is the universal object equipped with
three maps from M and two homotopies as indicated, say jo = 71 = j2. On the other
hand, Exercise 3.1 implies that these two homotopies can be composed to a single homotopy
Jo = J2.

Exercise 3.4 (6 points). Give a formula for the map [ ® M — C corresponding to the

universal composite homotopy jo = j» of two composable homotopies between maps from
M.35

3.1.4. A morphism M . Nin Ch r is a homotopy equivalence if there exists a morphism
N % M and homotopies idy; = go f and f o g = idy.?® We may indicate that a morphism
is a homotopy equivalence by decorating it as —.

As a special case, a complex M, is contractible if and only if either unique map 0 — M,
or M, — 0 is a homotopy equivalence.

Exercise 3.5 (2 points). Show that homotopic maps on complexes give equal maps on
homology.

It follows immediately from Exercise 3.5 that homotopy equivalences are quasi-isomorphisms,

and in particular that contractible complexes are acyclic. However, the converse is false.

Exercise 3.6 (6 points).

34This colimit is an algebraic analog of the topological construction taking a space X to the space

(X x[0,1]) J] (x x[0,2]) .

X x{1}

35Note that co /limits in chain complexes are computed levelwise. Indeed, Chg is a full subcategory of the
functor category Fun((Z<)°", Modp) (where Z< := {--+ - =1 -0 — 1 — - -+ }), and co/limits in any functor
category are computed pointwise. So, it suffices to see that the subcategory Chy < Fun((Z<)°P, Modg) is
stable under co/limits. This follows from the more general fact that the full subcategory of the arrow category
Ar(Modg) := Fun([1], Modg) on those morphisms that factor through 0 € Modp is stable under co/limits; as
co/limits in Ar(Modpg) are of course also computed pointwise, this follows from the fact that the zero object
0 € Modp, is stable under co/limits (which follows from the fact that it is both initial and terminal).

36The directions of these homotopies are intended to be suggestive of adjunctions (with f functioning
as the left adjoint), but by Exercise 3.1 (specifically the symmetry of the relation of homotopy) they are

irrelevant. (Likewise, equivalences of categories are both left adjoints and right adjoints.)
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(a) Show that the complex
NN A Ry Y Ry Y A

of Z/4-modules is acyclic but not contractible.
(b) Show that the complex

ka2 = Kol /® > Kla)/a? s

of k[z]/z*-modules is acyclic. Show that it is contractible as a complex of k-modules,
but not as a complex of k[z]/z%-modules (assuming that k # 0).

3.1.5.  We will generally consider homotopic maps as “essentially interchangeable”. On the
other hand, rather than merely positing the existence of a homotopy between two maps, we
will always want to keep track of the homotopy that witnesses them as being homotopic. In
fact, this will be accomplished by hom-complexes, which will also keep track of homotopies
between homotopies, homotopies between those, ad infinitum (see §4.1).

The idea of keeping track of data instead of merely remembering its existence is a fun-
damental one in (higher) category theory, which has already appeared in §3.1.1 and will
continue to feature prominently throughout this text.

3.2. Homotopy cokernels.

3.2.1. Recall that the cokernel of a morphism M I, N in Mod r is by definition an R-module
coker(f) € Modgr equipped with a morphism

N - coker(f)

satisfying the universal property that precomposition with u determines a natural bijection

- hi N —-T h that th
hommoad,, (coker(f), T) — { HOTPRISIS Sueh that the } AT

composite M LN = T s zero
From here, the principles indicated in §3.1.5 lead directly to the definition of a homotopy

cokernel of a morphism M, o N, in Chg: this is an object hcoker(f,) € Chg equipped
with a morphism

N, %> hcoker(f,)

37Said differently, the cokernel of f is the pushout

M—T N

| L

0 —— coker(f)

i.e. the initial cocone under the diagram 0 «— M LN
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satisfying the universal property that precomposition with u, determines a natural bijection

- morphisms N, — T, equipped with a .
homch,, (hcoker(f,), Ty) — P q‘ bp fo 38
nullhomotopy of the composite M, = N, — T,

In fact, we have already seen an example of a homotopy cokernel: namely, for any mor-

phism M S Nin Modg, the complex (M EN N) € Chg equipped with the map
0
M

is a homotopy cokernel of f (when considered in Chg). More generally, given a morphism

— N
Ji
N

f

M, = N, in Chg, consider the diagram

—dM 0 —dd 0 —d¥ 0 —dY 0
aoay ) Mol ey ) Mol gy ey ) Me |y, Y
® ® ®

N1 N() N—l

of R-modules.

Exercise 3.7 (6 points). Verify that the above diagram indeed defines a complex and more-

over is a homotopy cokernel of f,.

:)’ESSimilarly7 the homotopy cokernel of f may be characterized as the homotopy pushout

M, —I 4 N,

J{ 7 l ’

0 —— hcoker(f.)

i.e. the initial homotopy-coherent cocone under the diagram 0 «— M, ELR N. (though we’ll refrain
from defining this notion precisely here). Here, the symbol = indicates that the square only commutes
up to a specified homotopy. (This homotopy arises from the image of the identity map idpcoker(f,) €
homch,, (hcoker(fo), hcoker(f.)) under the above natural bijection (as it must by the Yoneda lemma).) This

is an algebraic analog of the topological construction taking a map X — Y of spaces to the space

hcoker(X —»Y):=Y Hcone ,

where cone(X) := (X x[0,1])/(X x {0}) denotes the cone on the space X (and we consider X to be embedded
as the subspace X x {1} thereof). This topological construction is often called the (mapping) cone, and as
a result it is common to the refer its algebraic analog using this same term. However, we prefer the term
“homotopy cokernel” as it is more directly suggestive of the object’s “role in life” (a.k.a. its raison d’étre).
(It is also common to refer to this object as the homotopy cofiber, but that term deviates from the more

standard terminology of “cokernel” (as opposed to “cofiber”) in the context of an abelian category.)
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Exercise 3.8 (6 points). Verify that the homotopy cokernel of f is the colimit of the diagram

M ——- 0

i

ML I M
1|
N

In particular, we find that for a morphism M 7, N in Mod r, we have a canonical morphism
hcoker(f) — coker(f), and this is a quasi-isomorphism iff f is injective. This is an instance
of the general principle that homotopically sensitive constructions are suitably equivalent
(in this case, quasi-isomorphic) to their ordinary variants in “simple” situations (in this case,

when there is no redundancy in the relations). More generally, we have the following.

Exercise 3.9 (6 points). Fix a morphism M 4 Nin Chp that is injective in each dimension.

(a) Show that the canonical morphism
hcoker(f) — coker(f)

to the levelwise cokernel is a quasi-isomorphism.

(b) Give an example showing that this map need not be a homotopy equivalence.

As the following exercise illustrates, homotopy cokernels give us a way of translating con-

ditions on morphisms between chain complexes to conditions on chain complexes themselves.

Exercise 3.10 (10 points). Fix a morphism M I, N in Chp.

(a) Prove that f is a quasi-isomorphism iff hcoker(f) is acyclic.*
(b) Prove that f is a homotopy equivalence iff hcoker(f) is contractible.

3.2.2.  As a special case of a homotopy cokernel, we simply write
YM, := hcoker(M, — 0) ,*°

and refer to this as the suspension of M,.*' So by definition, giving a chain map XM, — T,
is equivalent to giving a nullhomotopy of the composite map M, — 0 — T,.

39The corresponding statement fails e.g. for spaces: there exist spaces X such that the morphism X — pt
is not a weak homotopy equivalence and yet ¥.X := hcoker(X — pt) is weakly contractible. Such spaces are
called acyclic, as they are characterized by having the integral homology of a point.

40Not coincidentally, this admits a natural isomorphism

SM, =~ M Qg (R — 0)

with the R-balanced tensor product of M, and the R-valued reduced simplicial chains on the simplicial circle
A'/OA! (using the fact that the latter is actually a complex of R-bimodules).
41This is more often denoted M,[1] and referred to as the shift of M, but we prefer the more blatantly

topological notation and terminology.
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It is evident from the construction that suspension defines an autoequivalence
Chp = Chp .

Namely,

e

E(--.&Mlﬁ%&]w_ld—b...) ( —d, g, = M, —d1 M_Zﬂ,...) :

the operation of suspension simply shifts all terms up by one and negates all differentials.
We write X7 for its inverse, which we refer to as desuspension. More generally, for any
k € N we write $F := Y% and 7% := (£71)°*. We also note for future reference the evident

natural isomorphisms
H,o¥F ~H,_,
for all n, k € Z.

Exercise 3.11 (6 points). Given a morphism M J, N in Ch R, establish a canonical homo-
topy equivalence

Y M =~ hcoker(N — hcoker(f)) .**

3.3. Homotopy kernels.

3.3.1. Dually, recall that the kernel of a morphism M I, N is Mod r is by definition an
R-module ker(f) € Modg equipped with a morphism

ker(f) —> M

satisfying the universal property that postcomposition with v determines a bijection

~ morphisms 7' — M such that the ‘
hommody, (7', ker(f)) — { A3

composite T — M I, N is zero

This leads to the dual notion of a homotopy kernel of a morphism M, ELR N, in Chg: this
is an object hker(f,) € Chg equipped with a morphism

hker(f,) —> M,

42That these are quasi-isomorphic follows from Exercise 3.9(a).
433aid differently, the kernel of f is the pullback

ker(f) —— 0
b
MﬁN
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satisfying the universal property that postcomposition with v, determines a bijection

homeh,, (T, hker(f,)) —

~ morphisms T, — M, equipped with a "
nullhomotopy of the composite T, — M, EiR . .

Exercise 3.12 (4 points). Given a morphism M L Nin Chg, prove that the evident

levelwise projection map

Y 'heoker(f) — M

is a homotopy kernel of f.%°

By combining Exercises 3.9(a) and 3.12, it follows that if a morphism M I, N in Ch R is

surjective in each dimension, then the canonical morphism
ker(f) — hker(f)

from the levelwise kernel is a quasi-isomorphism (though again it is not necessarily a homo-
topy equivalence).

3.3.2.  Although it will take some time to see why, the following feature is in some sense the

fundamental advantage of working in the oo-category Dy instead of in the ordinary category
MOdR.

Exercise 3.13 (6 points). Prove that for any morphism M 4 Nin Chg the dashed canonical

morphisms

hker(f) ——— 0

and M ——— hcoker(v)

0 ——— hcoker(f)

4LLSimilarly, the homotopy kernel of f may be characterized as the homotopy pullback

hker(fo) ——

I

M, . Ve

i.e. the terminal homotopy-coherent cone over the diagram M, ELR N, < 0.
45There are unfortunately some signs that should arise here. They could be removed by tweaking the

construction of hker (giving a different but isomorphic formula), but they would then arise elsewhere.
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are homotopy equivalences.*

Namely, this implies that up to homotopy equivalence, every homotopy cokernel sequence is
a homotopy kernel sequence, and conversely. This feature — along with the existence of a zero
object and homotopy co/kernels in the first place — is succinctly expressed in the assertion
that Dp is in fact a stable co-category: its fundamental advantage over Modg. By contrast,
the corresponding assertion in Modg fails in a rather dramatic way: a cokernel sequence is a
kernel sequence iff the original map is injective, and a kernel sequence is a cokernel sequence

iff the original map is surjective.*”48

3.4. Exact sequences.

3.4.1. A complex M, € Chp is said to be exact at M, if H,(M,) = 0. In particular, an
acyclic complex is also called an exact sequence in Modg, or sometimes a long exact
sequence to emphasize that it is (potentially) infinite in one or both directions.

As a special case, a short exact sequence in Modpy, is a three-term acyclic complex
0—L-L M- N—0.

So, a short exact sequence is such a diagram satisfying the conditions that f is injective, ¢
is surjective, and ker(g) = im(f). In this case, one may also say that M is an extension of

N by L. For instance,
0— Z/2 25 7)4 -5 7,/2 — 0

is a short exact sequence of Z-modules, which expresses Z/4 as an extension of Z/2 by itself.

More generally, we may refer to any (possibly finite) sequence of composable morphisms
in Mody as an exact sequence if it is exact at all interior terms. So for example, one may
refer to the diagram

Z)4 =25 7)A 5 7,)2 — 0

as an exact sequence.49

3.4.2. 'The following is the source of almost every single long exact sequence in mathemat-
e 50

1CS.

46Note that these diagrams are only homotopy-coherently commutative (indeed, the canonical morphisms
are induced by homotopy-coherent universal properties).

47As Modp has no intrinsic notion of “homotopy”, the only reasonable definition of “homotopy co/kernel”
therein simply reduces to the usual notion of co/kernel.

481 fact, ordinary categories are almost never stable (when considered as oco-categories): an ordinary
category is stable if and only if it is trivial (i.e. it has only a zero object (up to equivalence)).

49Note that here we are not implicitly extending the sequence by zero.

50A notable exception is the long exact sequence on (stable) homotopy groups, of which this is actually a

special case.
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Exercise 3.14 (2 points). For any morphism M L, N in Ch r, show that the sequence
Ho(M) 225, Ho (V) 2o, o (heoker(f))

1s exact.

Namely, from Exercises 3.11, 3.12, and 3.13 we obtain an infinite sequence

C 2 sy 2 sy 2 s theoker(f)
I
hker(f) — M LNy hcoker( f)
I
Shker(f) =% M =5 SN 2% .

of morphisms in Chg in which every composable pair of morphisms is a homotopy co/kernel
sequence up to homotopy equivalence.’* Thereafter, by Exercise 3.14, applying H, yields a

long exact sequence

(3)
- — Hy(M) — Hi(N) — Hi(hcoker(f))

Al
Ho(hker(f)) — Ho(M) — Ho(N) — Ho(hcoker(f))
2l

H_i(hker(f)) — H_1(M) — H_{(N) — ---

in Modgp.

Just as (quasi-isomorphism classes of) complexes encode more information than their
homology groups (recall Footnote 20), so do (quasi-isomorphism classes of) morphisms in
Chg encode more information than the corresponding long exact sequences. Therefore, we
view the homotopy co/kernel sequence as the more fundamental notion.

The following exercise illustrates the more classical approach to constructing long exact
sequences.

51To be precise, here we are using the fact that homotopy co/kernels are invariant up to homotopy

equivalence under homotopy equivalence (i.e. componentwise homotopy equivalence in Fun([1], Chg)).
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Exercise 3.15 (6 points). Suppose that 0 — L LML NS0isa sequence of morphisms

in Chp that is exact in each dimension.’> Construct a long exact sequence

Hn+1 (N) 7
Hn(9)

L Ho(L) — Py oy 9y (v W

L Hn—l(L) Hn1(f)

Note that Exercise 3.15 gives a special case of the long exact sequence (3), because the

Hnt1(9)

in MOdR.

sequence 0 — L LML NS0isa homotopy co/kernel sequence up to quasi-isomorphism
by Exercise 3.9(a).”

4. THE DG-CATEGORY OF COMPLEXES

4.1. Hom-complexes. Given complexes M, N € Chg, we have seen that morphisms M —
N may be related by homotopies. In fact, these homotopies can be related by higher homo-
topies, ad infinitum. Altogether, these data organize neatly into the hom-complex from M
to N, denoted

home, (M, N) € Chy .**

Namely, in dimension n the hom-complex is given by

ho—mChR(Ma N)n = H homModR(Mia Ni-i—n) )

€L

and its differential

n hommod, (M, Nitn) n, H hommod, (M, Nitn—1)

€L i€

carries a tuple {f; € hommod,, (M;, Niin)}iez to the tuple

{(d}, o fi+ (=1)""" fisyod!) € hommod, (M, Nign-1)},., -

52Recall from Exercise 3.9(a) that this implies that the canonical morphism hcoker(f) — coker(f) = N is
a quasi-isomorphism.

%30n the other hand, in a sense the long exact sequence of Exercise 3.15 is no less general: up to quasi-
isomorphism, every homotopy co/kernel sequence is of this form. (However, we view homotopy co/kernel
sequences as the more fundamental notion.)

541y fact, the hom-complex also contains “lower homotopies”, in the sense that complexes are “like spaces,

but with the possibility of cells in negative dimensions”.
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Exercise 4.1 (2 points). Verify that this formula defines a complex.

Directly from the definition, we have that Zo(homc,, (M, N)) = homcp, (M, N). Moreover,
given any morphism M I, Nin Ch r, a nullhomotopy 0 LY f is equivalent data to an element
h € hom¢, (M, N); such that di(h) = f. So, Ho(hom¢, (M, N)) is canonically isomorphic
to the abelian group of homotopy classes of morphisms M — N. Note too that

S'homey,, (M, N) = home, (57'M, N) = hom¢, (M,%'N) ;

this gives an analogous description of all homology groups of the hom-complex, as H, =
Hg o X7". On the other hand, these homology groups can also be understood in a more
homotopical (although closely related) manner.

Exercise 4.2 (4 points). Given two chain maps M o N and M % N and two homotopies

f ho g and f LY g, define a notion of a homotopy hy = h; between homotopies, and prove
that such a higher homotopy always exists precisely when H;(hom¢, (M, N)) = 0.

If one views the complexes M and N as O-cells, the maps M O Nand ML N as 1-cells,
and the homotopies h; as 2-cells, then such a higher homotopy should be viewed as a 3-
cell. Of course, there are analogs of this same interpretation for all the homology groups of
ho—mCh R (M ) N )

For brevity, we may simply write

M(MvN) = ho_mChR(M,N) :

4.2. The dg-category of complexes. These hom-complexes, in turn, can be naturally

assembled into a single object.

Exercise 4.3 (8 points). Fix any complexes L, M, N, O € Chg.

(a) Construct a map

XL,M,N

hom(M, N) ® hom(L, M) ——— hom(L, N)

in Chy that encodes the composition of morphisms of complexes.?®

%Note the ordering of the hom-complexes, which adheres to standard notation for composition. Of
course, we could also consider this as a map hom(L, M) ® hom(M, N) — hom(L, N), but note that this
would introduce unnatural signs in the composition map. (Recall from §2.5 that the symmetry isomorphism

of the symmetric monoidal category Chy follows the Koszul sign rule.)
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(b) Verify that these composition morphisms are associative in the sense that the diagram

hom(N, 0) ® hom(M, N) ® hom(L, M) —“2“"; hom(N, O) ® hom(L, N)
XM, N,0id XL,N,0
hom(M, O) ® hom(L, M) o » hom(L, O)

commutes.’®

(c) Construct a map
k 2% hom(M, M)

using the identity morphism of M € Chg, and verify that it defines a two-sided
identity for the above composition in the sense that the diagrams

k ® hom(L, M) —®*s hom(M, M) ® hom(L, M)

lXL,M,]M
Q-

hom(L, M)
and
hom(M, N) @ k —s hom(M, N) ® hom(M, M)
_ [rsese
\ hom(M, N)

commute (where the isomorphisms are the canonical ones coming from the fact that
k € Chy is the unit object).

Altogether, Exercise 4.3 yields a (k-linear) dg-category,®” i.e. a category enriched in the
symmetric monoidal category (Chy, ®,k):*® its objects are the chain complexes of R-modules
and its hom-objects are the hom-complexes between them. We denote this dg-category by

56This implicitly uses the associativity of the operation ® in Chy.

STHere, “dg” is short for “differential graded”. (In general, it is common to refer to a chain complex of
R-modules as a dg-R-module.)

580f course, a dg-category is a particular instance of a more general notion. Namely, given a monoidal
category V := (V,®v, Ly), there is a natural notion of a category enriched in V, or simply a V-enriched
category: a V-enriched category € consists of a set of objects, the data of hom-objects home(X,Y) € V for
all X,Y € C, and the data of composition and identity morphisms

XX,Y,Z

home (Y, Z) ®v home(X,Y) hom (X, Z) and lvime(Y,Y)

in V for all X,Y,Z € C, subject to the evident associativity and unitality conditions. (As indicated, one
sometimes uses an underline to emphasize that these are enriched hom-objects (as opposed to mere hom-
sets).) On the other hand, note that the notation home(X,Y) is already unambiguous, as C is a V-enriched

category.
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Kp and refer to it as the dg-category of complexes of R-modules.” In particular, we
may also write homg (M, N) := hom, (M, N); our chosen notation will depend on our
desired emphasis.

The fundamental purpose of the dg-category Ky is to assemble the data of chain maps,
homotopies, and higher (and lower) homotopies into a single object. In particular, it is the
homology groups of the hom-complexes in K that are relevant. Therefore, it will be natural
to view the hom-complexes in Kz as “only being important up to quasi-isomorphism”.

As a special case, note that for any complex M € Chg, composition in Kz makes the
complex homg, (M, M) e Chy into an associative algebra object, i.e. it is a dg-algebra (or
dga for short) over k.%

Exercise 4.4 (4 points). Show that the following conditions are equivalent.

(i) The complex M € K is contractible.

(ii) The complex homk, (M, M) e Chy is acyclic.
(iii) The complex homg ., (M, M) € Chy has that Hy(homg, (M, M)) = 0.
(iv) The element [idy/] € Ho(homk,, (M, M)) has that [idy] = 0.

Among the morphisms in the dg-category Kg, the homotopy equivalences play a distin-
guished role.

Given a V-enriched category C, we can obtain an ordinary category fgt(C) — its “underlying unenriched
category” — by defining fgt(C) to have the same objects as C and defining

homeg(e)(X,Y) := homy(1y, home(X,Y)) .

(Then, e.g. the identity element of Y € fgt(C) is simply the element ¢y € homy(Ly, home(Y,Y)). More
broadly and more formally, this construction yields a (Set, x)-enriched category (e.g. with the expected
composition maps as well as their associativity and unitality) because homvy(1y, —) defines a right-lazly
monoidal functor (V,®vy) — (Set, x) (see e.g. 7?).) So, a “V-enrichment” of an ordinary category D may be
defined to be a V-enriched category D as well as an identification D =~ fgt(@).

It is worth acknowledging that the notion of a Chg-enrichment of an ordinary category is somewhat
more exotic than that of e.g. a Modg- or Top-enrichment. On the one hand, the functors hompmed, (k, —) and
homo, (pt, —) are simply the respective “underlying set” functors, so a Mody- or Top-enrichment of an ordinary
category amounts to endowing its hom-sets with the indicated structures (satisfying appropriate conditions,
e.g. multilinearity or continuity respectively). By contrast, the functor homcy, (k, —) can be identified as
the functor Chy Lo, Mody &, Set of 0-cycles, so obtaining a Chg-enrichment of an ordinary category
involves defining hom-complexes whose 0-cycles are the original hom-sets. (Recall our trivial observation
that Zo(homey, . (M, N)) = homcp,, (M, N).)

The German word for “complex” begins with the letter “K”.

600f course, this construct can be reversed. Namely, given a dg-algebra A € Alg(Chy), we can form a
dg-category BA € cat®® as follows: it has a single object *, and we declare that homgp 4 (*, %) := A (with

composition and identity respectively defined as the multiplication and unit in A).
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Exercise 4.5 (4 points). Given a homotopy equivalence M — N in Kg, show that the

natural transformations
homk ,,(—, M) — homk ,(—, N) and homg , (M, —) «— homgk, (N, —)
are natural homotopy equivalences.

On the other hand, the quasi-isomorphisms cannot play any such distinguished role in Kg.
For instance, given any acyclic but noncontractible complex A € Kg (recall Exercise 3.6),
by Exercise 4.4 the morphism

0 = homk,,(A,0) — homk (A, A)
cannot be a quasi-isomorphism (let alone a homotopy equivalence).
4.3. Key features of the dg-category of complexes.

4.3.1. As we will discuss in §5.1, the basic operations of hom and tensor product among
ordinary modules do not generally respect co/kernels. We will repair this failure in two steps.
First, we will pass to the world of complexes, and from ordinary co/kernels to homotopy
co/kernels; the latter are respected by hom and tensor product, as we will see in §4.3.3.
However, these constructions fail to preserve quasi-isomorphisms. So, we will further correct
them by studying resolutions, which are the topic of §5.

4.3.2. In order to prove that hom and tensor product among complexes preserve homotopy
co/kernels, it will be convenient to use tensor-hom adjunctions among complexes, which we
now establish. For any complex T' € Chy of k-modules and any complexes M, N € Chg of
R-modules, we may form the complexes

of R-modules, where the (right) R-actions are induced from those on M and N. These
satisfy the universal properties that

homch, (1" ®x M, N) = homcp, (T, homc,, (M, N)) = homcp, (M, homc, (T, N)) 61
In fact, these satisfy enriched universal properties.

Exercise 4.6 (6 points). Prove that for any 7' € Chy and any M, N € Chy we have natural

isomorphisms
home, . (T ®x M, N) = hom¢, (T, hom, (M, N)) = homc,, (M, home, (T, N))
in Ch]k

Of course, these generalize the natural isomorphisms (1) in the context of ordinary modules
(instead of chain complexes of modules).

6111 the general context of enriched category theory, one says that T ® M is the tensoring of M by T and
that homey, (7', N) is the cotensoring of N by T
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4.3.3. We can now show that hom and tensor product among complexes preserve homotopy
co/kernels.

Exercise 4.7 (8 points). Choose any complexes M, N,T € Chg and any morphism M LN,
Using Exercise 4.6 and the universal property of the homotopy co/kernel, construct natural

isomorphisms

mmR (T,f)

home,, (T hker (M > V) ) = her (ho_mChR(T, M) home,, (7 N))

and

hOJchR (f:T)

home,, (heoker (11 > N') ,T) = hker (ho_mChRuv, T) home, (M, T>)

in Ch]k

Of course, essentially identical reasoning shows that the hom-complex bifunctor

m (_’_)
Ch® x Chy ——~% Chy

preserves homotopy co/kernel sequences separately in each variable.%?
Exercise 4.8 (4 points). Show that the tensor product bifunctor
Chy x Chy 225, chy,

preserves homotopy co/kernel sequences separately in each variable.

5. PROJECTIVE AND INJECTIVE RESOLUTIONS

5.1. Motivation for resolutions. The original motivation for homological algebra is the
fact that many natural functors on ordinary modules do not preserve exact sequences. Equiv-
alently but more fundamentally, they do not preserve short exact sequences, i.e. they do not
respect both kernels and cokernels.®?

Exercise 5.1 (6 points).

62 Alternatively, this follows from Exercise 4.7, the commutative square

homg, (—,—

)
Chip X ChR ChR

id x fgtJ/ J/fgt )

Chp? x Chy —— Ch
k k hoimcmk(faf) k
and the fact that the forgetful functor both preserves and detects homotopy kernel sequences.
63Here we use the word “respect” instead of “preserve” due to the contravariance of hommed, (—, M):
recognizing that Mod% is also an abelian category, one might hope that this would carry kernels to cokernels
and cokernels to kernels.
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(a) Show that the functor

Mod;, x Mod, 22

MOdR

does not generally preserve exact sequences in either variable.
(b) Show that the functor

homModR(_v_)

Mod? x Modpg Mod

does not generally preserve exact sequences in either variable.

Namely, applying either bifunctor appearing in Exercise 5.1 to an exact sequence in one of its
slots, one obtains a “half-exact” sequence: (—) ®y (—) preserves cokernels separately in each
variable, hompyed,, (M, —) preserves kernels, and hompeq,, (—, M) carries cokernels to kernels.
It was originally desired for these half-exact sequences to extend to long exact sequences,
whose additional terms would quantify these various failures of exactness.

As illustrated by Exercises 4.7 and 4.8, towards resolving these issues it is fruitful to
pass from ordinary modules and ordinary co/kernels to complexes of modules and homotopy
co/kernels; the desired long exact sequences would then be those on homology discussed in
§3.4, although of course we will take the perspective that the homotopy co/kernel sequences
themselves are the more fundamental objects. However, given that we would like to consider
quasi-isomorphisms as isomorphisms, the following results show that this maneuver does not

suffice on its own.

Exercise 5.2 (6 points).
(a) Show that the functor

Chy x Chp 22, chy

does not generally preserve acyclic objects in either variable.
(b) Show that the functor

MChR(_7_)

Ch? x Chp ——*—— Chy
does not generally preserve acyclic objects in either variable.

Clearly, preservation of acyclics is necessary for the preservation of quasi-isomorphisms. But
in fact, the converse is guaranteed by Exercise 3.10(a) (combined with Exercises 4.7 and

4.8). This motivates the notions that we introduce now.

5.2. Projective and injective complexes.
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5.2.1.  We write Ar < Kp for the full dg-subcategory on the acyclic complexes.

We say that a complex P € Kpg is projective if for every acyclic complex A € Apg
the complex homg (P, A) € Chy is acyclic. Because acyclic complexes are preserved under
de/suspensions and Y*homg, (P, A) =~ homk, (P, X" A), we may equivalently demand sim-
ply that Ho(homk, (P, A)) = 0 for every acyclic complex A € Ag. In other words, P is
projective iff every morphism P — A to an acyclic complex admits a nullhomotopy. In turn,
this is equivalent to the condition that for every acyclic complex A € Ai and every solid

diagram

hker(idA)

7 l
P—— A
there exists a lift making the diagram commute. We write P € Kpg for the full dg-
subcategory on the projective complexes.%*

Dually, we say that a complex I € Kp is injective if for every acyclic complex A € Ag
the complex homg (A, I) € Chy is acyclic. Likewise, we may equivalently demand for all
acyclic complexes A € Ap that Hyo(homgk (A, I)) = 0, or that every morphism A — I admits
a nullhomotopy, or that for every solid diagram

A—;I

-
-
-
u -
-
-
-

hcoker(id4)

there exists an extension making the diagram commute. We write Iz < Kp for the full
dg-subcategory on the injective complexes.

Given that our primary interest is in quasi-isomorphism classes of complexes, we would
like to consider the acyclic complexes as “negligible”. So, recalling that we only consider
hom-complexes “up to quasi-isomorphism”, one may view the condition of a complex being
projective (resp. injective) as being a necessary condition in order for it to be “good” for
mapping out of (resp. into). We will eventually see that these necessary conditions are also
sufficient, in a precise sense.

It is easy to deduce the following facts.

Exercise 5.3 (8 points).

64We observe for future reference that v is a levelwise surjective quasi-isomorphism: indeed, hker(id4)
is acyclic by the long exact sequence in homology, and v is surjective by construction (or by its defining
universal property). So, in order for a complex to be projective, it suffices for it to have the analogous lifting

property with respect to all levelwise surjective quasi-isomorphisms.
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(a) Show that all quasi-isomorphisms between projective (resp. injective) complexes are
homotopy equivalences.®

(b) Show that the property of projectivity (resp. injectivity) is stable under homotopy
equivalence.

(c) Show that projective complexes are preserved under tensor product: if P € Py and
@ € Pg then PR Q € Pg.

(d) Show that for any projective complexes P € Py and @ € Pg, the functors

hoka(Pvi) hOmKR (Q:i)
_—

Ky

KR KR and KR

preserve quasi-isomorphisms.
(e) Show that for any injective complex I € Ig, the functors

hom -1 hom -1
K" oy )KR and K%Y omien 0

Kk
preserve quasi-isomorphisms.

Clearly the zero complex is both projective and injective. Hence, (a) implies that if
an acyclic complex is either projective or injective then it must be contractible, while (b)
implies that every contractible complex is both projective and injective. In other words, the

intersections
PR N AR and IR M AR

coincide and consist of the contractible complexes.

5.2.2.  Of course, the definitions of projective and injective complexes on their own are not so
useful. What gives them their power is that every complex M € Kz admits both a projective
resolution P ~> M and an injective resolution M > I (i.e. quasi-isomorphisms as
indicated). These are the promised representatives of the quasi-isomorphism class of M that
are “well-adapted” for certain purposes. Specifically, we will respectively view the functors

(—)®x P, homg . (P, —) and homg ,(—, I)
as “corrected” (a.k.a. “derived”) versions of the functors
(—)® M, homg , (M, —) and homg ,(—, M)

(and similarly for projective resolutions of complexes of k-modules).

As we will see, it is relatively straightforward to construct projective resolutions of bounded-
below complexes (i.e. M € Chg such that M, = 0 for all n « 0) and to construct injective
resolutions of bounded-above complexes (i.e. M € Chg such that M, = 0 for all n » 0).

65The statement for projective complexes is formally analogous to Whitehead’s theorem, which states
that a weak homotopy equivalence between cell complexes (or retracts thereof) is necessarily a homotopy

equivalence.
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Note in particular that these constructions apply to ordinary R-modules via the inclusion
Modg < Chgp.

As for the unbounded situation, it turns out to be much easier (and more conceptually
satisfying) to construct projective resolutions than injective resolutions. On the other hand,
we will not need to know anything specific about injective resolutions of unbounded com-
plexes, beyond their existence. Therefore, we will discuss only projective resolutions in the
unbounded case, and refer the reader to [Spa&8| (or to [Hov99, §2.3|) for the construction of
injective resolutions in the unbounded case.

It is easy to deduce the following facts directly from the existence of projective and injective

resolutions.

Exercise 5.4 (6 points).
(a) Show that if the complex M € Kg has that homyg (P, M) is acyclic for every projec-
tive complex P € Py, then M is acyclic.®®
(b) Show that if the complex M € Kpg has that homk . (M, I) is acyclic for every injective
complex [ € Ig, then M is acyclic.
(c) Show that for any projective complexes P € Py and @) € Pg, the functors

PR (-) (=)®xQ

KR KR and Kk KR

preserve quasi-isomorphisms.

In particular, the tensor product of a projective complex and an acyclic complex is acyclic.

We will eventually organize many of the facts enumerated in Exercises 5.3 and 5.4 in a

more systematic way.

5.3. Projective resolutions in the bounded-below case. Recall that an R-module P €
Modp, is called projective if mapping out of it preserves surjections, i.e. if for any surjection
M — N in Modg the induced map homped,, (P, M) — homped, (P, N) is a surjection. Said
differently, given any solid diagram

M

1
-
-
-
2
-

s

P——N

there exists a dashed lift making the diagram commute.

Exercise 5.5 (2 points). Show that an R-module P € Modg, is projective iff it is a summand
of a free module (i.e. there exists an R-module ) € Modg and an isomorphism P®Q =~ R®®
with the free R-module on some set S).

Exercise 5.6 (4 points). Show that every projective Z-module is free.

66Evidently, it is already sufficient just to take P = R (which is projective by Exercises 5.5 and 5.9).
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Exercise 5.7 (4 points). Give necessary and sufficient conditions on n € N such that every
projective Z/n-module is free.

Exercise 5.8 (4 points). Show that an R-module M € Modpg is projective iff the corre-

sponding complex M € Chpg is projective.
We now turn from projective modules back to projective complexes.

Exercise 5.9 (6 points). Show that if P € Kg is a bounded-below complex such that each
P, € Modgy, is projective, then P € Py is projective.

The bounded-below hypothesis in Exercise 5.9 is necessary: both parts of Exercise 3.6 give
examples of unbounded complexes which are levelwise free (hence levelwise projective by
Exercise 5.5) that cannot be projective. Indeed, an acyclic projective complex must be
contractible, as its identity map must admit a nullhomotopy.

However, there is no converse statement.

Exercise 5.10 (2 points). Find a projective complex that is not levelwise projective.®”

Having studied the notions of projectivity for modules and complexes, we now turn to
the existence of projective resolutions in the bounded-below case. For this, let us note that
every R-module admits a surjection from a projective (in fact free) R-module; one says that
the abelian category Modg has enough projectives.

Exercise 5.11 (6 points). Using the fact that the abelian category Modg has enough pro-
jectives (along with Exercise 5.9), construct a projective resolution P ~> M of any bounded-
below complex M € K.

5.4. Injective resolutions in the bounded-above case. Recall that an R-module I €
Modpg is called injective if mapping into it carries injections to surjections, i.e. if for any
injection M < N in Modpg the induced map hommed, (N, I) — hompmea, (M, I) is surjective.
Said differently, given any solid diagram

M — 1

7T
7
s,
s
s
s
s

N

there exists a dashed extension making the diagram commute.

Injective modules are much more bizarre than projective modules.

Exercise 5.12 (8 points). Recall that an R-module M € Modg is divisible if for every
nonzero element r € R the map M - M is surjective.

(&) (changea 5220 Show that if R is an integral domain, then all injective R-modules are divisible.

67This can be taken to be bounded-below.
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(b) Show that if R is in fact a principal ideal domain, then all divisible R-modules are

injective.

So for instance, Q € Mody, is injective while Z € Mody is not.

It is easy to dualize the argument of Exercise 5.9: bounded-above levelwise injective com-
plexes are injective. Using this, we would also like to dualize the argument of Exercise 5.11
to show that any bounded-above complex M € Ky admits an injective resolution M = I.
This too is easy, once one knows that Modg also has enough injectives, i.e. that any
R-module admits an injection into an injective R-module. This relatively subtle assertion
can be established as follows.

Exercise 5.13 (12 points). Fix a ring homomorphism S — R.
(a) Verify that the functors

(-)®sR

L N

Modg <— fat Modp
\J_-/

homModS (R,—)

participate in adjunctions as indicated.%®

(b) Given modules M € Modg and N € Modg and an injection
fgt(M) — N
in Modg, show that the corresponding morphism
M — hompedy (R, N)

in Modp, is also an injection.
(c) Deduce from the fact that fgt preserves injections that the functor homyeds (R, —)
preserves injective objects.%’
d) Show that injective objects are preserved under products.™
J J
(e) Fix an abelian group A € Ab. Show that for every a € A, there exists a homomorphism

A — Q/7Z carrying a to a nonzero element.”

e
A

Deduce that there exists an injection

%8In defining the functor (—) ®s R (resp. hommoeds (R, —)), we use that R is an (S, R)-bimodule (resp. an
(R, S)-bimodule).

69Dually, the functor (=) ®s R preserves projective objects because the functor fgt also preserves
surjections.

Dually, projective objects are preserved under coproducts.

"IThis uses Exercise 5.12.

20ne says that Q/Z € Ab is an injective cogenerator. Dually, R € Modpy, is a projective generator:
it is projective, and moreover for any M € Modp there exists a surjection R®% — M for some set S.
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Namely, suppose we are given an R-module M € Modg. By (e) we have an injection
fgt(M) — [ [Q/Z =: I
M

in Ab, and by (d) and Exercise 5.12 we see that I € Ab is injective. Thereafter, by (b) we
obtain an injection

M — homap(R,I) =: J
in Modg, and by (c) we see that J € Modg is injective. So indeed, Modgr has enough

injectives.

5.5. Cell complexes and lifting criteria. For the purpose of constructing projective res-
olutions, we first introduce some auxiliary ideas.

For any n € Z, we define the objects and morphism

S" 00— R
Dn+1 R d—) R
idr

in Chg, where the columns are in dimensions n + 1 and n.” For any complex M € Chp, we

have natural isomorphisms
homep, (S™, M) = Z,(M)  and  homcp, (D™, M) = M, ;
precomposition with ¢,, induces the morphism
Z,(M) & pg, ™

We say that a morphism M L, N has the right lifting property with respect to i,
(or equivalently that i, has the left lifting property with respect to f) if for every solid
commutative diagram

St —— M

A
o

Dn+1 — v N

730f course, this morphism will function as “the inclusion of the n-sphere into the (n + 1)-disk™ indeed,
for any n > 0 it is the reduced simplicial chains on the inclusion A{%7} /oAL0n} < AP /AP (which is a
particularly small simplicial model for this morphism). Note too that S™ =~ ¥"S% and D" =~ " D°. (While
the former isomorphism is always an equality (so that we may take ¥"S° to be the definition of S™), the
latter introduces an inconvenient sign when n is odd (which is why we do not take " D° to be the definition
of D™).)

74Categorically speaking, the reason that the morphism

homChR(S’", 7) m homChR(DnJrl, 7)

in Fun(Chg, Mody) lifts to Fun(Chgr, Modpg) is that the morphism 4,, is in fact a morphism of complexes of
(R, R)-bimodules.



HIGHER ALGEBRA, CHAPTER 0 39

there exists a dashed lift that makes the diagram commute. This is equivalent to saying that
the canonical dashed morphism in the pullback

Mn+1

Nps1 ——— Zy(N)

is surjective. We may abbreviate this by writing f € rlp(i,) (or by writing i, € llp(f)). We
also introduce the notation I := {i,, }nez and rlp(I) := ), rlp(in).

Exercise 5.14 (4 points). Prove that if f € rlp(i,) then H,(f) is injective and Z,1(f) is

surjective.

Now, suppose that f € rlp(I). We claim this implies that f is a levelwise surjective quasi-
isomorphism. First of all, Exercise 5.14 immediately implies that f is a quasi-isomorphism.
Moreover, Exercise 5.14 implies that Z,,( f) is surjective (using that f € rlp(i,,—1)). From here,
the above reformulation of rlp(i,) implies that f, ;1 is surjective. So altogether, it follows
that f is levelwise surjective.

In fact, the converse is also true.

Exercise 5.15 (4 points). Prove that if M I, N is a levelwise surjective quasi-isomorphism,

then f e rlp(I).
In other words, rlp(I) consists precisely of the levelwise surjective quasi-isomorphisms.
5.6. Projective resolutions as cellular approximations.

5.6.1.  'We now construct projective resolutions via a general procedure known as the small
object argument.” In fact, given a morphism M J, N in Ch r, we will construct a factor-
ization

M ! N

\
7
\\ >(

- ;O;)\\j P
N (@)
satisfying the following conditions:
"This is formally analogous to the construction of a cell complex that is weak homotopy equivalent to a

given topological space. The name arises from its crucial use of a certain “smallness” property of the sources

of the elements of the set I. In the present situation, the relevant fact is given as Exercise 5.18.
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(1) the morphism ¢(® has the left lifting property with respect to levelwise surjective
quasi-isomorphisms (i.e. ¢(®) e llp(rlp(I))), and
(2) the morphism f(*®) is a quasi-isomorphism.
Taking M I, N to be the map 0 — N then yields a projective resolution of N: the

projectivity of N(*) in this case follows from Footnote 64.7

5.6.2.  We begin some auxiliary notation. First of all, we write

I(f)n := homar(chy) (in, f) = homeh, (S™, M) X homChR(DnH’ N)

homcp , (S™,N)

for the set of morphisms

S —-me-- » M
an lf
Dl - »y N

in the arrow category Ar(Chg) := Fun([1], Chg) of Chg (i.e. pairs of morphisms S™ — M and
D" — N making the square commute). Moreover, we write
I(f) = || 1(£)n
neL
for the disjoint union of these sets indexed over all n € Z. And finally, given an element
a € I(f), we write n, := n if o € I(f),. (That is, we write I(f) "2, 7 for the evident

function from the disjoint union.)

5.6.3. We now construct the factorization f = f(*) o ¢(*),

First of all, observe that we have a canonical commutative square

St — s M

ael(f)
) f
@ael(f)’”al .
@ Dt —— N
ael(f)

We write

N .= colim @“e””“‘*l

@ DnaJrl

ael(f)

0ne may interpret the general case as providing a “relatively projective” resolution of N as an object
under M. (Whereas a projective complex is like a cell complex (or a retract thereof), a relatively projective

complex is like a relative cell complex (or a retract thereof).)
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for the pushout, and we write

AN A

N e
ijj\\j //%O\
ND

for the morphisms in the induced factorization.

Exercise 5.16 (2 points). Show that the morphism c(!) has the left lifting property with

respect to any levelwise surjective quasi-isomorphism (i.e. ¢V € llp(rlp(1))).

Exercise 5.17 (2 points). Show that for every solid commutative diagram

S > M
&
¥}
in f
ND
-7
~ ’,””” ff]) ~
Dn+1 s N

there exists a dashed factorization making the diagram commute.

We now apply the above construction again, but to f(1) instead of to f: namely, we observe
the canonical commutative square

Sne — 5 N

ael(fW)
. (1)
C—Bael(f(l))lnal f )
@ Dt — N
)

we write
@ s — NO
ael (1)

2 ._ ; )
N := colim C—Bael(f(l))zm"l

@ Dna +1

acl(f)
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for the pushout, and we write

e
[TENN S
<) ~ 78

N@)

for the morphisms in the induced factorization. This gives us a commutative diagram

M \
% /

N@)

B
=
712

Of course, we continue to iterate this construction in the obvious way. To conclude, we
define

D)

N©®) .= colim (M NO 2 @) ) ’

()
we define the map M <5 N to be the canonical map to the colimit, and we define the

(%)
map N () S, N to be that induced from the maps f™ by the universal property of the

colimit.

5.6.4. We now verify the two conditions given in §5.6.1.

(1) Let B % C be a levelwise surjective quasi-isomorphism (i.e. an element of rlp(1)).

Given any commutative square

M —— B

() lg )

S A—
we enlarge it to the solid commutative diagram

M ———B

() ///// J
~ - /
- /7
N@
//

2 7

N®) g
e
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Here, applying Exercise 5.16 repeatedly we may inductively construct dashed lifts as
indicated that make the diagram commute. By the universal property of the colimit,
together these yield the desired lift in the original diagram.” In other words, we have
shown that ¢(*) e lip(g). However, since g € rlp(I) was arbitrary, altogether we have
shown that c(®) e lip(rlp(I)), as desired.
(2) In fact, we show that f(*) e rlp(I). For this, suppose we are given any commutative
diagram
S ——— N™)
an lf(OO) :
Dt — 5 N

By Exercise 5.18 below, there exists some k£ € N and a lift

N (&)

A
-
-
-
-
-
-

-

S —— N®)

of the given map. Now, just as in Exercise 5.17, we obtain a lift

S™ N N(k)
N
K
Ns
O
7 ’
" N (k+1)
A \
//// ./(’CS N(OO)
- X
e <
e f()
Dn+1 s N

which proves the claim.

Exercise 5.18 (2 points). Show that the object S™ € Chy is compact, i.e. that the functor

hom S™,—
Chyy 2omern D) gy

commutes with filtered colimits.”®

"TThis may be phrased as choosing an element of a codirected limit of surjective functions between sets.
"8Note that a functor commutes with filtered colimits if and only if it commutes with directed colimits.
(This is one instance of the useful general principle of “coordinatization” of a class of colimits. As another
example, given a functor between categories that admit finite colimits, it preserves them if and only if it
preserves initial objects and pushouts. Another related fact is that given a functor between cocomplete
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6. THE DERIVED 00-CATEGORY
6.1. The homotopy theory of the dg-category of complexes.

6.1.1. We have by now obtained a diagram
Pr

(4)

KR — AR
Ir
of fully faithful inclusions among dg-categories: we began with the subcategory Ar < Kp,
and then we defined Pr € Ky (resp. I € Kg) to be what might be called its homotopical
left (resp. right) orthogonal subcategory, namely

Pr := {M e Kg such that homg (M, A) ~ 0 for all Ae Ag}

and
Ip := {M € Kp such that homg, (A, M) ~ 0 for all Ae Agr} .™

Recall that for any complex M € K we have constructed a projective resolution M’ = M,
i.e. a quasi-isomorphism from a projective object. Consider the resulting homotopy kernel
sequence

A— M — M
in Chg, where we write A := hker(M’ — M) because this complex is acyclic (by the long
exact sequence in homology). Now, for any projective complex P € Pr € Kpg, by Exercise 4.7

we obtain a homotopy kernel sequence
hom(P, A) — hom(P, M) — hom(P, M)

in Chy. Because P is projective, the complex hom(P, A) is acyclic, and hence we find that
the morphism

hom (P, M") ~> hom(P, M)
is a quasi-isomorphism (again by the long exact sequence). Heuristically, we have found
that “the morphism M’ — M appears to be an isomorphism when mapping from projective

complexes (and considering hom-complexes up to quasi-isomorphism)”.

categories (i.e. categories admitting all (small) colimits), it preserves all (small) colimits if and only if it
preserves finite colimits and filtered colimits.)
" This categorifies the notion of orthogonality in linear algebra: given a vector space V equipped with an

inner product (—, —), the orthogonal of a subspace W < V is defined to be
{v € V such that (v,w) =0 for all we W} .

The categorified notion comes equipped with a handedness because hom-objects aren’t symmetric (in contrast
with inner products), and by “homotopical” we mean that we only demand that the hom-complexes are quasi-

isomorphic (rather than isomorphic) to 0.
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6.1.2.  This sort of phenomenon is in fact quite ubiquitous. Let € L, D be a functor between
ordinary categories. Given an object D € D, a pointwise right adjoint to I’ at D consists
of an object C' € € and a morphism F(C) — D such that the resulting composite morphism

home(—, C') — homy (F(=), F(C)) —> homp(F(—), D)

in Fun(C°P, Set) is a natural isomorphism. In this situation, we may refer to the morphism
F(C) — D as the pointwise counit and denote it by ep (or simply by ¢).

Exercise 6.1 (6 points).
(a) Show that if it exists, a pointwise right adjoint to F' at D is unique up to unique
isomorphism.®°
(b) Show that the datum of a right adjoint to F' is equivalent data to a choice of pointwise

right adjoint to F at every object D € D.®

So, the above discussion may be summarized as saying that in a homotopical sense — that is, if
we only consider hom-complexes up to quasi-isomorphism — the fully faithful inclusion P —
K “should” admit a right adjoint whose pointwise counits are projective resolutions. On the
other hand, because these morphisms on hom-complexes are only quasi-isomorphisms and

not isomorphisms, we should not expect this structure to exist at the level of dg-categories.

6.1.3. Of course, this discussion immediately dualizes: any complex M € Kz has an injec-
tive resolution M > M" (i.e. a quasi-isomorphism to an injective object), and this has the
property that for any injective complex I € Iz < K the morphism

hom(M", I) = hom(M, I)

is a quasi-isomorphism. Heuristically, “the morphism M — M" appears to be an isomor-
phism when mapping to an injective complex (and considering hom-complexes up to quasi-
isomorphism)”. So, in a homotopical sense the fully faithful inclusion Iz < Kpg “should”
admit a left adjoint whose pointwise units are injective resolutions.

6.2. A brief introduction to k-linear co-categories.

6.2.1. These adjoints that “should” exist in a homotopical sense actually do exist at the
level of underlying k-linear co-categories. So, we work within an co-categorical context.
However, our present usage of co-category theory will be extremely “soft”: it will not require
any real familiarity with the foundations of the theory. So in the interest of maintaining the
narrative thread, here we give an extremely brief summary of the immediately relevant

features of co-category theory, and pursue a more systematic discussion later.

805aid differently, the category of pointwise right adjoints to F' at D is always either an empty or con-
tractible groupoid.
81Tt follows that the category of right adjoints to F is always either an empty or contractible groupoid

(because these are preserved under products).
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6.2.2. Here is the most expedient definition of a k-linear oo-category.®? We write cat for the
category of ordinary categories, and we write cat’e Mo, cat for the functor given by applying
Hg to each hom-complex. Then, a functor C L D between dg-categories is called a weak
equivalence if the following two conditions hold:

(1) it is homotopically fully faithful, i.e. for all C;C" € € the induced morphism
home(C, C') — homqp (F(C), F(C")) in Chy is a quasi-isomorphism; and
(2) it is homotopically essentially surjective, i.e. the induced functor Hy(C) HolF),

Ho(D) is essentially surjective.®®

(Of course, if C L, D is a weak equivalence of dg-categories then Ho(C) Holr), Ho(D) is in

fact an equivalence of categories.)

We localize the category catﬂcig of k-linear dg-categories at the weak equivalences. This
yields a category that (for reasons that will become clear later) we will denote by ho(Caty)
and refer to as the homotopy category of k-linear co-categories; its objects are called
k-linear oo-categories. So by definition, there is a canonical functor

cat’® — ho(Caty)

that carries all weak equivalences to isomorphisms. In particular, this functor is essentially
surjective: every k-linear co-category can be represented by a k-linear dg-category.®*

Given a dg-category €, for the remainder of this section we will write C* for its underlying
k-linear oo-category. However, we will thereafter omit this superscript, as we will have fin-
ished drawing distinctions between dg-categories and their underlying k-linear co-categories.
We will generally refer to data in € as “point-set” and data in €* as “co-categorical”.

Essentially by construction, given two dg-categories €, D € cate, morphisms €* — D® in
ho(Caty) are given by equivalence classes of zigzags

C e o0 ... e<D

in cat® (in which all backwards maps are weak equivalences). However, it turns out that
every equivalence class contains a representative of the form

~

C—C —D.

In fact, dg-categories admit “projective resolutions™ every equivalence class contains a repre-
sentative of this form for any fixed weak equivalence € = @ from a “projective” dg-category.

82This should be compared with the discussion of §2.4.

831t is possible to phrase homotopical essential surjectivity at the level of dg-categories, but this requires
a bit of enriched category theory.

84T his is analogous to the presentation of ordinary co-categories as categories enriched in simplicial sets;
in particular, in both cases the presentations admit strict compositions (in contrast with the perspective on
composition in oo-categories explained in §6.2.3). A presentation of k-linear co-categories that adheres more

closely to e.g. quasicategories or complete Segal spaces is given by (k-linear) A-categories.
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Once one is only considering hom-complexes up to quasi-isomorphism, homotopy equiv-
alences (e.g. in Kg and its various subcategories) become indistinguishable from isomor-
phisms. In general, one simply uses the term equivalence to refer to the co-categorical
notion of isomorphism. We will denote equivalences in an oo-category by —.

For brevity, for the time being we will often simply refer to k-linear co-categories as “oo-
categories”.

6.2.3. To a first approximation, a k-linear co-category is simply a category enriched in
Ho(Dy), the derived category of k introduced in §2.4. In particular, passing from dg-categories
to their underlying k-linear co-categories does indeed “only remember their hom-complexes
up to quasi-isomorphism”. The distinction lies in the higher homotopies (e.g. those recording
the homotopy-coherent associativity of composition) which are present in the underlying co-
category of a dg-category but are lost in passing to its underlying Ho(Dy)-enriched category.

Namely, as we will see when we study co-categories more generally, given a dg-category C,
commutative diagrams in its underlying k-linear co-category €® are represented by homotopy-
coherently commutative diagrams in € itself. For instance, we will see the projective resolu-

tion

g JANEERAN

0 —— 2 0 —— 2

of the free strictly-commutative triangle [2] = {0 < 1 < 2} by the free homotopy-coherently

commutative triangle, and this persists upon passing to free dg-categories.®

Said differently, given morphisms Cy 22 Cy, C; 22 Oy, and Cy 22> C, in the co-category

C®, we can no longer ask whether oy, is equal to the composition s © ;.5 Rather, we

can only ask for a homotopy that “witnesses ¢ as being a homotopy-coherent composite of

012 and @01”‘87

6.2.4. As a particular case, it turns out that homotopy co/kernel squares in dg-categories
— which fit into homotopy-coherently commutative squares — define co/limit diagrams — and
particular, commutative squares — in their underlying co-categories.®® For the moment, we

will write coker® and ker™ to denote oo-categorical co/kernels.

85To be precise, this is a sort of projective resolution (actually a “cofibrant” resolution) among categories
enriched in simplicial sets, and by “the free k-linear dg-category” on a category enriched in simplicial sets we
mean the dg-category obtained by taking k-linear simplicial chains on its hom-objects.

86Indeed, e.g. in Kz we have that chain maps M — N correspond to O-cycles in homk , (M, N), but it is
not well-defined to discuss the “0-cycles” of a derived k-module (because these are not generally preserved
by quasi-isomorphisms).

870f course, any pair of composable morphisms does admit some “homotopy-coherent composite”, and in
fact these assemble into a contractible complex.

88This should not be surprising, based on our discussion of the former.



48 AARON MAZEL-GEE

It will also be convenient to discuss more general oo-categorical pushout/pullback squares
in a k-linear oo-category. As an expedient definition, we can declare that a commutative

square

WLX

Q
>

Y — 7

)

in a k-linear oo-category is a pushout (resp. pullback) if the resulting commutative square

W (f,9) XaYy

| e

0 — 7

is a cokernel (resp. kernel) square.
It turns out that pushout and pullback squares (and in particular, cokernel and kernel
squares) coincide in any k-linear co-category.® In order to refer to them in an unbiased way,

we may refer to them as exact squares.
6.3. The derived oo-category.

6.3.1. Having introduced k-linear co-categories, we can now finally define the derived oo-
category of R-modules: it is the oo-categorical localization

K% -5 Dy

at the quasi-isomorphisms. In other words, for any k-linear co-category €, precomposition
with 7 determines an inclusion

homho(caty) (K%, €) «<— hompg(cat,)(Dg, C) ,

whose image consists of those functors K% — C that carry all quasi-isomorphisms to equiv-
alences.”

Of course, this definition of the derived co-category Dy is rather abstract. However, it
turns out that it is canonically equivalent to both underlying oo-categories P% and I¥ (which

in particular are canonically equivalent to one another). More precisely, as we will explain,

89This makes crucial use of the k-linearity: it is certainly not the case that pushout and pullback squares
coincide in a general co-category.

90We have stated this universal property in the category ho(Cat), but in fact it holds in the co-category
Caty as well.
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the diagram (4) of dg-categories extends to a diagram

Px

A z'p
< aL
£,
7 /J_\‘
(6) proie || ppoix K% «—in— A%

on underlying co-categories, in which both functors pp and py satisfy the universal property

~

0
IR

of the functor m. This implies that there are canonical equivalences between pp and py as
functors out of K% (i.e. there are canonical equivalences between their targets that commute
with them), and we will see that these are precisely the equivalences indicated in the diagram.
Taking these assertions for granted, we can express diagram (6) more concisely by collaps-
ing the vertical equivalences and using the unbiased notation Dy to obtain a diagram
i ar

/J__\/I\

(7) Dp «—n K% «—in— A% |

\i/\i/

iR aRr

in which i, (resp. ip) denotes “the inclusion of Dy into K% as the full subcategory of
projective (resp. injective) complexes”’, which is the left (resp. right) adjoint to the projection
functor w. This latter diagram forms what is called a recollement, a sort of categorified

extension sequence, which notion we will discuss more later.

6.3.2. Before explaining the diagram (6), we pause to slightly sharpen the perspective on
the passage from a dg-category to its underlying co-category given in §6.2.3, in a way that
will be helpful shortly. Namely, it is possible to define a k-linear co-category to be a category
enriched in the derived co-category Dy of k.”* Then, the passage from a k-linear dg-category
to its underlying k-linear co-category amounts to applying the functor

Ky 5 Dy
to each of its hom-complexes.

6.3.3. It is important to note that there are many commutative squares in K% that may

not be co/kernel squares themselves but nevertheless become so in Dg, e.g. any commutative

911t would certainly be circular to do so here. (In particular, we do not discuss the symmetric monoidal

structure on Dy until §6.3.7.) The formalism of enriched co-categories is developed in [GH15].
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square of the form

In general, it is only after projective resolution or injective resolution that such a square

becomes a co/kernel square.

6.3.4. We begin our explanation of diagram (6) by obtaining the adjunctions in its left side.
Of course, these were already hinted at in §6.1: the existence of the adjoints in the diagram

Iz
follows immediately from the co-categorical analog of Exercise 6.1 and its dual. We refer to
pp (resp. p1) as the projective (resp. injective) resolution functor.

Recall that projective resolutions are far from unique at the “point-set” (a.k.a. “chain”)
level. For instance, applying the the construction of §5.6 to a projective complex P € Py will
yield a quasi-isomorphism P’ = P from another projective complex, which is generally be
very far from being an isomorphism. On the other hand, by Exercise 5.3(a) this must be a
homotopy equivalence, and hence it defines an equivalence in the underlying co-category P%.
More broadly, the co-categorical analog of Exercise 6.1(a) tells us that projective resolutions
of any complex M e K% are “unique in the oo-categorical sense”. Of course, dual comments
apply to injective resolutions.

Using merely the definitions of the adjoint functors pp and pr, we can obtain the inverse
equivalences on the left in diagram (6).

Exercise 6.2 (6 points). Prove that the composite adjunction
ip LN

0 © > 0 > o0
g ¢ m—
PP 11

is an adjoint equivalence.

6.3.5.  We now simultaneously address the commutativity of the left triangle in diagram (6)

and explain why both functors K% %% P% and K% % I% satisfy the universal property

defining K% 5 Dy (namely they are both the localization of K% at the quasi-isomorphisms).
We say that an adjunction

_—
¢ D

Q||
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is a reflective localization adjunction if the right adjoint G is fully faithful. In this
situation, we refer to the functor € L Dasa reflective localization. For concreteness, we
discuss these in the context of ordinary categories, but then we will apply the theory in the
context of k-linear co-categories (in which it also holds).

Exercise 6.3 (6 points).
(a) Show that G is fully faithful if and only if the counit F'G = idy is a natural isomor-
phism.
(b) Show that for a reflective localization adjunction F' 4 G, the morphism F D, FGF

is a natural isomorphism.

Given such a reflective localization adjunction, let us write W < € for the subcategory
consisting of those morphisms that are carried by F' to isomorphisms. Then, we claim that
the reflective localization € - D is precisely the localization of C at W.?2 To see this, fix
any functor € KN €, and consider the diagram

e—T ¢
M
V4 el
G F A )
//@O
D——D
idp

in which the left triangle commutes via the natural isomorphism ¢ of Exercise 6.3(a). Con-
sidering just the solid diagram, we see that there is at most one choice of factorization of T’
through F', namely T'G. On the other hand, we always have the indicated natural transfor-
mation T =2 T GF'. So, it remains to check that 7'y is a natural isomorphism if and only if
T carries the morphisms in W to isomorphisms. By Exercise 6.3(b), the components of 7
lie in W < €, which implies the “if” direction.

Exercise 6.4 (4 points). Prove the “only if” direction: that if 7'y is a natural isomorphism

then T' carries all morphisms in W to isomorphisms.
A class of examples of reflective localizations is given by the following.

Exercise 6.5 (3 points). Given a ring homomorphism R — S, show that the corresponding
adjunction

is a reflective localization if and only if S is an idempotent R-algebra, i.e. the multiplication

map S ®r S — S is an isomorphism.

9276 explain the terminology further, considering D < € as a full subcategory via G, the functor F is also
called the reflector of € into D.
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For example, the ring homomorphisms Z — Z[%] and Z — Q determine reflective local-
izations. So for instance, the forgetful functor

Modz, <= Modg

is fully faithful: a homomorphism between Q-vector spaces is nothing more or less than a
homomorphism between their underlying abelian groups.”® Moreover, the functor

Mods, %% Modq

is the localization of Mody at the rational isomorphisms between abelian groups (i.e. those
homomorphisms that rationalize to isomorphisms (e.g. Z B2, 7 @ Z/5, which rationalizes
to Q 2, Q)). Explicitly, given a functor Mody, L, € that carries rational isomorphisms to

isomorphisms, the canonical factorization is given by

By contrast, the ring homomorphisms Q — Q[+/2] and R — C do not determine reflective
localizations. So for instance, the forgetful functor

Modg <& Modc

is not fully faithful: a homomorphism between C-vector spaces is not the same thing as a
homomorphism between their underlying R-vector spaces. Rather, one must additionally
demand that it respects multiplication by i € C.%*

Now, by definition the adjunction pr - i is a reflective localization adjunction.

Exercise 6.6 (2 points). Prove that a morphism in K% is carried by pr to an equivalence if
and only if it is a quasi-isomorphism.

By what we have just seen, this implies that the functor K% 2, % 1s indeed the localization

of K% at the quasi-isomorphisms.
Of course, dually the functor K% %> P% is a coreflective localization, and so it is also the

localization of K% at the quasi-isomorphisms.

93And indeed, we have a further reflective localization adjunction

%}

fgt

Grp Ab

(in which the left adjoint is given by abelianization), so that a homomorphism between Q-vector spaces is
nothing more or less than a homomorphism between their underlying groups (which happen to be abelian).

M These examples illustrate a general principle, namely the dichotomy between “properties” and “struc-
ture”. For instance, being a -module turns out to be merely a property that can be satisfied by a Z-module
(in the sense that we can consider Modg < Modyz as a full subcategory), whereas given an R-module we must

provide additional structure to make it into a C-module.
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So indeed, both functors pp and pr are the localization of K% at the quasi-isomorphisms.
In other words, they share the same universal property. Therefore, they must be canonically
equivalent. Moreover, tracing through our proof that a reflective localization is a localization
(and dualizing), we find that the canonical inverse equivalences between P% and I7, that are
induced by their shared universal property (as k-linear co-categories under K%) are precisely

the composites
Pr

o "&
|
- % and -
ppoir | K R p1otp
|
I
I
I

A

In particular, these triangles commute.

'ﬁ
=8

(.___________
X

Iz

[
%8

It is also not hard to see that these triangles commute using the Yoneda lemma. For

instance, given any P € P% and any M € K%, we have the composite equivalence
hompﬁ(R ppirpr(M)) ~ homKﬁ (ip(P),irpr(M)) — homKﬁ(iP(P)7M) = homPf;g(P; pp(M))

in Dy, using the fact that homk,, (ip(P), —) carries quasi-isomorphisms to quasi-isomorphisms.

Since P € P} was arbitrary, it follows that the morphism
ppitp1(M) =5 pp(M)
in P% is an equivalence.

6.3.6. To conclude our discussion of diagram (6), we now construct the adjoint ar; the
adjoint ap will arises from dual considerations. We refer to ay (resp. agr) as the left (resp.
right) acyclification functor.

For this, let us observe that for any complex M € Kg, the complex

ar(M) = coker™ (ip(pp(M)) o, M)
is acyclic by Exercise 3.10(a).”® In other words, the formula
ay, 1= coker® (z’p o pp — idKR>

defines a functor K% %% A%.

We now verify that a; defines a left adjoint to the inclusion K% NS A%. At the oo-
categorical level, this is a straightforward computation. However, it is also a good oppor-
tunity to highlight the distinction between working in a dg-category and working in its
underlying co-category, which makes the computation somewhat more subtle. Namely, the

functor ay, is only well-defined at the co-categorical level, which implies that it is not literally

91In view of the adjunction ip — pp, one may think of az (M) as being obtained by “killing off the part

of M that can be seen by projective complexes”.
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meaningful to compute with it at the point-set level. On the other hand, by the dual of Exer-
cise 6.1, it suffices to verify that any point-set representative of the morphism M — ipar (M)

in K% is a pointwise unit on underlying co-categories. Therefore, let us write
ip(pp(M)) =5 M

for a specific but arbitrary point-set representative of the morphism e, (i.e. an arbitrary
projective resolution of M), and let us write ar (M)’ := hcoker(g,); recall that homotopy
cokernels in Kx compute co-categorical cokernels in K%, so the morphism M — iaxar (M)’
in Kp is indeed a point-set model for the morphism M — iaar(M) in K%. Now, for any
acyclic complex A € A%, omitting the functor ia to simplify notation, we compute that

homag (ar(M), A) := m (homa,(ar (M), A))
= (homk . (ar(M)', A))

=7 (homKR (hcoker < =R ) ,A))

(5) = (er (homc (31.4) "5, o e e (10)), ) )
( )

(10) ~ ker” (W(homKR(M, A))

homy . (€'y,4)
B Y

9) ~ 7 | ker® (homKR M, A) homKR(ip(pp(M))’,A))

TI'(hOmKR(E/]w,A))

w(homKR@'P(pp(M))',A)))

(11) ~ ker® (7 (homk, (M, A)) — 0)
~ 7(homg (M, A))
=: homgs (M, A)

as desired, by the following reasoning.

e Equivalence (8) follows from the fact that hom-complexes respect homotopy co/kernels
(Exercise 4.7).

e Equivalence (9) follows from the fact that homotopy kernels in Kz compute oo-
categorical kernels in K%. (From here onwards, we implicitly consider the morphism
homx . (¢}, A) as lying not in the dg-category Ky but in its underlying co-category
Kr.)

e As we have just seen, K® ©> Dy is a right adjoint. It therefore preserves oo-categorical

limits, and in particular oo-categorical kernels. This gives equivalence (10).
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e By construction, the complex ip(pp(M))’ € Kg is projective.”® Hence, the complex
homk . (ip(pp(M))’, A) € Ky is acyclic. It follows that we have an equivalence

m (homxk, (ip (pp (M))", A)) = 0

in Dy, which explains equivalence (11).

So indeed, the left acyclification functor a, is left adjoint to the inclusion 74 .
Because cokernel sequences and kernel sequences in K% agree, note that we can also view
the projective (resp. injective) resolution functor as the kernel (resp. cokernel) of the left

(resp. right) acyclification functor. Indeed, we have co-categorical co/kernel sequences

ippp E— |dK°I§ iACLR E— Ing
| o] |
0 — inay 0 —— d1pr

in Fun(K%,K%).

6.3.7. The co-category K;° of complexes over k is symmetric monoidal via tensor product,
and the oco-category K% of complexes over R is a left module over it. It follows from
Exercise 5.3(c) that the fully faithful inclusions

D, <5 K and Dp<t K%

endow the derived oo-categories with the same structures: Dy is symmetric monoidal and
Dy, is a left module over it.

Note that here we must use the inclusions i;, (not ig). This is due to the handedness
of the tensor-hom adjunction: tensor products satisfying a universal mapping out property
(instead of a universal mapping in property). Said differently, it is the tensor product of
projective complexes (and not injective complexes) that computes the tensor product of
derived modules.

Relatedly, the localization K - Dy is not a symmetric monoidal functor. Rather,
given complexes M, N € K{°, tensoring the counit maps im(M) := ippp(M) — M and
irm(N) := ippp(IN) — N together gives a map

ir(r(M)®7n(N)) ~igm(M)®ign(N) — M ® N
in K{° that is adjoint to a map

(12) T(M)®7n(N) — (M ® N)

96Recall from Exercise 5.3(b) that the property of projectivity is stable under homotopy equivalence: any
complex that is homotopy equivalent to a projective complex is itself projective.
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in Dy, which is not generally an equivalence.”” Indeed, the functor 7 is right-lazly symmetric
monoidal: it comes equipped with natural comparison morphisms (such as the morphism

(12)) from the (iterated) tensor product in Dy of its values to its value on the corresponding

tensor product in K?.%%%

Inasmuch as the derived tensor product behaves better than the ordinary tensor product,
we view the fact that 7 is only right-laxly symmetric monoidal as a feature rather than a
bug. Moreover, right-laxly symmetric monoidal functors still interact nicely with algebraic

structures.!?” For instance, in the present situation, we have a canonical lift

CAlg(KZ) --™- CAlg(Dy)

fgtl lfgt )

K — D,

so that commutative algebra objects in Kj° define commutative algebra objects in Dy, and
likewise for associative algebra objects.%!

6.3.8.  We briefly indicate how the derived co-category construction generalizes from Modg
to an arbitrary abelian category A, and give a preview of the broader context into which
this fits.!?

Consider the category Ch(A) of complexes in A. This admits an enrichment in Chgz, i.e.
it defines a Z-linear dg-category, whose underlying Z-linear co-category we refer to as the
w-category of complexes in A and denote by K(A). Then, the derived «o-category of
A is the localization

K(A) - D(A)

9"Beginning with ordinary k-modules M, N € Mod; = K°, the failure of this morphism to be an equiva-
lence is measured by the Tor functor, as explained in §7.2. (Note that the inclusion Mody < Kj° is symmetric
monoidal.)

9®ndeed, the right adjoint of any symmetric monoidal functor is automatically right-laxly symmetric
monoidal. (Note that it may also simply be symmetric monoidal: this structure can be seen as a condition
on a right-laxly symmetric monoidal functor, namely the invertibility of the natural comparison morphisms.)

99The notion of a right-laxly symmetric monoidal functor is defined precisely in ?7?.

100D yally, left-laxly symmetric monoidal functors interact nicely with coalgebraic structures.

10174 turns out that associative algebra objects in Dy always lift to associative algebra objects in Ky (i.e.
dgas). When k has characteristic zero, commutative algebra objects in Dy also always lift to commutative
algebra objects in Ky (i.e. cdgas). However, in general there are commutative algebra objects in Dy that do
not lift to cdgas; the obstructions effectively arise from the cohomology of symmetric groups with coefficients
in k (which vanish when k has characteristic zero).

1021 essence, an abelian category is one that “behaves like” the category Modpg for some ring R. (In
particular, abelian categories are canonically enriched in Ab.) Indeed, the Freyd—Mitchell embedding theo-
rem guarantees that every abelian category can be fully faithfully and exactly (i.e. kernel- and cokernel-
preservingly) embedded into some Modg [Fre64, Mit64]. (More precisely, this holds under the set-theoretic
assumption that the abelian category is small, i.e. that it only has a set (as opposed to a proper class) of
objects.)
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obtained by freely inverting the quasi-isomorphisms.

There are also the three variants D~ (A), D*(A), and D°(A): the bounded-above, bounded-
below, and bounded derived oo-categories.'® All of these Z-linear oo-categories are stable:
they have zero objects and admit all co/kernels.'

Moreover, at least these three variants may admit various universal properties. The sim-
plest is that of D?(A), which is the initial stable oo-category receiving a functor from A —

namely, the evident composite functor
A — K(A) — D(A)

(factoring through the bounded variants) — that carries all short exact sequences to co/kernel
sequences [BCKW, Corollary 7.59].191% The universal properties of D*(A) are some-
what more subtle: they require hypotheses on A (namely the existence of enough pro-
jectives/injectives and/or the property of being a Grothendieck abelian category), and make
reference to “analytic” notions (in the sense of convergence) involving t-structures [§A.1.3].

7. DERIVED FUNCTORS

A substantial vein of current mathematical research takes place entirely within the de-
rived realm, e.g. working only with the derived co-category Dy instead of with the ordinary
category Modgr. We will take this point of view when we study sheaf theory. However, it is
nevertheless worthwhile to connect back with the original approach to homological algebra.
We explain the general principles in §7.1, and then illustrate how passing to classical derived
functors amounts to working in the derived oo-category in §87.2-7.3. We then briefly discuss
the example of group co/homology in §7.4. We refer the interested reader to [Wei94| for a
more in-depth treatment of group co/homology, as well as for treatments of two other fun-
damental examples: Lie algebra co/homology and Hochschild co/homology.'*” We conclude
with a brief discussion of decategorification in §7.5, which applies to the derived approach
to the counting problems described in §1.4.

7.1. Derived functors.

10311 the notations DT (A), the superscript indicates the direction in which infinitude is permitted.

104We discuss (not necessarily Z-linear) stable oo-categories in ??. (The general definition of stability is
rather different from the one indicated here in the linear context.)

105 A5 illustrated by Exercise 3.9, the functor A — K®(A) does not generally send all short exact sequences
to co/kernel sequences.

106 Although D?(A) is naturally Z-linear, this universal property refers to all stable oo-categories. (More-
over, the corresponding assertion for Z-linear oo-categories is false, as Z-linearity is a structure rather than
a property of a stable co-category: the forgetful functor Stz — St is not fully faithful.)

107However, Hochschild homology is discussed as an instance of factorization homology (the topic of ??)

in 77.
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7.1.1. Asindicated in §5.1, the original motivation for homological algebra was to repair cer-
tain failures of exactness. This led us to study projective and injective resolutions through the
remainder of §5, which in turn led us to study the derived co-category Dy in §6. We defined
Dz by a universal property (namely as the localization of Ky at the quasi-isomorphisms),
but we immediately saw that it is canonically equivalent to both of the co-categories P and
I of projective and injective complexes. We now explain the manner in which the derived
co-category — as well as its dual incarnations — repairs these failures of exactness.

For this, it is appropriate to work in slightly more generality. Thus, let us consider an
additive functor A ©> B between abelian categories.'®® We say that the functor F is

e left exact if it commutes with finite limits,
e right exact if it commutes with finite colimits, and
e exact if it is both left exact and right exact.'®

Exactness can be very useful. For instance, suppose that an object A € A is given to
us as a finite colimit. If F' is right exact, then we can deduce an analogous presentation of
its image F'(A) € B as a finite colimit. Dually, if F' is left exact, then it commutes with
presentations of objects as finite limits.

As we will see in §7.1.3, one can contemplate the right (resp. left) derived functor of
any additive functor F', denoted RF' (resp. LF’), although this is most salient in the case
that I is left (resp. right) exact.''” In any case, these derived functors will be “universal

exact approximations” to F', running
D(A) — D(B) ,

which will in particular commute with both finite colimits and finite limits — though these

must now be taken in the co-categorical sense. For example, given an arbitrary exact sequence
(13) 0O—L—M-—N-—70

in A, we can consider it as a co/kernel sequence in D(A); writing D(A) 2E, D(A) to refer
simultaneously to either derived functor of F', we obtain a co/kernel sequence

(14) DF(L) — DF(M) —> DF(N)
in D(B). Note that we can read this either as a presentation
DF(L) ~ ker(DF (M) —> DF(N))
(so that DF commutes with the presentation L ~ ker(M — N) in D(A)) or as a presentation
DF(N) ~ coker(DF (L) — DF(M))

10870 say that F' is additive means that it preserves zero objects and finite direct sums (which exist in
any abelian category).

109F0r present purposes, a category is called finite if it has finitely many objects and finitely many
morphisms. (A slightly different definition of finiteness (for co-categories) is given in ?7.)

HO0The bizarreness of taking the “wrong” derived functor is illustrated in Exercises 7.5 and 7.8.
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(so that DF' commutes with the presentation N ~ coker(L — M) in D(A)).

Of course, these derived functors will not generally agree with F' (when precomposed with
the functor A — D(A)), but as it turns out they will nevertheless “remember” F' by taking
0 homology — at least in the aforementioned salient cases. Moreover, it is very often the
case that the derived functor of F' is “better behaved” than F itself (e.g. in the context of
intersection theory, as discussed in §1). From this point of view, the functor F' is merely a

shadow of its derived functor.

7.1.2. Before we proceed to discuss derived functors, we briefly describe an alternative (but
closely related) perspective that also leads to them, which also explains the names “left exact”

and “right exact” (and gives a mnemonic for remembering them).

Exercise 7.1 (6 points).
(a) Show that A L, B is left exact if and only if it commutes with kernels, i.e. for every

exact sequence (13) in A the sequence
(15) 0= F(0) —> F(L) — F(M) — F(N)

in B is also exact.
(b) Show that A 5 Bis right exact if and only if it commutes with cokernels, i.e. for

every exact sequence (13) in A the sequence

(16) F(L)— F(M) — F(N)— F(0) =0
in B is also exact.'!

So, if F'is only left exact, one is inclined to extend the sequence (15) to a long exact sequence

0 — (R°F)(L) —— R°F)(M) —— (R°F)(N) 7

L (R'F)(L) —— (R'F)(M) —— (R'F)(N) W

L (R2FY(L) —— ...

in B, where by definition R°F := F and we refer to R"F as the n** right derived functor
of F'. Dually, if F' is only right exact, one is inclined to the extend the sequence (16) to a

HIRor this, it is helpful to prove that any limit (in any category) can be equivalently expressed as the
equalizer of a morphism between products, and that an equalizer in an abelian category can be equivalently
expressed as a kernel.
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long exact sequence

e (LyF)(N) 7

L (LiF)(L) ——— (L F)(M) ——— (L. F)(N) 7

L (LoF)(L) ——— (LoF) (M) ——— (LoF)(N) ——— 0

in B, where by definition LyF := F and we refer to L, F as the n** left derived functor
of F.112

As we saw in §3.4, long exact sequences in algebra arise from homotopy co/kernel sequences
in homological algebra. Thus, we should expect to obtain these long exact sequences from
homotopy co/kernel sequences, i.e. (oo-categorical) co/kernel sequences in D(B). And in-
deed, as we will see in Exercise 7.3, they will arise from the co/kernel sequences (14) by
defining

R"F :=H_, o RF and L,F:=H,oLF .

In order to emphasize the distinction, one may refer to RF' and LF (as opposed to R"F
and L, F) as total derived functors of F.

7.1.3.  We now introduce (total) derived functors. We actually introduce them in a slightly
more general context than that described in §7.1.1. Namely, given an arbitrary functor

K(A) -5 e

to a Z-linear oo-category, we define its right derived functor and its left derived functor
to respectively be the initial and terminal extensions

KA) 1= ¢ K(A) 1= ¢
v 7 77
(17) ,Tl s and ,Tl 5
D(A) D(A)

along 7 (which may not exist in general). Said differently, these derived functors participate
in comparison maps
mollT — T — mo RT

in Fun(K(A), €), and by definition they are the universal objects of Fun(D(A), €) equipped

with such comparison maps. Hence, the composites 7 o LT and 7 o RT should be thought

H2A priori, it is not clear that these nt® derived functors are well-defined or uniquely characterized by

these conditions, although they do turn out to be so.
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of two dual ways of universally forcing the quasi-isomorphisms in K(A) to be sent to equiv-
alences in €. To apply these notions to our additive functor A L, B between abelian

categories, we take T' to be the composite functor

K(F)

K(A) K(B) — D(B) ,

and we denote the resulting derived functors (which are objects of Fun(D(A), D(B))) simply
by
RF :=R(r o K(F)) and LF :=L(roK(F)) .

Examining the universal extensions (17), we see that these assignments 7' — RT and
T — LT are nothing other than adjoints

R(-)
’/’/’——L——‘\\\\’\
(18) Fun(K(A),C) < Fun(r,e)— Fun(D(A),C)
-~ iR >

to the restriction functor.''® (

Note the unfortunate conventional clash that taking the right
derived functor is a left adjoint, and reversely.) There are formulas for computing such
adjoints in general, but they are extremely easy to compute in certain special cases, using
the following.

Exercise 7.2 (10 points). Fix two categories D and & and two functors D 2> € and D <- €.
(a) Prove that to define an adjunction

s
D €

Y

= ||

it is necessary and sufficient to define unit and counit natural transformations idgp =
RL and LR = id; that satisfy the triangle identities, which assert that the triangles

L dr L R i R
DN / and W yd
LRL RLR

commute.

(b) Using (a), show that for any category F, applying the functors Fun(J, —) and Fun(—, )
to the above adjunction yields adjunctions
Fun(%,L) Fun(R,5)

Fun(F,D) : (l{jR) ” Fun(F, &) and Fun(D,J) _ (lLs") ’ Fun(€,7) .1

U131y this generality, these adjoints may not exist. But when a particular derived functor exists, it is
nothing other than a pointwise adjoint as indicated.

ATt is of course also possible to establish these adjunctions directly (instead of using (a)).
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Namely, in the particular case that A = Modg (so that K(A) = K(Modg) =: Kg), the
ao-categorical analog of Exercise 7.2(b) identifies the adjoints (18) simply as

Fun(_iR,(:‘)
/”"-J_—‘\\\x,\
Fun(Kg, €) < Fun(r.) — Fun(Dg,€) .'°
~<_ ‘—}———’/,7
Fun(ir,@)

In other words, recalling the discussion of co/reflection localizations from §6.3.5, passing to

right derived functors amounts to injective resolution

T T
Kg ——¢C Kg —— €
e P
. &&\/ /// ) &T’// e
Ve T /Q;@ = W J4i /é& s
DR |d—> DR IR d—> IR
Dpr [ Inp

while passing to left derived functors amounts to projective resolution

T T
Kr —— € K —— €
& /’/ &Y ///
[hY - ﬁ //({ = e P % ///
AT Y
Dg — Dr Pr — Pr
Dpr ! Pp

Exercise 7.3 (12 points). Verify that these formulas produce the long exact sequences
sought in §7.1.2. In particular,

e in the case that I is left exact, prove that

F, n=0

H, o RF =~ ,
0, n>0

and
e in the case that F' is right exact, prove that

F, n=0

Hno]LF;{
0, n<0

7.2. Tor.

7.2.1. We now study Tor, one of two classical examples of a derived functor. By definition,
Tor is the left derived functor of relative tensor product. It will be illuminating to work
relative to our base commutative ring k, so we begin in that special case, and then proceed
to discuss Tor over the associative k-algebra R.

H5We have passed from an arbitrary abelian category A to the abelian category Modg in order to

guarantee the existence of the adjoints i;, and ig to the projection 7. In particular, in this situation the
adjoints (18) exist without any hypotheses on C.
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7.2.2.  The relative tensor product bifunctor
Mody x Mody, 2= Mod,

is right exact separately in each variable, but it is not left exact in either variable. Let us
fix a k-module M € Mody and consider the resulting right exact functor

Mody ), Mod, .

According to the prescription of §7.1.3, we define its left derived functor L(M ® (—)) as the

composite
K(M®(-))

DkZPk’iP K]k KkLDk.

In particular, its value on ordinary k-modules is obtained as the upper composite in the
diagram

K(M®(-))

PP i
MOdk’ >Kk >Pk’P>Kk >K]k W>Dk

id,

Of course, we can equally well perform the same operation in the second slot. We are
therefore led to consider two possible notions of “the left derived tensor product of M and
N”. Luckily, they agree: by Exercise 5.4(c), we have natural quasi-isomorphisms fitting into

a commutative square

LM & (=))(N)

pp(M)® N y MQN
|

L((=) ® N)(M)

in Ky (omitting the functor ip for simplicity). It is customary to simply write

L
M ® N € Dy

for the common value of these derived functors and refer to it as the derived tensor prod-
uct. Note that this is nothing more than the tensor product in the derived co-category Dy,
as defined in §6.3.7.

For any n > 0, we define

Tor, (M, N) := Tor (M, N) := H,(M ®"“ N) € Mody .
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By Exercise 7.3, we have natural isomorphisms
L,(M® (=))(N) = Tor,(M,N) ~L,((-) @ N)(M) .
The source of the name “Tor” is the following fundamental example.

Exercise 7.4 (6 points). Taking k = Z and all possible combinations where M € {Z,Z/m}
and N € {Z,Z/n}, compute Tor;(M, N) for all = 0.

As each functor Tor;(—, —) preserves finite sums separately in each variable, Exercise 7.4
effectively gives a computation of Tor for all finitely generated abelian groups.
The bizarreness of taking the “wrong” derived functor can be illustrated as follows.

Exercise 7.5 (6 points). Taking k = Z and all possible combinations where M € {Z,Z/m}
and N € {Z,Z/n}, compute

R(M®(-)(N) and R((—)®N)(M)
for all i > 0.

7.2.3.  We now briefly discuss Tor over the associative k-algebra R. Of course, it is the left
derived functor of the bifunctor

Mody x gMod 222, Mod,

the subtlety is simply that this is not a monoidal structure on a single category. Once again,
it is sufficient to take a projective resolution in just one of the variables.

7.2.4. It is worth mentioning a particular small (and therefore computable) model for the
derived relative tensor product of ordinary R-modules.!'® Namely, given a right R-module
M € Modg and a left R-module N € zrMod, we define the (two-sided) bar complex
Bar(M, R, N) € Ki to be

B MQR?QN -2 MQRN - M@N — 0,

where we define d; := Z;ZO(—l)j d! and we define @/ by multiplying the j** and (j + 1)*

tensor factors (where we count starting from 0), i.e.

' m-r@re@--Qry@n , 7=0
& (MA@ - -@ri®n) =3 MM ® @11 ®7; 711 QTj1® - Qri®n, 0<j<i
mRr - Q@ri1 ®r;-n, J=1
Then, we have a canonical equivalence
L
(19) Bar(M,R,N) ~ M ® N
R

H6his admits a straightforward generalization to complexes of R-modules, which we do not address here.
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in Dy. This is particularly easy to see if fgt(M) € Mody is projective (or similarly if fgt(N) €
Mody is projective), e.g. if k is a field.''" In general, if N carries a right action S-action that
commutes with its left R-action, then we may consider Bar(M, R, N) € Kg as a complex
of right S-modules. Taking N = R = S, we obtain a complex Bar(M, R, R) € Ky of right
R-modules. By Exercise 5.9, this is projective: it is levelwise projective by the dual of
Exercise 5.13(¢), and moreover it is bounded below.

Exercise 7.6 (2 points). Construct a natural quasi-isomorphism Bar(M, R, R) = M in Kp.

In other words, Exercise 7.6 implies that Bar(M, R, R) = M is a projective resolution. Now,
equivalence (19) follows from the evident isomorphism Bar(M, R, R) ®p N = Bar(M, R, N)
in K]k.

7.3. Ext.

7.3.1. We now study Ext, the other classical example of a derived functor. By definition,
Ext is the right derived functor of hom. The hom bifunctor

oMutod (——)

h
Mod?} x Modpg Mody

is left exact separately in each variable, but it is not right exact in either variable. Now,

following §7.1.3 we define its two possible right derived functors as in the diagrams

J4is 3 A
MOdR‘ )KR >IR‘ I)KR — )K]k >Dk

ide
and
R(hom
______ Mod (\N
op __omm- - Medp, (=, 7))
DR T = 118
] TNl .

op .op ~

P ‘P
>» PR —— KY » Ky > Dy

K (hompod 5, (—,V)) g

id;, op
Ky

op op P
Mod, —— Kj;

H7The proof in the general case requires techniques that we do not discuss here; see [Wei94, §8.6] for an
explanation.

H8Note that passing to opposites exchanges projectives and injectives.
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Once again, these agree: by Exercise 5.3(d)(e), we have natural quasi-isomorphisms fitting

into a commutative square
R(hompoa, (M, —))(N)
[l
homModR(M, N) > homKR(M, pI(N))

homic, (pp (M), N) ——<—— homc, (pe (M), pr(N)
I
R(homujod, (—, V) (M)

in Kj. It is customary to simply write
]RhomModR(M, N) € Dk

for the common value of these derived functors and refer to it as the derived hom. Note
that this is nothing more than the hom in Dg:

Rhompod, (M, N) ~ homp, (M, N) := homp,, (7(M), n(N)) .
For any n > 0, we define
Ext" (M, N) := Extj(M, N) := H_,,(Rhompmoa, (M, N)) € Mod .
By Exercise 7.3, we have natural isomorphisms
R"™(hommed, (M, —))(N) = Ext" (M, N) = R"(hompmed, (—, N))(M) .

Exercise 7.7 (6 points). Taking k = Z and all possible combinations where M € {Z,Z/m}
and N € {Z,Z/n}, compute Ext’ (M, N) for all i > 0.

The bizarreness of taking the “wrong” derived functor can be illustrated as follows.

Exercise 7.8 (6 points). Taking k = Z and all possible combinations where M € {Z,Z/m}
and N € {Z,Z/n}, compute

Li(homyog, (M, —))(N)  and  L;(homueq, (—, N))(M)

for all 7 > 0.



HIGHER ALGEBRA, CHAPTER 0 67

7.3.2.  The name “Ext” arises from the fact that for any n > 1, Ext},(M, N) classifies equiv-
alence classes of exact sequences

(20) 0—N-—X, 41— —Xg— M —0,

called n-extensions of M by N, under the relation that there exists a commutative diagram

0 >y N > X1 > Xo > M > 0
(21) ile l l lidM
0 » N > X1 > X)) > M > 0

Observe that we may view an n-extension (20) as a sequence of composable morphisms

Yol N > 0 > 0 > 0
/ |
)E. = X,:,l —_ X,:,Q 5 >)El >)&)
9 |

in Chg, such that the composition equals zero. Hence, we obtain a commutative square

sty Iy x,

|l

0O — M

in the oo-category Kg. This may not be a co/kernel square in Kg, but by the long exact
sequence in homology it does become a co/kernel square in Dg.'*® As such, it is completely
determined by the morphism X, < M, which in turn is completely specified by the morphism

M — hcoker(g). On the other hand, we have a canonical identification
hcoker(g) ~ X"N

both squares in the diagram

seiy Ly x,

2 I |

0 » M —— hcoker(g)

in Dy are pushouts, and so the composite rectangle is also a pushout by the co-categorical

analog of (the first part of) the following.

19\ ore precisely, there is a canonical map hcoker(f) — M in Kg, which is a quasi-isomorphism by the

long exact sequence in homology for the co/kernel sequence X"~ ' N ER Xo — hcoker(f).
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Exercise 7.9 (6 points). Consider a commutative diagram

A s B s C

I

D s B > F

in a category C.

(a) Show that if both squares are pushouts then so is the outer rectangle.

(b) Show that if the left square and the outer rectangle are pushouts then so is the right
square.

(c¢) Give an example in which the right square and the outer rectangle are pushouts but
the left square is not.

Of course, this morphism £k is precisely the element of
Exti (M, N) := H_,,(Rhommed, (M, N)) = H_,,(homp (M, N)) = Hy(homp, (M, X" N))

that is classified by the n-extension (20). Note too that a morphism (21) of n-extensions
determines a quasi-isomorphism
X, > X!

in (Chg)sn-1n//0, which gives a homotopy between the corresponding morphisms M — "N
in DR.

Exercise 7.10 (10 points).
(a) Construct an inverse function from Extj (M, N) to the set of equivalence classes of
n-extensions of M by N.
(b) Describe the resulting k-module structure (including the abelian group structure) on

the set of equivalence classes of n-extensions of M by N.

7.3.3. To simplify our discussion, let us assume that n > 2. Then, by the long exact

sequence in homology, the complex X € Chg determined by an n-extension (20) has homology

groups
M, 1=0
0, otherwise

Said differently, the derived R-module X € (Dg)sgn—1 ~//m has the property that its struc-
ture maps L" !N Lox % p respectively induce isomorphisms on H,,_; and Hy. On the
other hand, as we have seen, this does not characterize X as an object of (Dg)sn-1n//0:
equivalences X = X’ therein correspond to homotopies k = k" in homp, (M, X" N), which
are obstructed by Ho(homp, (M,¥X"N)) = Extyz(M, N). Indeed, the equivalence class of the
object X € (Dg)sin-1n//um is equivalent data to the morphism M LA Y™ N, which is called the
(n —1)% k-invariant of X.
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More generally, we can now make more precise the assertion of Footnote 20 that a derived
R-module is specified by the data of its homology groups and its k-invariants. For this, let
us write D3" < Dp, for the full subcategory of n-truncated derived R-modules, i.e. those

with vanishing homology above dimension n. Its inclusion admits a left adjoint

Tgn
Dp 1 ' Dy 2

and from here it should be plausible that we have an equivalence
idp,, — lim ( T T ) T T<n T T<(n-1) T )

in Fun(Dg, Dg):'*! every derived R-module Y € Dy, is canonically equivalent to the limit of
its Postnikov tower

T 7-<(71+1)Yv - TSnY - 7—$(n—1)Y -
Moreover, we see from the iterated co/kernel diagram

S, (Y) —— 7)Y ——————— 0

| ! l

0O —— Ts(nfl)y m Zn+1Hn(Y)

in Dg (akin to diagram (22)) that given 7<,—1)Y, the data of 7<,Y (equipped with its
canonical n-truncation map to 7<(,—1)Y") is equivalent to the data of the nth k-invariant
of Y, namely the morphism

kn(Y) € homp , (T<(n-1)Y, Z" " H,(Y)) .
7.4. Group co/homology.

7.4.1. Let G be a discrete group. Then, a (k-linear) G-module is a k-module equipped
with a (right) G-action. It is easy to see that these are equivalent to modules over the group
algebra k[G].

Given any G-module M € Modyq, its G-tnvariants and G-cotnvariants are the k-

modules
MC:={meM:m-g=m forall ge G} and Mg := M/{m —m - g}mem gec -

These are respectively the maximal (i.e. terminal) k-submodule and minimal (i.e. initial)

quotient k-module on which G act trivially.

1207 dual adjunction (from which this one may be immediately deduced) is essentially established in
Exercise 8.7.

121This assertion is slightly subtle, because homology does not commute with (co-categorical) inverse
limits in Dg in general. However, it does commute with the limits of inverse systems whose structure maps

are surjective on homology.
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Let us equip k itself with the trivial G-bimodule structure: g-A:= A =:A-gforallge G
and for all A € k. Then, it is clear that we have isomorphisms

MY = homyoa, g (k, M)  and  Mg=M @ k.'”
k[G]

This makes it clear how to derive these functors, and we define the homotopy G-invariants
and homotopy G-cotnvariants of M to be the derived k-modules

L
MhG = RhomModk[G] (k, M) and MhG =M k%] k.

Said differently, we have an evident augmentation homomorphism k[G] — k given by the
formula g — 1 for all g € GG, and these derived functors can then be interpreted as defining
adjoints

(=)nc

(23) D]k[(;] < fat

(as in Exercise 5.13(a)). Thereafter, we recover the cohomology and homology of G with
coefficients in M as

H™(G; M) := H_,(M"?) =: Extjjy(k, M) and  H,(G; M) := H,(Myg) = Tord (M k) .2

7.4.2. In view of Exercise 5.3(c)(d), to compute the co/homology of G it suffices to choose
a projective resolution of k as a left or right k[G]-module; this is certainly easier than
injectively resolving M in order to compute cohomology, and if we do it once and for all then
we need not projectively resolve M in order to compute homology. For this, it is standard
to use the one-sidedly projective (in fact free) resolutions

Bar(k[G],k[G’],k) € <k[G]P X k[G]Kk[G]> and Bar(k,k[G],k[G]) € (Pk[G] X k[G]Kk[G]> .
ke K Ky[a)
Exercise 7.11 (8 points). Use bar resolutions to compute the homology and cohomology of
the cyclic group C,, := Z/n with coefficients in the trivial module Z € Modyc, .

In solving Exercise 7.11, one finds that group homology and group cohomology exhibit
“mostly periodic” behavior. The corresponding complexes can be combined into a single
periodic complex that computes Tate cohomology, a fascinating construction originating in
the study of class field theory.

122The first uses the right G-action on k, while the second uses the left G-action on k. (So these both
carry residual right G-actions, but of course these actions are trivial.)
123As we will see, the G-module M defines a local system on the space BG, and these are precisely its

co/homology groups.
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7.4.3. Homotopy co/invariants compose nicely. For instance, for any subgroup H < G, tak-
ing (homotopy) H-coinvariants is implemented by taking the (resp. derived) tensor product
with k[G/H] € xjgjMod. When H is normal this carries a commuting right action of G/H,'**
and we find that

(=naym © (= )nwr == (=) ®?|§[G] k[G/H] ®11H£[G/H] k=~ (-) ®?1§[G] k =: () -

Of course, an analogous relation holds for homotopy invariants. From the perspective of the
diagram (23) describing homotopy co/invariants as adjoint functors, we can also view these

relations as arising from a diagram

L

(,)h<G/H)

(e

in which the upper and lower (hyperbolic) triangles commute by the the uniqueness of
adjoints.
Homotopy co/invariants admit other subtler relations.

Exercise 7.12 (6 points). Let G = H denote the coproduct (a.k.a. free product) of groups
G and H. For any derived (G * H)-module M € Dy[¢.p, construct exact squares

M ——— My M +— MM
l l and T T
MhH e Mh(G*H) MhMH Mh(G*H)

in D12
7.5. Decategorification and algebraic K-theory.

124\ [ore generally, this carries an action of the Weyl group of H in G, the quotient W (H):=Ng(H)/H
by it of its normalizer. (In fact, W (H) is precisely the monoid of endomorphisms of G/H considered as a
left G-set.)

125Here we use the facts that the derived relative tensor product is associative and the equivalence
k[G/H] ®%[G/H] k = k of derived left k[G]-modules.

126This may be seen as a Mayer—Vietoris decomposition for (twisted) co/homology via the wedge sum

decomposition B(G « H) ~ BG v BH, as we will see below.
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7.5.1. The term decategorification refers informally to the process of taking a mathe-
matical object and extracting an invariant of it that lies at a lower categorical level — e.g.
extracting a vector space from a (possibly linear) category, or extracting a number from a
vector space. Indeed, a first example of decategorification — which appeared in §1 — is given
by taking the dimension of a finite-dimensional vector space over a field k.

Continuing to assume that k is a field, this decategorification admits a straightforward
generalization to the derived setting. Namely, given a derived k-module M € Dy, we can

attempt to define its Fuler characteristic to be the alternating sum

X(M) := ) (—1)" - dimy(H, (M)) 17
nez
Of course, this is not always well-defined; we say that M is perfect when this is in fact a
finite sum of integers (i.e. all homology groups of M are finite-dimensional k-vector spaces
and only finitely many of them are nonzero). Thus, perfectness is a derived generalization
of finite-dimensionality, and the Euler characteristic is well-defined for perfect derived k-
modules. We write Du'zerf < Dy for the full subcategory on the perfect derived k-modules.

Exercise 7.13 (2 points). Suppose that M € Chy is a bounded complex over a field k whose
terms are all finite-dimensional vector spaces. Show that its Euler characteristic (i.e. that of

its underlying derived k-module) is given by the formula

X(M) = > (=1)" - dimy (M,) .
neZ
We will discuss Euler characteristics over more general base rings in §7.5.5; this is more
subtle, and leads to the topic of algebraic K-theory (which is itself a decategorification,
but one level up). Before that, we illustrate how Euler characteristics can be used to compute

“corrected” intersection numbers in the two examples given in §1.4 (both of which take place
over the field R).

7.5.2. Let us briefly recall the setup of §1. We wished to compute algebraic intersection
numbers of subvarieties of complementary codimensions. That is, we wished to compute the
“expected” number of intersection points that would be literally obtained by perturbing the
intersection to be transverse, without actually making such a perturbation. For a transverse
intersection (and in somewhat more generality (recall §1.4.2)), we saw that computing the
dimension of a corresponding tensor product gave the correct answer. It was asserted that

derived tensor products would give the correct answer unconditionally.

7.5.3. As we saw in §1.4.3, the first instance where ordinary tensor products fail to give

the correct answer is for the self-intersection of a single point a € R!. In this case, the

127The signs in this definition are justified by Exercise 7.18.
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corresponding derived intersection is computed by the derived tensor product
(24) R[z)/(z—a) & Rle]/(z—a) .

R[z]
That is, we can enhance the ordinary intersection by passing to the world of derived alge-
braic geometry: the derived intersection has an underlying variety given by the ordinary
intersection (which is just the point a € R'), but then it has a derived commutative R-algebra
of functions, namely this derived relative tensor product.?®
In order to compute this derived relative tensor product, we form the projective resolution

P (Rle] “ Bla]) = Rlal/ (o - )

A~~~

(as a complex of R[z]-modules). Then, the ordinary relative tensor product

P ® Rls)/(z —a) = (R o, 1@)

in Kg represents the derived relative tensor product (24) in Dg.'* Hence, we find that
L
X (R[:c]/(x —a) ® Rlz]/(z— a)) = dimg(R) — dimg(R) =0,

Rlz]

as desired: generically, the intersection of two points in the line is empty.

7.5.4.  We now explain how to compute the derived self-intersection of a projective curve in
RP? (as asserted in §1.4.5), using some basic facts about the cohomology of line bundles on
projective space (see e.g. [Har77, §IIL5|).

Given a curve Z € X := RP?, let us write O4 for the corresponding ideal sheaf on X.
Then, the derived self-intersection of Z with itself in X is the derived scheme

R L
Y = xZ:= (|Z|,Oz®02)
X Ox

(expressed as a topological space equipped with a sheaf of derived commutative R-algebras,
and omitting the pullback functor from the notation). Now, because the underlying variety
of Y is no longer just a point, in order to extract a numerical invariant we must take the
Euler characteristic of Y: that is, the Euler characteristic of the derived global sections
(a.k.a. (hyper)cohomology) of its structure sheaf.'®

Exercise 7.14 (8 points). For definiteness, let us take Z < X := RP? to be the closure of
the z-axis in R?, i.e. the locus {[z : y : 2] € RP? : y = 0}.

(a) Find a line bundle L over X and a section s of L such that Z = s71(0).

128Recall from §6.3.7 that projective resolution carries commutative algebras to commutative algebras.

1291¢ is not hard to see that the commutative algebra structure is the evident one that exists at the
point-set level on this particular chain complex representative.

130T he fact that Y arose as the intersection of two subvarieties of complementary codimension is reflected

in its virtual dimension, which can be read off from its cotangent complex (which is introduced in §8.6.4).



74 AARON MAZEL-GEE

This gives a short exact sequence 0 — L™ % Ox — Oz — 0, which we may view as defining
a quasi-isomorphism M := (L7! 2 Ox) =, 4. Thereafter, we may compute the derived

tensor product as Oz @5 Oz ~ M Qo 07."%

(b) Compute the Euler characteristic of Y := Z x% Z, i.e. the Euler characteristic of the
derived global sections (a.k.a. hypercohomology) of its structure sheaf.'?

These same techniques can be applied more generally.

Exercise 7.15 (8 points). For definiteness, let us take Z < X := RP? to be the closure of
the degree-d curve y = x4 in R?, i.e. the locus {[z : y : 2] € RP? : y2 ! — 2% = 0}. Asin
Exercise 7.14, compute the Euler characteristic of Y := Z x% Z.

7.5.5. The Euler characteristic of derived modules over more general rings is not a priori
well-defined. This is rectified by a universal construction known as algebraic K-theory, as
we now explain.

We begin with the following motivating observation.

Exercise 7.16 (4 points). Assume that k is a field.

(a) Show that for any co/kernel sequence L — M — N in Dy, if any two of L, M, and
N are perfect then so is the third.
(b) Show that perfect derived k-modules are closed under retracts: given any commuta-

tive triangle

M
VRN

in Dy, if M is perfect then so is N.'33

Namely, we define the full subcategory D2 < Dp of perfect derived R-modules to be
the smallest subcategory containing R and closed under co/kernels and retracts. Because
perfectness is an intrinsically derived concept, it is common to refer to perfect derived R-

modules simply as “perfect R-modules”.

I31That this indeed computes the derived tensor product follows from the fact that this is a flat resolution
of Ox-modules. (An Ox-module is flat iff it is locally flat.) Note that there are no nonzero projective objects
in the abelian category of O x-modules, so our previous considerations do not immediately apply here.

I32Bquivalently, one can compute the alternating sum of the Euler characteristics of a specific chain
complex representative of the structure sheaf. (This is an enhancement of Exercise 7.13.)

133Recall from §6.2.3 that a commutative triangle in the k-linear co-category Dy may only be represented
by a homotopy-commutative triangle in a dg-category representing it (e.g. that of projective or injective
complexes); likewise, an identity morphism may only be represented by a chain map that is homotopic to
the identity.
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Clearly the zero object 0 € Dy is perfect, since 0 ~ coker(R r, R) (or alternatively since
it is a retract of R). It follows that D}p%erf is closed under de/suspension, since we have

¥(—) := coker((—) — 0) and Y (=) ~ ker(0 — (=) .

Thereafter, we see that D‘I’frf is closed under extensions: for any co/kernel sequence L —
M — N in Dy we have M ~ coker(X"'N — L), and so if L and N are perfect then so is M.
More interesting is the fact that D%erf is closed under retracts.'*® Recalling Exercise 5.5,
we see that finitely generated projective R-modules are perfect when considered as derived
R-modules. In fact, we have the following characterization of perfect R-modules.

Exercise 7.17 (8 points). Show that a derived R-module is perfect iff it can be presented

by a bounded complex of finitely generated projective R-modules.

Having generalized perfectness from fields to arbitrary rings, we proceed to do the same
for Euler characteristics. We begin with the following motivating observation.

Exercise 7.18 (2 points). Assume that k is a field.

(a) Show that Euler characteristics are additive, i.e. for any co/kernel sequence L —
M — N in DP*" we have y (M) = y(L) + x(IN).13%136
(b) Show that the Euler characteristic function

{objects of DP*} X, 7

is uniquely characterized by its additivity (in the sense of (a)) and the fact that
x(k) = 1.

Namely, we define the 0** algebraic K-group of Djpfrf to be the abelian group

Ko(D%)

defined as follows: it has a generator [M] for every perfect R-module M € D%erf, and for
every co/kernel sequence L — M — N it has a relation [M] = [L]+[N]."*" (In particular, if
M ~ M’ then [M] = [M'], because the co/kernel of an equivalence is zero.) By construction,
we have a “generalized Euler characteristic” function

{objects of DP""} EilandbIR Ko(DP'M) |

1341y the oo-categorical setting (unlike the 1-categorical setting), retracts cannot generally be expressed
as finite colimits (or finite limits); see ??. (Nevertheless, it is reasonable to imagine that passing to a retract
only makes an object “smaller”, which justifies the closure under retracts in the definition of Dp;'f.)

135The Euler characteristic for (suitably finite) spaces is likewise additive for cokernel (but not kernel!)
sequences.

136This fact can be used to solve Exercise 7.13.

137The German word for “class” (as in “equivalence class”) begins with the letter “K”.
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which is additive for co/kernel sequences.'*®

In fact, it is not so hard to compute Ko(DP). Let us define an abelian group Ko(Mod"&7)
as follows: it has a generator [M] for each finitely generated projective R-module M €
Mod%g"proj, and for every short exact sequence 0 — L — M — N — 0 among such it has a
relation [M] = [L] + [N]. Observe that there is an the evident homomorphism

(25) Ko(Modi#*") — Ko(D™)
arising from the functor Mod# " — Dp (which carries short exact sequences to co,kernel
sequences).'

Exercise 7.19 (10 points). Prove that there is a well-defined homomorphism

Ko(DX™) ——— Ko(Mod" &)
w w

[M] > > (=1)" - [Ha(M)]

neZ

that defines an inverse to the homomorphism (25).

In particular, we see that K-theory classes are insensitive to k-invariants.

As the notation indicates, it is possible to define higher (and in fact also lower) K-groups.
In parallel with the discussion of §7.1.1, these constructions are motivated by a desire to
repair certain failures of exactness of the functor Ky, although now the notion of “exactness”
becomes substantially more subtle. To a first approximation, this is accomplished by defining
a functor K taking values in derived Z-modules, and we recover the n'" algebraic K-group as
K, := H,, o K. We refer the reader to [Weil3] for a comprehensive introduction to algebraic
K-theory.

PART II. HIGHER CATEGORY THEORY

In this part, we give a rapid introduction to co-category theory. We take the point of view
that it is easiest to learn this theory through examples; those that we choose to highlight
are provided by sheaf theory, which is the subject of 7?7. So, the present part will contain
relatively few examples, in the interest of reaching sheaf theory as quickly as possible. In

B380f course we could have made an analogous definition with all of Dy, but this would be trivial as a
result of the so-called “Eilenberg swindle”: for any M € Dpg, the split co/kernel sequence
M — M @& MO — MO

in D yields the relation that [M] = 0 (since M @ MON ~ M),
1391 fact, this functor is a fully faithful inclusion because the fully faithful inclusion Mod’5 P < Kp
factors through the full subcategory Pr € Kg (recall Exercise 5.9).
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particular, the present account of co-category theory is very far from exhaustive. Rather, it
is intended to simultaneously explain

(1) how co-categories are actually used in practice, and
(2) how this usage connects with the rigorous definitions.
We address these goals in reverse order: the foundations of co-category theory are based in
the theory of model categories, and so we begin with a brief summary of the latter topic.'4°
The character of our exposition will change fairly dramatically here: we will introduce
many results here without any semblance of proof, especially after §8 (although we will give
references where relevant). Based on these black boxes, we will return to proving most of

our assertions in ?77.

8. MODEL CATEGORIES

8.1. Model categories, Quillen adjunctions, and Quillen equivalences.

8.1.1. A relative category is a pair (€, W) consisting of a category € equipped with a
subcategory W < €, which is called the subcategory of weak equivalences. We generally
denote weak equivalences by —. Given a relative category (C, W), its localization (also
sometimes called its homotopy category) is the category C[W 1] obtained from € by freely
inverting the morphisms in W.14!

A model structure on a relative category (€, W) consists of additional structure which
makes it feasible to perform computations in the localization C[W~!]. In particular, this
gives a means of obtaining adjunctions and equivalences among localizations of relative
categories.

We first give the relevant definitions, and then illustrate them through some examples.
We note here that the examples will be much more important for us than the specific details
of the definitions.

8.1.2. A model structure on a relative category (€, W) consists of subcategories C, F < C,
whose morphisms are respectively called cofibrations and fibrations, which are respectively
denoted by »— and —; morphisms in W n C and W n F are respectively called acyclic
cofibrations and acyclic fibrations. These data are required to satisfy the following

axioms.
(1) The category € has all finite limits and colimits.
(2) The subcategory W < C satisfies the two-out-of-three property: given any pair of

composable morphisms X Ly 4% Zi C, if any two of the morphisms f, g, and gf
lie in W then so does the third.

140Also, some indication of how oo-categories are used in practice already appeared in Part I.

141Beware that we previously wrote C[W 1] to denote co-categorical localizations.
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(3) Every morphism X — Y admits factorizations

X > Y X > Y
. - and AN

(4) We have equalities (W n C) = lIp(F) (or equivalently F = rlp(W n C)) and C =
lip(W N F) (or equivalently (W n F) = rlp(C)).'*?

In particular, axiom 4 implies that given solid commutative squares

W — X W— X
zzI ////\( l and I ////;( lzz
Y —— Z Y — 7

there always exist dashed lifts making the diagrams commute. It additionally requires that
these various classes of morphisms are characterized by these lifting conditions.*?

In general, we will notate a model category and its various attendant data using a subscript
that indicates the name of the model structure. However, we will notate the weak equiva-
lences with a subscript that indicates the more standard term for them, when one exists; for
instance, we will always write Wy; < Chpg for the subcategory of quasi-isomorphisms.

Fix a model category €. We say that an object X € C is cofibrant if the unique map
e — X from the initial object is a cofibration, fibrant if the unique map X — pte to
the terminal object is a fibration, and bifibrant if it is both cofibrant and fibrant. We
respectively write C¢, G, C% < € for the full subcategories on the cofibrant, fibrant, and
bifibrant objects.

Note that every object is weakly equivalent to both a cofibrant object and a fibrant object.
Indeed, we define a cofibrant resolution and a fibrant resolution of an object X € € to
respectively be factorizations

A A AN >
and = L ;
\\A - \El Pl

X x/f
these are not unique, but they are guaranteed to exist by axiom 3. Even further, axiom 3

can be used to construct a bifibrant object that is weakly equivalent to X (albeit generally

only through a zigzag of weak equivalences).

1200onditions 3 and 4 are sometimes expressed by saying that the pairs (W n C,F) and (C, W nF) form
weak factorization systems on C.

13 here are a number of slight variations on the axioms: notably, some authors strengthen axiom 1 to
require that C have all (not necessarily finite) limits and colimits, and some authors strengthen axiom 3 to
require that the factorizations can be made to be functorial. These stronger axioms hold in essentially all

examples of interest.
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8.1.3.  The first purpose of co/fibrant objects is that they are “good for mapping from/to”,
as we now explain.®!
Fix a model category C and objects X,Y € C. We define a cylinder object for X and a

path object for Y to respectively be factorizations

Xux Cotd) 4 x Y ) Sy xy
rk\ //!7 \\\ /,\?{
2'0;\\ //H; and ;\\\ ,/;@ )
’ 1) A - > -7 K{QQ"
cyl(X) path(Y)

these are not unique, but they are guaranteed to exist by axiom 3. Then, for any pair of
morphisms f, g € home(X,Y), we define a left homotopy and a right homotopy from f
to g (with respect to these choices) to respectively be dashed morphisms

X Y

i0 \ / Po
cyl(X) —-------mmmm -1 »Yy and X o4 > path(Y)

il / \ p1

X Y

making the diagrams commute. We respectively denote the existence of such homotopies by
f L g and f ~ g. Straightforward considerations then lead to the fundamental theorem
of model categories: if X is cofibrant and Y is fibrant, then the map

home(X,Y) — homepw-11(X,Y)

is surjective, with the equivalence relation implementing it given by either left homotopy
or right homotopy (i.e. these relations are both equivalence relations and moreover they
coincide). We refer the reader to [Hov99, §1.2| for a proof; we include the following to give
a representative sample of the arguments involved.

Exercise 8.1 (8 points). Prove the following statements.

(a) Given a diagram
/
e _ h
W — X - Y — 7

in C, f L g implies hf L hg, and if Y is fibrant then f L g implies fe L ge.
(b) If X is cofibrant then < defines an equivalence relation on home(X,Y).
44\ fore generally, a cofibration W »— X makes X “good for mapping from in Cyy,”, while a fibration

Y — Z makes Y “good for mapping to in €,;”. Indeed, a model structure on C determines a model structure

on Cy//z in an evident way.
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(c) If X is cofibrant and moreover Y %, 7 is either an acyclic fibration or a weak equiva-

lence between fibrant objects, then postcomposition with A induces an isomorphism

home(X,Y) e, home(X, Z)

| |

home(X,Y)/ L -5+ home(X, Z)/ L

(d) Suppose X is cofibrant. Then, for any f,g € home(X,Y), f L g implies f L g.
Moreover, the relation of right homotopy is realized by any fixed path object for Y.

We emphasize that the fundamental theorem of model categories should be seen as quite
striking: a priori, morphisms in €[W~!] are given by zigzags (or arbitrary length) in € in
which the backwards maps are weak equivalences, whereas it implies that for any objects
X,Y € €, every morphism in homepw-11(X,Y') is represented by a zigzag

X & X —yl Xy
involving arbitrary but fixed co/fibrant resolutions of X and Y.
8.1.4. Let C and D be model categories. A Quillen adjunction is an adjunction

F
(26) C_L D
G

such that F' preserves cofibrations and acyclic cofibrations; by axiom 4, these conditions are
respectively equivalent to requiring that G preserves acyclic fibrations and fibrations.

As we now explain, a Quillen adjunction (26) determines a diagram

N
F \
Ce > C T > D < Df )
G
Y
(W] ¢-—zom- D[W!] = DI[W]

where we simply write W for all relevant subcategories of weak equivalences. First of all, the
curved arrows arise from the easy consequence that F' (resp. G) preserves weak equivalences
between cofibrant (resp. fibrant) objects [Hov99, Lemma 1.1.12]. Moreover, the horizontal
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equivalences follow easily from the fundamental theorem of model categories. Hence, we
may define the dashed arrows so that the curved regions commute; we respectively call ILF
and RG the left derived functor of F and the right derived functor of G.'*> So by
definition, for any objects X € € and Y € D, we respectively have isomorphisms

(LF)(X) = F(X° and (RG)(Y) = G(Y))
in D[W~1] and €[W 1] for any co/fibrant resolutions X¢ = X and Y = Y7. The natural

transformations arise from the resolution maps: their components are
(LF)(X)= F(X°) — F(X) and G(Y) — G(Y') = (RG)(Y) .14

Of course, implicit is the assertion that these are independent of the choices of co/fibrant
resolutions.

The main point of a Quillen adjunction (26) is the following result.

Exercise 8.2 (8 points). Prove that the derived functors participate in a canonical derived
adjunction
LF
CIW™] L 7 D[W]

RG

The Quillen adjunction is called a Quillen equivalence if for every X € C¢ and every Y €
D’ a morphism X — G(Y) in € is a weak equivalence if and only if the adjunct morphism
F(X) - Y in D is a weak equivalence. It is clear from (the solution of) Exercise 8.2 that
the derived adjunction is an equivalence if and only if the Quillen adjunction is a Quillen
equivalence.

In practice, most functors between model categories do not preserve weak equivalences.
Indeed, if a Quillen functor preserves all weak equivalences, then its point-set values compute
its derived values, obviating the need for co/fibrant resolutions. Given a functor between
model categories, we will say that it is automatically derived if it preserves weak equiv-
alences. For instance, a left (resp. right) Quillen functor is automatically derived if in its
source all objects are cofibrant (resp. fibrant). We simply write F' := LLF for the left derived
functor of a left Quillen functor F' that is automatically derived, and similarly we simply
write G := RG for the right derived functor of a right Quillen functor G that is automatically
derived.

8.2. Model categories of derived modules.

8.2.1. The category Chp is a relative category via the subcategory Wi < Chp of quasi-
isomorphisms. Its localization is the derived category of R: Chr[W™!] ~ Hy(Dg).

15As the notation and terminology suggest, these are closely related to the derived functors introduced
in §7.1.3.

16Note that F and G do not generally preserve weak equivalences between arbitrary objects.
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8.2.2. The relative category (Chgr, Wy, ) admits a projective model structure, which is
characterized by the fact that the fibrations are the levelwise surjective chain maps. So, all
objects are fibrant, and the cofibrant objects are precisely the projective complexes. Hence,
all weak equivalences are fibrant resolutions, and cofibrant resolutions are simply projective
resolutions.

We now discuss axiom 3. For this, consider the sets
[:={8" — D"}, and J:={0"5 D"} ez

of morphisms in Chg, where [ is the set introduced in §5.5. Now, the factorizations factor-
izations ~—» were constructed in §5.6 using the small object argument applied to the set I.
It is easy to see that the small object argument applied to the set J yields the factorizations
+——».147 We summarize this situation by saying that the projective model structure is cofi-
brantly generated by the sets I and .J, which are respectively called the set of generating
cofibrations and the set of generating acyclic cofibrations.

Let us say that a morphism is a relative I-cell complex if it can be expressed as a
transfinite composition of pushouts of elements of I (such as the morphism ¢(®) constructed
in §5.6).1%® Then, the relative I-cell complexes are cofibrations, and in fact every cofibration
is a retract of a relative I-cell complex. Similarly, every acyclic cofibration is a retract of a
relative J-cell complex. We also have F = rlp(J) and (W n F) = rlp(I): to detect (resp.
acyclic) fibrations, it suffices to check the right lifting property merely against the set J (resp.
the set I). Of course, these statements hold in any cofibrantly generated model category.

8.2.3. The relative category (Chg, Wy..) also admits an injective model structure, which
is characterized by the fact that the cofibrations are the levelwise injective chain maps. So,
all objects are cofibrant, and the fibrant objects are precisely the injective complexes. Hence,

all weak equivalences are cofibrant resolutions, and fibrant resolutions are simply injective

resolutions. '’

8.2.4. The identity adjunction defines a Quillen equivalence

idch
(Chg)proj % (Chg)in;
idchp

in which both adjoints are automatically derived, whose derived equivalence is the identity
functor on the derived category Ho(Dg) := ChR[W;%].

147, apply the small object argument to the set I, we needed to know that the source objects S™ € Chp
were compact (Exercise 5.18). It is trivial to verify that the object 0 € Chg is compact, so that we can indeed
apply the small object argument to the set J.

14876 be precise, in §5.6 we constructed transfinite compositions of pushouts of coproducts of elements of
I, but it is not hard to see that these are also I-cell complexes.

149This model structure is also cofibrantly generated, but the generating sets are quite inexplicit; see
[Hov99, Theorem 2.3.13].
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8.2.5. The model category (Chy)po is a symmetric monoidal model category. In par-
ticular, this means that the bifunctor

(_)®((_)
(Chic)proj X (Chic)pro ——— (Chic)oroj

is a left Quillen bifunctor, which in particular means that for any cofibrant object P €
(Chy)gro; = P, the functors P®y (—) and (—)®y P are left Quillen functors (i.e. they preserve
cofibrations and acyclic cofibrations). This also means that the internal hom bifunctor

hOJCh]k(*vf)

(Chic)proj X (Chic)proj ———— (Chi) proj

proj

is also suitably compatible with the projective model structure.

8.2.6. Similarly, the bifunctor
(7)®«(7)
(Chi)proj * (ChR)proj = (ChR)proj

is a left Quillen bifunctor. This also means that its two-variable adjoints

hom - hom, o
O (O amd(Chi) 2 ¢ (Chorg s (Chigp

proj

(Chr)orm; % (Chg)proj

are also suitably compatible with the projective model structures.
8.3. Model categories of spaces.

8.3.1. The category Top is a relative category via the subcategory W, .. © Top of weak

50

homotopy equivalences. We refer to objects of the localization Top[W_} _] as spaces.’

w.h.e.
So by definition, a space is a weak homotopy equivalence class of topological spaces. For

reasons that will become clear later, we write ho(8) := Top[W_,} . ] and refer to this as the

w.h.e.

homotopy category of spaces.

8.3.2. The relative category (Top, Wy, h..) admits a model structure known as the Quillen—
Serre model structure, which we denote by Topgs. This model structure is cofibrantly
generated by the sets

Igs = {S" ' = D"},50 and  Jgs:={D" = D" x {0} <> D" x [0,1]}n>0 -

So, the cofibrations are the retracts of relative cell complexes (in the standard sense), and
the fibrations are precisely the Serre fibrations. In particular, the cofibrant objects are the
cell complexes and their retracts, and all objects are fibrant.

In any model category C, if X is fibrant and Y is cofibrant, then any weak equivalence
X 5 Y admits a “weak inverse”, i.e. a weak equivalence Y = X that becomes an inverse in

C[W!]. Applied to Topgs, this recovers (a slight strengthening of) Whitehead’s theorem.

150WWe will later also refer to spaces as c0-groupotids.
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8.3.3. Recall the category A of finite nonempty totally ordered sets and order-preserving
functions, and recall the object [n] := {0 <1 <--- < n} € A for every n > 0. Evidently,
every object of A is isomorphic to [n] for some n = 0.

The category of cosimplicial objects in a category C is the category cC := Fun(A, @).
In general, given a cosimplicial object X € cC, we generally write X" := X ([n]) € € for its
value at the object [n] € A; correspondingly, we may write X* := X for emphasis.

Dually, the category of simplicial objects in a category C is the category sC := Fun(A°P, C).
Given a simplicial object X € sC, we generally write X,, := X ([n]°) € C for its value at the
object [n]° € A°P; correspondingly, we may write X, := X for emphasis.

Simplicial sets can be used as models for spaces. That is, the category sSet admits a model
structure known as the Kan—Quillen model structure, which we denote by sSetkq, which
participates in a Quillen equivalence

(27) sSetkq S'l Topgs
ing

as we explain shortly. Of course, it will follow that we have an equivalence sSet[Wgé] ~
ho(8), and in particular that a space can also be defined as a weak equivalence class of

simplicial set.

8.3.4. We begin with some background on simplicial sets.

We write A" := homa(—, [1n]) for the (combinatorial) n-simplex. These assemble into a
functor A <= sSet, i.e. a cosimplicial object in sSet, which is simply the Yoneda embedding.
Hence, given a finite nonempty totally ordered set S € A (e.g. a nonempty subset of [n] with
the induced ordering), we may write A® := homa(—, S) for the functor that it represents.

Given a simplicial set X € sSet, we refer to the set X, := X ([n]) = homgset (A", X) as its
set of n-simplices. We also refer to 0-simplices as vertices and to 1-simplices as edges.
An n-simplex of X is called degenerate if it arises as a composition A" — A? — X for
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some i < n, and nondegenerate otherwise.'® The simplices of X assemble into a category

Ax = A x sSet/y ,

sSet

which is called the category of simplices of X.

As in any presheaf category, limits and colimits in sSet are computed pointwise.!"?

Exercise 8.3 (4 points). For every n > 0, determine the number of degenerate and nonde-

generate n-simplices of Al x Al

Exercise 8.4 (6 points). Prove that any simplicial set X € sSet is the colimit of its simplices,
i.e. that the canonical morphism

coim A" — X
(An|X)eA x

is an isomorphism.

We can rephrase Exercise 8.4 as saying that the left Kan extension

A 2" 5 <Set

P
N

sSet

is the identity functor.!®® Indeed, in general the left Kan extension

gt e

A
ol 2%
//\Q\.

d

151gimplicial sets have come to largely replace certain more pedestrian combinatorial objects called simpli-
cial complezes, in which one only keeps track of nondegenerate simplices. At first glance, simplicial complexes
may seem more simple and intuitive than simplicial sets, but they have significant drawbacks.

Crucially, it is not so simple to define the desired notion of a morphism between simplicial complexes:
one would like to allow higher-dimensional simplices to collapse onto lower-dimensional ones, and this is not
easily afforded within the context of simplicial complexes. Indeed, given a simplicial complex Y, one can
associate a simplicial set whose set of n-simplices is precisely the set of such desired morphisms A" — Y
(i.e. a choice of an i-simplex of Y and a morphism A" — A’ modulo an appropriate equivalence relation).
In this sense (and as amplified by Exercise 8.4), simplicial sets are the “minimal extension” of simplicial
complexes that accommodate the desired notion of morphism.

More broadly, it turns out that the category of simplicial sets is remarkably (and perhaps surprisingly)
well-adapted to our geometric intuition, e.g. with respect to quotients and products (see Exercise 8.3).

152\More generally, in any functor category Fun(J, @), if € admits co/limits indexed over J, then so does
Fun(J,€) and these co/limits are computed pointwise. However, beware that there may exist co/limits
in Fun(J,C) that are not computed pointwise (necessarily arising in the case that € does not admit such
co/limits).

153Note that Kan extensions along a fully faithful functor do not change the values on the full subcategory,

so the natural transformation that should appear here is a natural isomorphism.
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is given by the formula

Jjr— (o F)(j) = colim <J x J,; g L, G)
J

(whenever these colimits in C exist).!*
Exercise 8.5 (6 points). Prove that any simplicial set X € sSet is also the colimit of its
nondegenerate simplices. That is, writing Apondeg/x S A/x for the full subcategory on the

nondegenerate simplices, prove that the canonical morphism

colim A" — X
(An lX)EAnondeg/X

is an isomorphism.

In fact, Exercise 8.5 follows from the more general claim that any colimit over A x is
isomorphic to the colimit of the restriction to Apongeg/x, as we will see below.

8.3.5.  We now return to the Quillen equivalence (27).
For any n > 0, the topological n-simplex is the topological space

top 1= {(xo,...,xn)eR"H sz =1 and z; 20} € Top .

=0

Af
These assemble into a cosimplicial topological space A —2> Top.!%® We can now define the
right adjoint Sing: it is simply the restricted Yoneda functor. That is, for any topological
space Y € Top, its singular simplicial set is the functor

homTop(At.op:Y)
_—

Sing(Y). : AP Set .

We refer to the set Sing(Y'),, := homo, (AL, Y) as the set of (singular) n-simplices of Y.

top’
Its left adjoint functor | — | is called geometric realization. The most efficient definition

154Heuristicaully7 this operation can be seen as replacing each object j € J with the formal colimit of the
diagram J x4 J/; et J, which is then carried to (¢ F)(j) € C by (an appropriate extension of) the functor
75 e

155Tpe functoriality of At'op is uniquely specified by the following requirements: all maps in its image are

linear (in the evident sense), and the function fgt([n]) — fgt(AL

top) Oon underlying sets taking i € [n] to the

it unit basis vector assembles into a natural transformation

.
top

A —— Top

7 e
L
Set
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is that it is the left Kan extension

At.op
A —— Top

A
A* e
///\/\

sSet
of Af,, along the Yoneda embedding A®. So by definition, for any simplicial set X € sSet,
we have

At.op
| X| := colim (A/X SLINY X Top)

So, the topological space |X| € Top is built by gluing together topological n-simplices, one

for each combinatorial n-simplex of X.
Exercise 8.6 (4 points). Verify the adjunction (27).

Now, we define the subcategory W, .. © sSet of weak homotopy equivalences simply
by pullback along sSet =, Top. These are the weak equivalences of the Kan—Quillen model
structure. The cofibrations are the monomorphisms (i.e. the levelwise injections), so that
every object is cofibrant. To describe the fibrations, we introduce some notation. First of all,
for any n > 0, we write 0A™ < A" for the largest simplicial subset not containing the unique
nondegenerate n-simplex. For any 0 < i < n, the i® face of A" is the (nondegenerate)

(n — 1)-simplex given by the morphism [n — 1] L, [n] in A defined by

d;<j>={ S

<7<
J+1l, 1<j<n
Then, the " horn of A" is the largest simplicial subset A? < A" not containing the i‘!

face. So for instance, we may depict A2 as

1

/

0 — 2

Finally, the Kan—Quillen model structure is cofibrantly generated by the sets
Ixq == {0A" = A"},20 and Jrq = {A} — A"}oci<nz1 -

In particular, an object is fibrant iff it has the extension property with respect to all horn

inclusions A? < A™. A fibrant object of sSetkq is called a Kan complex.*®

1561t is worth noting that Kan complexes are necessarily very large. In fact, a Kan complex with any
nondegenerate positive-dimensional simplices will necessarily have infinitely many simplices in all dimensions.
In a strong sense, this largeness reflects the fundamental incalculability of unstable homotopy theory. This
may be compared e.g. with the “small simplicial circle”, namely A!/0A! € sSet: it only has one nondegenerate
edge, whereas a fibrant replacement must have at least as many edges as there are homotopy classes of maps

St — St
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Now, it is immediate from the definitions that the left adjoint sSetkq =, Topgs is a

left Quillen functor; indeed, it even carries the generating (resp. acyclic) cofibrations in
sSetkq to the generating (resp. acyclic) cofibrations in Topgg (up to certain straightforward
homeomorphisms). To see that the Quillen adjunction (27) is in fact a Quillen equivalence,

for any X € sSet® = sSet and any Y € Top/ = Top we must have that a morphism |X| Ly
:
lies in W iff its adjunct morphism X iR Sing(Y') lies in Wq. By definition, the latter
:
holds iff the morphism | X| LiiR |Sing(Y")| lies in Wgqs. Via the commutative triangle

o Ising(V)]

x| l¢
Tr— v

and the two-out-of-three property for Wqs < Top, it is equivalent to verify that the counit
morphism |Sing(Y)| = Y lies in Wqs. This is a nontrivial fact, but it should be plausi-
ble; indeed, this morphism is a cellular approximation (i.e. a weak equivalence from a cell
complex).

We note that both adjoints of the Quillen equivalence (27) are automatically derived,
simply because sSetyq, = sSet and TopJCc25 = Top. Also, sSetkq is a symmetric monoidal
model category with respect to cartesian product, and Topgs is as well once restricting to a
“convenient” subcategory (so that cartesian product is a two-variable left adjoint).

8.4. Homology.

8.4.1. As we now explain, homology of spaces essentially amounts to derived lineariza-
tion. Beyond its intrinsic interest, this will be relevant for us in understanding the relation-

ship between co-categories and k-linear co-categories.

8.4.2.  We begin with a brief digression.
We write ChZ? < Chy, for the full subcategory on the nonnegatively-graded complexes
of R-modules, i.e. those M € Chg such that M,, = 0 for all n < 0. We write

Ho(DZ") = (Chz")[W;]

q.i.
for its localization, and refer to it as the category of nonnegatively-graded derived R-
modules,’" as justified by Exercise 8.7.

Exercise 8.7 (6 points).
(a) Prove that the projective model structure on Chg restricts to a (“projective”) model

structure on Chz” < Chp.

1571t is also common to call these connective derived R-modules (which is meant to sound similar to
“connected”, but that requires the vanishing of Hy as well). This terminology has the advantage that it

carries over without change when one uses cohomological indexing conventions.
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(b) Construct a Quillen coreflective localization adjunction

120

(Chéo)Pl’Oj (— (ChR)pI’OJ )
and verify that both adjoints are automatically derived.

(c) Prove that the resulting derived adjunction

—

T=0

Ho(D7°) := Chz°[W, 1] I 7 Chg[W 1] =: Ho(Dp)

is also a coreflective localization adjunction, and prove that the image of the derived
left adjoint i~g = L(io) consists of precisely those derived R-modules M € Hy(Dg)
such that H, (M) = 0 for all n < 0.1%®

8.4.3. We now study certain intermediate categories that are relevant in the definition of
homology.

Given a category C, we write Modg(C) for the category of right R-module objects in C.
Note that Modg(sSet) ~ sModr(Set) =: sModg.' As a special case, we have the category
Ab(€) := Modz(C) of abelian group objects, and no intuition is lost by restricting to this
special case.

It will be convenient to refer to certain lifted model structures. Namely, we have Quillen
adjunctions

R{} R{}

> (sModg)kq and Topgs 5

fgt

sSetkq Modg(Top)gs .

The model structures on categories of R-module objects are “created by the right adjoints”,
in the sense that a morphism is a (resp. acyclic) fibration iff its image under fgt is a (resp.
acyclic) fibration. Because every object of Topqg is fibrant, so is every object of Modg(Top)qs.

Exercise 8.8 (2 points). Show that every object of (sModg)kq is fibrant.

8.4.4. There is a close relationship between the categories sModr and Chio7 which is known
as the Dold—Kan correspondence.

1581y other words, a derived R-module with nonnegatively-graded homology can be presented by a
nonnegatively-graded complex of R-modules.
159This equivalence follows from the fact that products in sSet are computed pointwise.

160The free simplicial R-module on a simplicial set X € sSet has R{X}, = R{X,}, ie. it is given

R} Modpg levelwise. The free topological R-module on a

by applying the free R-module functor Set ——
topological space is the free R-module on its underlying set equipped with a suitable topology: its elements are
given by finite unordered configurations of points in X labeled by elements of R, where nearby configurations

with identical labels are nearby, and with addition and right R-action given pointwise.
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Namely, there are two functors C,, C, € Fun(sModg, Ch%°), the normalized and unnormal-
1zed chains on a simplicial R-module. These are related by a commutative diagram

C, —=5 C,
29 Sk
C,

of natural quasi-isomorphisms, and moreover C, is an equivalence of categories [Wei94, §8.3].

We do not discuss the diagram (28), but we at least define the functors that it involves.
First of all, for a simplicial R-module X € sModg, we define C,(X) € Chz" by setting
C.(X) = X,, and defining the differentials C, (X) dn, n—1(X) to be

iso(=1)"X(dy)

Cn(X> = Xn Xn—l =. Cn—l(X) .

Then, C,(X) € C.(X) is the subcomplex defined levelwise by
n—1 )
Co(X) = ﬂ ker (Xn ), an) ;
i=0

so that its differential is simply C,(X) oA, Co1(X).

Exercise 8.9 (8 points). For any simplicial R-module M € sModg and any n > 0, establish

a commutative diagram

homgset, (A" /0A™, fgt(M)) —=— Z,(C.(M))
dn+1

homgser, (A" /AZT] fgt(M)) —=— Cpiq (M)

in Modg (where we consider fgt(M) := fgt(0 — M) € sSet,), and use this to deduce an
isomorphism
T (fgt(M)) = H,(C. (M)

in MOdR.

It follows from Exercise 8.9 and the above discussion that the functors C, and C, induce
canonically equivalent equivalences

sModg[W_ 1

w.h.e.

] = Chi[W, 1)

q.i.
on localizations.'®! So, the model category (sModg)kq is a presentation of Hy(D7°).
1611y fact, it is not hard to see that the equivalence of categories

(sModr)kq ~ (Ch72)pro;

is both a left and right Quillen equivalence (using the notation of Exercise 8.7).
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8.4.5. Now, both singular and simplicial homology (with coefficients in R) may be located
in the diagram

Topgs fi 5 Modg(Top)qs
gt
3**
|—| || Sing Modgr(|—|) |[H| Modr(Sing)
R{-}
(29) sSetkq L " (sModpg)kq Fun(N, Modg)
fgt
Co
\)\*
(ChR)prOJ

namely, simplicial homology is the composite functor
HA (= R) : sSet 27 sMody <% Chyr M Fun(N, Modg) |
and stngular homology is the composite functor

2 (=R)

H"8(—; R) : Top I8, sSet - Fun(N, Modp) .'**

The adjunction Modg(| — | - Sing) arises from the fact that both functors in the adjunction
| —| - Sing preserve finite products, and it is clear that the square in diagram (29) commutes

after omitting all left adjoints or all right adjoints.

Exercise 8.10 (4 points). Prove that the adjunction Modg(] — | - Sing) is a Quillen equiv-

alence.

Combining Exercise 8.10 with the discussion of §8.4.4, we see that the model category
Modg(Top)qs is also a presentation of Hy(D7%’) and that the triangle in diagram (29) com-
mutes.

From diagram (29), we also see that homology with coefficients in R is indeed derived

R-linearization; note that both composites
C2(—; R) : sSet A, sModp % Chy

and

. in A
C"8(—; R) : Top S8, sSet <=1, Chg

162\ ore generally, homology with coefficients in a (possibly derived) R-module is obtained by taking the

(resp. derived) tensor product before taking homology of complexes.
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are automatically derived.'®® Indeed, diagram (29) yields the commutative diagram

ho($) Ho(D7’)
I Il
L(R{-})
Top[W,,}.] L Modg(Top)[W
fgt
|—||¢|Sing Modg(|—]) | 2| Modg(Sing)
—1 L} 1
sSet[W_ ;.| fJ_ sModr[W_ ;. ] Fun(N, Modg)
gt
Chr[W 1
~||-
Ho(Dg)

on localizations.!®* From this, we immediately deduce the Dold—Thom theorem: for any

cofibrant object X € Topgs (i.e. a cell complex or retract thereof), we have a canonical

isomorphism

T (R{X}) = H"¢(X; R) .

Said differently, the singular homology of X with coefficients in R is computed by the ho-

motopy groups of the free topological R-module on X. We also deduce a sort of free/forget

adjunction
Cslng( 'R)
ho(8) := Top[W,,} . ] <T ChR[W_l] =: Ho(Dg)
gtoT>0

between the homotopy category of spaces and the category of derived R-modules.'®

8.5. Homotopy co/limits.

16375 always, we prefer to interpret these “homology” functors without actually passing to homology

groups of complexes.

164 pat is, the two adjunctions are identified via the equivalences, so that in particular the diagram

commutes upon omitting both left adjoints or both right adjoints.
165Note that this adjunction restricts to the free/forget adjunction

R{-}
Set L Modr

fgt

between sets and R-modules. This analogy will be amplified below.
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8.5.1.  Given a category J and a model category €, we obtain a relative category (Fun(J, €), W)
whose weak equivalences are the componentwise weak equivalences. Under various condi-
tions (which are satisfied in all our cases of interest) there exist projective and injective

model structures on this relative category, which are defined so that the adjunctions

colim const

Fun(3, €) proj colnst @ and C I_L > Fun(J, €)iny

are Quillen adjunctions. The derived adjoints Lcolim and Rlim are respectively called the
homotopy colimit and the homotopy limit. In particular, homotopy co/limits preserve
componentwise weak equivalences. We will discuss specific examples of homotopy co/limits
below.

8.5.2. Being a derived functor, the homotopy co/limit of a diagram is computed as the
ordinary co/limit of an appropriate co/fibrant resolution of the diagram. However, there
are various assumptions under which the ordinary co/limit of a diagram also computes its

homotopy co/limit, which will be convenient for us.

(1) (a) To compute a homotopy pushout (i.e. the homotopy colimit of a span), it suffices
to assume that all objects are cofibrant and that at least one of the morphisms
is a cofibration.

(b) Dually, to compute a homotopy pullback (i.e. the homotopy limit of a cospan),
it suffices to assume that all objects are fibrant and that at least one of the
morphisms is a fibration.

(2) (a) To compute a sequential homotopy colimit (i.e. a homotopy colimit over N<),
it suffices to assume that all objects are cofibrant and that all morphisms are
cofibrations.

(b) Dually, to compute a sequential homotopy limit (i.e. a homotopy limit over
(N<)°P), it suffices to assume that all objects are fibrant and that all morphisms
are fibrations.

8.6. A few other model categories.

8.6.1. We conclude §8 by briefly discussing three other model categories; the first will be
relevant to us in §9, and the latter two are interesting (or at least curious) in their own
rights.

8.6.2. The category cat of categories admits a canonical model structure, in which the
weak equivalences are the equivalences of categories and the cofibrations are the functors
that are injective on objects. The fibrations are the isofibrations, i.e. the functors € EiNK))
such that any isomorphism F(C) = D in D lifts to an isomorphism C' = C’ in €. In
particular, every object is bifibrant, and morphisms in cat[W~!] are equivalence classes of

functors under the relation of natural isomorphism.



94 AARON MAZEL-GEE

8.6.3. The category Top is a relative category via the subcategory W, .. © Top of homotopy
equivalences. The relative category (Top, Wy ) admits a Strgm model structure, whose
fibrations are the Hurewicz fibrations. Because every homotopy equivalence is a weak homo-
topy equivalence and every Hurewicz fibration is a Serre fibration, the identity adjunction is

a Quillen adjunction
iCITop

—
To Pes « L~ TOpStr¢m

idTop
The right adjoint is automatically derived, and from this it is easy to check that the derived

adjunction
X L(idop) X
ho(8) := Top[W . ] s )3 Top[W, ]
1dTop

is a right localization adjunction; its counit may be thought of as cellular approximation.®

8.6.4. Let CAlg, := CAlg(Mody) denote the category of commutative k-algebras. For any
commutative k-algebra A € CAlg, and any A-module M € Mody, a k-linear derivation of
A into M relative to k is a k-module homomorphism A % M such that the composite
k 5 A% M is zero and satisfying the Leibniz rule that d(f-g) = f-dlg) +g-d(f). It
is not hard to construct a universal A-module equipped with a derivation of A, namely the

A-module of Kdhler differentials

d(a+0b) =da+dbfor alla,be A

Q= Afda}en / d(n(\)) = 0 for all A ek :
d(a-b)=a-db+b-dafor all a,be A

with universal derivation A — Q,lquk given by the formula a — da.

This construction plays the role of differential 1-forms in algebraic geometry, so that
the A-module Qi“k is the (relative) cotangent space. Therefore, it should not be surprising
that it does not behave well when A is singular. It was for this reason that Quillen invented
model categories: namely, in order to take the derived functor of derivations.

In order to explain this, we begin by reformulating the construction of Kéhler differentials.

Exercise 8.11 (6 points).
(a) Construct inverse equivalences

kernel of map to A

Ab((CAlg,),4) - ~ ” Mod 4

square-zero extension

(b) Prove that the left adjoint in the adjunction

free kernel of map to A
(30) (CAlgk)/A - 1 Ab((CAlgk)/A) ¢ ~ ’ MOdA
orget square-zero extension

166This should be compared with the adjunction ip pp of §6.3.4 (whose counit is given by projective

resolution).
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carries A € (CAlgy)a to ), € Mod 4.

Now, Quillen endowed the category sCAlg, of simplicial commutative k-algebras with a
model structure whose weak equivalences and fibrations are created by the right adjoint in

the adjunction
k[-]

sSetkq 1T’ sCAlg,
fgt

(as in §8.4.3). Because sSetkq is cofibrantly generated, so is (CAlgy)quillen, and the cofibrant
objects are the levelwise free commutative k-algebras such that the degeracy maps carry
generators to generators. Meanwhile, by Exercise 8.8, all objects of (CAlg;)quilen are fibrant.
As a result, applying Fun(A°P, (—)) to the adjunction (30) yields a Quillen adjunction

(s(CAlgy)/4)Quitlen L (sModa)kq

(because the right adjoint preserves fibrations and weak equivalences). The value of the
derived left adjoint on the object A is called the cotangent complex of A, a derived A-
module denoted

LQupx € (sMod4)[Wig] ~ Ho(DZ°) |

and its homology groups are called the André—Quillen homology groups of A.

Exercise 8.12 (6 points). Take A = k[z]/2* € CAlg, < sCAlg,.

(a) Construct a cofibrant resolution of A € (sCAlgy)quillen (Which will also be a cofibrant
resolution in ((sCAIlgy),a)quillen)-
(b) Compute the André-Quillen homology groups of A.

9. BASIC NOTIONS IN 00-CATEGORY THEORY

9.1. Model categories of co-categories.

9.1.1. We now introduce co-categories. Our discussion is effectively a more in-depth treat-
ment of the nonlinear version of the introduction to k-linear co-categories given in §6.2. For
more details, we refer the reader to [§T.1].

9.1.2. We write cat(V) for the category of categories enriched in a monoidal category V :=
(V,x]). If V is symmetric monoidal, then cat(V) is symmetric monoidal as well: for any
C,D € cat(V), an object of C[x] D is a pair of objects of € and D, and we define

homegn ((C, D), (C', D)) := home(C, C") X homq (D, D) .

As a particular case, we have catﬁig := cat(Chy). Other than this example, V will always
be symmetric monoidal via the cartesian product. We simply write cat := cat(Set) for the
category of ordinary unenriched categories. We refer to objects of cat(sSet) as simplicial
categories. This is for brevity, but it is slightly abusive: these are not the same thing as
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simplicial objects in cat. Similarly, we refer to objects of cat(Top) as topological cate-

gories.'%”

9.1.3. Observe the adjunction

™0
sSet T Set

const

Y

where we write 7y := 7o o | — | for simplicity.'®® Both functors preserve products, and so we
obtain an adjunction

(31) cat(sSet) T > cat(Set) =: cat

between simplicial categories and ordinary categories. We refer to the left adjoint as the
homotopy category functor, and we do not give notation or terminology for the right
adjoint.

A morphism € 5 D in cat(sSet) is called a weak equivalence if the following two
conditions hold:

(1) it is homotopically fully faithful, i.e. for all C,C" € € the induced morphism
home(C, C") — homqp (F(C), F(C")) in sSet is a weak homotopy equivalence;

(2) it is homotopically essentially surjective, i.e. the induced morphism ho(C) Rolh),

ho(D) in cat is essentially surjective.'®?

) 220, ho(D)

(Of course, if C L D is a weak equivalence of simplicial categories then ho(C
is an equivalence of categories.)

We localize the category cat(sSet) at the weak equivalences. This yields a category that (for
reasons that will become clear presently) we denote by ho(Cat) and refer to as the homotopy
category of owo-categories; its objects are called co-categories. So by definition, there is

a canonical functor

cat(sSet) — ho(Cat)

that carries all weak equivalences to isomorphisms. In particular, this functor is essentially
surjective: every co-category can be represented by a simplicial category.

Equipped with these weak equivalences, cat(sSet) admits a Bergner model structure.
This is characterized in terms of its fibrations. First of all, a morphism in D € cat(sSet)
is called an equivalence (or a homotopy equivalence) if it becomes an isomorphism in
ho(D); we denote these by ~>. Then, a morphism € 2> D in cat(sSet)gergner 1S & fibration iff
the following conditions hold:

167As implied in §6.2.2, we reserve the notation Cat for the co-category of co-categories.
168 his left adjoint can also be identified as the colimit functor.
16974 is possible to phrase homotopical essential surjectivity at the level of simplicial categories, but this

requires a bit of enriched category theory.
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(1) for every C,C" € €, the induced morphism home(C,C") — homq(F(C), F(C")) lies
in Fgq < sSet;
(2) any equivalence F(C') = D in D lifts to an equivalence C' = C” in C.

Note that condition 2 is a homotopical version of the notion of an isofibration (recall §8.6.2);
indeed, it is not hard to see that the adjunction (31) becomes a Quillen adjunction

ho

—
cat(sSet)gergner L caten

9.1.4. There is similarly a Bergner model structure on cat(Top), and applying the Quillen

equivalence | — | - Sing to hom-objects determines a Quillen equivalence

cat(|—|)

cat (Sset) Bergner (# Cat(T0P> Bergner
cat(Sing)

It follows that we have an equivalence cat(Top)[W '] ~ ho(Cat), and in particular an oo-
category can also be defined as a weak equivalence class of topological category.

9.1.5. The Bergner model structure on cat(sSet) is defined in terms of its fibrations. As
a result, the cofibrations are relatively inexplicit. In particular, cat(sSet)gergner has a fatal
flaw: it is not a monoidal model category, because the cartesian product of cofibrant objects
will not generally be cofibrant. This is a major issue, as it implies that the internal hom
bifunctor among simplicial categories does not generally give an internal hom at the level
of underlying oo-categories, even under co/fibrancy assumptions (recall §8.2.5).27 It is of
course absolutely imperative that any flavor of “category theory” have a well-behaved internal
hom, i.e. a corresponding notion of “functor category”. Of course, cat(Top)gergner suffers from
precisely the same fatal flaw.

In §9.2.3 we will introduce an alternative model category of co-categories that is a sym-
metric monoidal model category, and in particular has a homotopically well-behaved internal
hom (as we will see in §9.5.1). In fact, this will be a model structure on the category sSet of

simplicial sets, called the Joyal model structure.
9.2. The Joyal model structure.

10Given @, D, € € cat(sSet), at the level of underlying co-categories we would like an internal hom object
hom(D, €) € ho(Cat) such that

homho(Cat) (G,M(ﬂv 8)) = homho(Cat)(e X 978) :

Because € x D € cat(sSet)gergner Will not generally be cofibrant even if € and D are, the right side must in

general be computed using a further cofibrant replacement of € x D (even if € is fibrant).
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9.2.1. As background, we first discuss the relationship between simplicial sets and ordinary
categories. By definition, the category A is a full subcategory of cat. We write A Ll cat

for the inclusion. Just as in §8.3, this determines an adjunction

ho
—
sSet ﬁ ~ cat

as follows. First of all, the right adjoint N is the restricted Yoneda functor: for any category
C € cat, its nerve is the functor

homcat([e

N(C). : A% L9, Set |

so that N(C),, is the set of sequences of n composable morphisms in €. Then, the left adjoint

ho is the left Kan extension

ALcat

A
N e

sSet

of [e] along the Yoneda embedding A®; for reasons that will become clear shortly (see
Exercise 9.5), we refer to this as the homotopy category functor.'™ So by definition, for
any simplicial set X € sSet, its homotopy category is

ho(X) := colim <A/X BLNYNILA cat) :
So, the homotopy category ho(X) € cat is built by gluing together copies of the categories

[n] € cat, one for each combinatorial n-simplex of X.

Exercise 9.1 (4 points).
(a) Prove that the nerve functor N is fully faithful, and that its image consists of those
simplicial sets X € sSet that admit unique inner horn fillers.
(b) Given a category C € cat, prove that its nerve N(C) € sSet admits outer horn fillers if
and only if € is a groupoid.

9.2.2. Givenany ¢, j € [n], we write P,; for the poset of sequences i = kg < ky < --- <k =]
for | > 0, ordered by inclusion. Observe that for ¢ < j, P;; is simply the power set of the set
{k € [n]:i <k < j}, ordered by inclusion, while for i > j, P,; is empty.

We define an object €[n] € cat(sSet) as follows: its objects are those of [n] € A < cat, its
hom-objects are given by the formula

home[n) (7, ) := N(Pj;) € sSet ,

and its composition is given by the concatenation functors P,; x Pj, — P, (note that N

preserves products, being a right adjoint). Now, power sets have weakly contractible nerves

17T10f course, this will be closely related to the functor cat(sSet) 29, cat introduced in §9.1.3.
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(they are isomorphic to cubes), and so the natural morphism
€¢n] — [n]

is a weak equivalence in cat(sSet)gergner- This weak equivalence depicted for n = 2 in diagram
(5); whereas [2] € cat(sSet) corepresents strictly commutative triangles, €[2] € cat(sSet)
corepresents homotopy-coherently commutative triangles.

These simplicial categories assemble into a cosimplicial object A b, cat(sSet) in simpli-

cial categories, which determines an adjunction

¢
sSet 1 cat(sSet) |,

Nbh-c.

as follows. First of all, the right adjoint N™ is simply the restricted Yoneda functor, so that
for any simplicial category € € cat(sSet), its homotopy-coherent nerve is the simplicial

set

homcat(sSet)(Q:[.]ve)

NP (@), : AP Set .

So in low dimensions, the simplicial set N"<(€) € sSet may be described as follows: its
O-simplices are given by objects of €, its 1-simplices are given by morphisms in €, and its
2-simplices are given by homotopy-coherently commutative triangles in €. And then, the
left adjoint € is the left Kan extension

A S cat(sSet)

-
A® ///
/// ¢

sSet

of €[e] along the Yoneda embedding A®. So by definition, for any simplicial set X € sSet,

we have
fgt

CX := colim <A/X BN LR cat(sSet)> .

9.2.3. Recall that a simplicial set X € sSet is called a Kan complez if it has the extension
property with respect to all horn inclusions A} < A" for all 0 < i < n > 1. For short, we
will say that such a simplicial set admits horn fillers. Note that these horn fillers (i.e.
extensions) are not generally unique (recall that the prototypical example of a Kan complex
is Sing(Y') € sSe‘cfiQ for any Y € Top).

We refine this notion by declaring that a horn inclusion A? < A" for 0 <7 <n >1is an
inner horn inclusion if 0 < i <n > 2 and is an outer horn inclusion otherwise. We
then define a common weakening of the notion of a Kan complex and the nerve of a category
(recall Exercise 9.1): a quasicategory is a simplicial set that admits (not necessarily unique)

inner horn fillers. So, these four notions fit into the following table.
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fillers are unique | fillers are not necessarily unique

fillers for all horns | nerves of groupoids Kan complexes

fillers for inner horns || nerves of categories quasicategories

Now, the Joyal model structure on sSet is characterized by the facts that its weak
equivalences are created by € and that its cofibrations are the monomorphisms. Its fibrant
objects are the quasicategories. It turns out that the adjunction

¢

_—

sSet joyal L cat(sSet)gergner
Nh.c4

is a Quillen equivalence [T.2.2.5.1]. Of course, it follows that we have an equivalence
sSet[WJ_oi,al] ~ ho(Cat), and in particular that an co-category can also be defined as a Joyal
weak equivalence class of simplicial set.

A particular consequence of this result is the following.

Exercise 9.2 (8 points). Given any fibrant simplicial category € e cat(sSet){;ergner, prove
that its homotopy-coherent nerve N™<(C) € sSet is a quasicategory.

In general, we write e.g. C € sSetjcoyal, etc. to denote a quasicategory and € € ho(Cat) to
denote its underlying co-category. Similarly, we will write e.g. x € C to denote an object
of that represents an object x € €. This is intended to emphasize the difference between
“underlying” objects and the objects that represent them. In fact, we will use this same font
more generally to denote chosen presentations of underlying objects.

9.3. Basic notions in quasicategories.

9.3.1.  Just as the prototypical example of a Kan complex is Sing(Y") for Y € Top = Topés,
f

Bergner (Tecall Exer-

the prototypical example of a quasicategory is N™< (@) for C e Cat(sSet)
cise 9.2). This motivates much of the following basic discussion of how one “does category

theory” in an arbitrary quasicategory C e sSetjCoyal.

9.3.2. An object of C is a vertex. Given an object x € Cy, we often simply write x € C.

A morphism in C is an edge. Given a morphism f € C; = homgse(Al, C), its source is
o(A%) e ¢y and and its target is (A1) € Cp. Given an object x € Cy, its identity morphism
is the degenerate 1-simplex A' — A® 5 ¢, which we denote by idy € C;.

A 2-simplex ¢ € Cy is called a (homotopy-coherently) commutative triangle in C.
This may be depicted as

y
(32) %:& .
XT>Z
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We say that such a 2-simplex witnesses h as a composite of £ and g. In this situation,
we write h ~ g o f, even though the right side does not have prior meaning.
The data of the pair of composable morphisms

X%Y&IZ

in C is specified by a morphism A? — C. Because C admits inner horn fillers, there always
exists some composite of f and g (equipped with a witnessing 2-simplex). However, in
general there is no preferred choice: any composite is “just as good as” any other one. This
may sound bizarre, and in particular it may sound like a major deficiency of quasicategories
compared to simplicial categories; but as we will see, it is in fact the entire point of oo-
categories. In particular, we will see that we gain power and flexibility by passing from

Ce cat(sSet)éergner (in which strict compositions exist) to N™<(€) € sSetfoyal (in which they
do not).!™

9.3.3. Suppose we are given a 2-simplex (32) in C. In the case that y = z and g = id; = id,,
we say that ¢ is a homotopy from h to £.!™ Likewise, in the case that x = y and f = id, =
idy, we say that o is a homotopy from h to g.

Exercise 9.3 (6 points). Show that for any objects x,y € C, these two notions of homotopy
give equivalent equivalence relations on the set

homgse: (A, C)
lim l(&t) € Set

Ptset T Co x Cy

of morphisms from x to y.

Exercise 9.4 (6 points). Given a pair of composable morphisms in C, show that any two
composites are homotopic.

We will see a strengthening of Exercise 9.4 in §9.6.2.

The homotopy category of C is defined as follows: its objects are those of C and its
morphisms are homotopy classes of morphisms in C. Its composition is well-defined by
Exercise 9.4.

Exercise 9.5 (4 points). Show that the functor sSet 2% cat carries a quasicategory C to its
homotopy category.

172We refer the reader to [MG] for a diatribe that attempts to make this point.
173 The directionality is motivated by the definition of €[2] € cat(sSet), but it is irrelevant by Exercise 9.3.
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Exercise 9.6 (4 points). Show that the adjunction

ho
(33) SsetJoyal (#v Catean

is a Quillen adjunction.

Both functors in the Quillen adjunction (33) are automatically derived, and moreover the
underlying adjunction is a reflective localization. Hence, the derived adjunction is a reflective
localization adjunction

ho
ho(Cat) := sSet[W ] T catf[W1] |

whose left adjoint we also refer to as the homotopy category functor.

9.3.4. Given objects x,y € C, there is not merely a set of morphisms from x to y, but in
fact a simplicial set of morphisms from x to y. To define this, we use the internal hom of
sSet: given simplicial sets X, Y € sSet, we may define a simplicial set

hom(X,Y) := hom,,(X,Y) € sSet
by the formula
hom(X,Y), := homgse (A" x X,Y) .17

So, a vertex of hom(X,Y) is a morphism X — Y, an edge is a morphism A! x X — Y and

SO Oon.

Exercise 9.7 (4 points). Given any simplicial set Z € sSet, construct a natural isomorphism
homgse:(Z, hom(X,Y")) = homgset(Z x X, Y) .

Then, for any objects x,y € C, we define

ho—msSet(Alv C)
hom¢(x,y) := lim l(&t) e sSet 1™

ptsSet T) CxC

We refer to the underlying space of hom¢(x,y) € sSet as the hom-space from x to y in C. It
turns out that there is a canonical weak homotopy equivalence

homc(z,y) — home(c)(z, y)
f

in sSetkq, which is an important consistency check. Similarly, for any € € cat(sSet)gegner

we

have a canonical weak homotopy equivalence
homyp.c.e) (2, ) > home(z, )

174\ ore precisely, hom(X,Y), := homgset(A® x X,Y).
1T5Because sSet Joyal 1s compatibly self-enriched (see §9.5.4), this pullback is in fact a homotopy pullback

in sSetJoya| .
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in SSGtKQ.
By definition, a vertex of home(x,y) is a morphism from x to y, and more generally an

n-simplex of hom¢(x,y) is an extension

A}« AR
IS

Al x A" - C

A x An

that makes the diagram commute. Although it is not immediate from the definition, mor-
phisms from x to y are homotopic if and only if there exists a path between them (in either
direction) in hom¢(x,y).

9.3.5. We say that a 2-simplex

7N
X T> X
in C witnesses g as a left inverse of f, or equivalently that it witnesses £ as a right
inverse of g.!™ We say that a morphism in C is an equivalence if it admits both a left

inverse and a right inverse.

Exercise 9.8 (6 points). Show that for any equivalence x 5 y in C, there exists a morphism
y & x that is both a left inverse and a right inverse of £.

!

Exercise 9.9 (4 points). Show that a morphism in C € sSety,

becomes an isomorphism in

ho(C) € cat if and only if it is an equivalence.

9.3.6. Morphisms in W j, 5 < sSet are called categorical equivalences. From Exercise 9.9,

f
Joyal

equivalences in its corresponding simplicial category €(C) € cat(sSet)gergner- Hence, recalling

it is easy to see that equivalences in a quasicategory C € sSet = sSetjﬁyaI are carried to
§9.1.3, we see that a morphism C L, D between quasicategories is a categorical equivalence
iff the following two conditions hold:

(1) it is homotopically fully faithful, i.e. for all c,c’ € C the induced morphism
hom¢(c, c’) — homp(F(c),F(c’)) in sSet is a weak homotopy equivalence (i.e. it lies in
Wkq := Wyhe);

(2) it is homotopically essentially surjective, i.e. for every d € D there exists an
object ¢ € C and an equivalence F(c) = d in D.

176hese conventions align with the standard convention for function composition.
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9.3.7. It is clear that if a quasicategory C is in fact a Kan complex, then ho(C) is a groupoid.
It is an important and nontrivial fact that the converse holds: given a quasicategory C such
that ho(C) is a groupoid, C is in fact a Kan complex. In view of Exercise 9.9, this implies
that whereas quasicategories present co-categories, Kan complexes present co-groupoids.'™
Of course, this is just to say that “co-groupoids” are synonymous with “spaces”.}™

Now, the identity adjunction defines a Quillen adjunction

idlset
—
idsset

179

sSet joyal sSetkq

As the left adjoint is automatically derived, the derived counit is a natural equivalence, and

so the derived adjunction is a reflective localization adjunction

(-
ho(Cat) ~ sSet[WJ_o;al] T sSet[W 4] ~ ho(8)

We leave the derived right adjoint implicit, and we refer to the derived left adjoint as co-
groupoid completion: given an oo-category C € ho(Cat), the unit morphism € — C&4 is
the initial morphism in ho(Cat) from € to an co-groupoid.

9.3.8. There is another way of passing from an oco-category to an oco-groupoid: rather than

freely adjoining inverses to all morphisms, we can also simply discard the morphisms that

177 An oo-groupoid may also be called an (o0,0)-category: in general, for 0 < k < n < o, an (n,k)-
category is an n-category in which every i-morphism is invertible for £k < ¢ < n, and an n-groupoid is
an (n,0)-category. Another way of saying this is that an (n, k)-category should be a category enriched in
(n—1,k—1)-categories (at least for & > 0 — the simplest fix is to declare here that 0—1 = 0). Recalling §9.3.4,
we see that what we have been calling “oo-categories” may be more properly termed (o0, 1)-categories”.

The n-morphisms in an (o0, 1)-category can be spelled out more concretely as follows. In general, an
n-morphism should be a sort of morphism between (n — 1)-morphisms; these (n — 1)-morphisms are required
to be parallel, which means that they share the same source and target. We begin by declaring that a 0-
morphism is simply an object, and that any two 0-morphisms are parallel. Then, for n > 1, an n-morphism
in an (0, 1)-category is an (n — 1)-disk in one of its hom-spaces. More precisely, the boundary (n — 2)-
sphere of this (n — 1)-cell should be thought of as “hemispherically stratified”, with the two hemispheres
giving the source and target (n — 1)-cells (and their agreement on their common boundary encoding the
requirement that they be parallel). Note that these n-morphisms are indeed invertible for every n > 2,
because (n — 1)-morphisms in a space are invertible for every n > 2.

178 This is a “definitional” assertion, which can be phrased more carefully as the assertion that “any good
theory of (oo, 1)-categories should have that the (co,0)-groupoids are equivalent to spaces”. This idea is
motivated by the equivalence between the homotopy categories of n-groupoids and homotopy n-types (i.e.
topological spaces with homotopy groups vanishing above dimension n) for small values of n; it is due to
Grothendieck, and is referred to as the homotopy hypothesis.

I0f course, the underlying adjunction of this Quillen adjunction is an equivalence. However, we use
the notation L instead of ~, because this Quillen adjunction should not be thought of as an equivalence

(because it is not a Quillen equivalence).
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are not already invertible. This is called the mazimal subgroupoid construction, which
determines a right adjoint

(34) ho(8) ___L__7 ho(Cat)

to the defining inclusion.

This construction can be modeled as follows. Given a quasicategory C, it turns out that the
largest simplicial subset (,C < C containing only the equivalences is in fact a Kan complex.
It follows that this construction defines a right adjoint

(35) sSetﬁQ D S sSetfoya|

Lo

to the inclusion from Kan complexes into quasicategories. We will see in Exercise 9.11 that
this adjunction upgrades to an adjunction in cat(sSet), which on homotopy categories (in
the sense of §9.1.3) presents the adjunction (34).

9.3.9. A subcategory of an oo-category € € ho(Cat) is equivalent data to a subcategory of
its homotopy category ho(C) € cat[W~!].'8" Namely, we can uniquely specify a subcategory
D < € by declaring which equivalence classes of objects and which homotopy classes of
morphisms among them belong to D, subject to the condition that those homotopy classes
of morphisms are closed under composition.

By definition, the morphisms in a subcategory D < € are stable under equivalence. Note
that this implies that a subcategory inclusion is necessarily fully faithful on equivalences. So
for example, the forgetful functor A — Fin is not the inclusion of a subcategory.'®’ And
in particular, a subcategory of an oo-groupoid is an inclusion of path components (and is
necessarily a full subcategory). We will generally refer to a subcategory of a space as a
subspace.

Of course, given a quasicategory C € sSetjcOyal representing € € ho(Cat), it is straightforward
to construct a sub-quasicategory D < C that represents a given subcategory D < C.

9.4. Underlying co-categories of model categories.

9.4.1. A relative wo-category is a pair (C, W) consisting of an co-category € € ho(Cat)
equipped with a subcategory W < €. Its (co-categorical) localization is the initial mor-
phism

C— C[W]

180We find the term “sub-oo-category” to be too awkward, so we omit the “c0” in this case. Likewise, we
say “subgroupoid” instead of “sub-co-groupoid”.
81 The utility of this definition is the fact that the inclusion of a subcategory D < € is a monomorphism:

it is merely a condition for a functor to € to factor through D.
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in ho(Cat) that sends all morphisms in the subcategory W < € to equivalences.'®* Although
we have not defined all the relevant terms yet, it should be plausible that this can be defined

as an oo-categorical pushout

W——2¢
C[W '] ~ colim l

weed

in Cat (the co-category of co-categories).

Following §9.3.7, we can construct the co-categorical localization explicitly as follows. We
first choose any quasicategory C presenting €, any sub-quasicategory W < C presenting the
subcategory W < €, and any fibrant resolution W — W/«e in sSetﬁQ. Then, the localization
C[W 1] € ho(Cat) is presented in sSetjoya by the pushout

We——2C

colim l

wika

(which is also a homotopy pushout (recall §8.5.2)). Note that this will not generally be a
quasicategory, however.

Exercise 9.10 (4 points). Given a relative co-category (€, W), prove that ho(C[W~!]) and
ho(C)[W '] are canonically isomorphic in cat[W~1].

9.4.2. We now define our oo-categories of lasting interest.'®3

First of all, given a model category, we may refer to its oco-categorical localization as
its underlying oo-category: we have seen in §8 that the model structure gives a way of
computing hom-sets in the localization, and in fact an elaboration of the same techniques
gives a way of computing hom-spaces in the co-categorical localization (so that a model
category may also be seen as a convenient presentation of its underlying co-category). In
particular, it turns out that Quillen adjunctions give adjunctions between oo-categories (to
be defined more carefully below), and Quillen equivalences give equivalences between co-
categories; we simply refer to these as the derived adjunction (resp. derived equivalence) of
a Quillen adjunction (resp. Quillen equivalence).

We define the co-category of co-categories to be

Cat := sSet[W ] ~ cat(sSet)[Wg,pne ] = cat(Top) [Wag e ] -

Bergner Bergner

182This notation is meant to be suggestive of the ordinary localization of relative categories, but equipped
with “higher order” structure. In particular, even when € is an ordinary category, the co-categorical local-
ization C[W 1] will rarely be so (even up to equivalence).

183Note that these are all of an essentially (higher-)algebraic flavor. However, there are also co-categories

of interest that arise in differential topology, as we indicate in ?7.
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Note that as we have defined it (and ignoring set-theoretic issues), this is an object

Cat € ho(Cat)

of the homotopy category of co-categories. However, we will for the most part work inside
of Cat itself.
We define the co-category of spaces (or co-groupoids) to be

8 := Gpd :=sSet[W_} . ] ~ Top[W_ i .] -

w.h.e.

We write

sSet = § L= Top

for the canonical functors. We refer to the former as the geometric realization functor,
and we refer to the latter as the fundamental co-groupoid functor.'®*
We define the co-category of derived R-modules to be

Dy := Chp[W, !

Below, we will upgrade this to the k-linear co-category which we studied in §6 (using the
same notation).

We write

Cat; :=cat[W'] and  Gpd, := gpd[W'] .

The hom-spaces in these two co-categories lie in Gpd; < Gpd := 8 (so that they are in
fact (2,1)-categories). We henceforth use the terms categories and groupoids to refer
to objects of these co-categories; we use the terms strict category and strict groupoid
to respectively refer to objects of cat and gpd. So, a category is an equivalence class of
strict category. For any categories €, D € Cat; and any representatives C,D € cat by strict
categories, the hom-groupoid homc,, (€, D) € Gpd, is the underlying groupoid of the strict
groupoid hom_,,(C,D) € gpd (whose objects are functors and whose morphisms are natural
equivalences).

9.4.3. Of course, all of the various derived adjunctions on 1-categorical localizations that
we have seen previously upgrade to derived adjunctions on the oo-categorical localizations

introduced in §9.4.2; for instance, we have a diagram
()
1
Cat «— 8§ |
1

Lo

184Note that the notation | — | and the terminology “geometric realization” were already given to the

functor sSet =, Top. It should always be clear from context which notion is intended. The co-categorical

notions will be explained further in §9.7 (and this abuse of notation is further extended in §9.7.5).
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in which the lower adjunction follows from Exercise 9.11 below. Also, we have a diagram
Iy

TN

Top — Gpd T Gpd,

(—)Erd [ H| |0 (—)gd [~ o

ho
Cat T’ Caty

(#
that commutes in the evident senses, in which we may refer to either functor II; as the
fundamental groupoid functor.'®

We highlight one other derived adjunction for future use. Recall the composite Quillen

adjunction
R{-} C. 1>0
(36) SSGtKQ <— (SMOdR)KQ « ~ (Ch )prOJ <— (ChR)proj

fgt

from §8.4. This determines a composite derived adjunction

R{-}
(37) §$ L D ‘—><_ Dy
fgt

on underlying oo-categories. We refer to the left adjoint R{—} (or the composite left adjoint
iso o R{—}) as the free derived R-module functor.'®

9.5. Enriched co-categories.

9.5.1. Given a monoidal co-category V, there is an co-category Cat(V) of V-enriched co-
categories. We do not define these notions in full generality here, but here we explore a
few basic instances of lasting interest. We begin by discussing a few general notions.

In general, we use an underline to denote an enrichment.

Given a monoidal oo-category V with unit object 1y € V, applying Cat(—) to the functor

homy (1v,—)
_ 5

4% S

determines a forgetful functor
Cat(V) & Cat(8) ~ Cat ,

which carries a V-enriched oo-category to its underlying co-category.
Suppose that V is a monoidal model category that presents the monoidal oco-category V.
Then, there is a Bergner model structure on the category cat(V) of ordinary V-enriched

categories that presents the oo-category Cat(V).

1850 course, there is also a factorization Top RN gpd — Gpd; through the category of strict groupoids.
186Recall from §8.4.5 that the R-homology of a space X € 8 is by definition the homology of the derived
R-module R{X} € Dpg.
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In turn, suppose that € is a V-enriched model category, i.e. it is a model category and at
the same time it is enriched in V in a way that is compatible with its model structure. Then,
the V-enriched category

e_cf € cat(V) Bergner

of bifibrant objects is a presentation of a V-enriched co-category
C[W '] e Cat(V)
that enhances the underlying (unenriched) oo-category of C:
fgt(C[W']) ~ C[W '] .
All of the examples that we discuss fall into this paradigm.

9.5.2.  The model categories sSetkq and Topgg are both compatibly self-enriched, relative
to their cartesian product symmetric monoidal structures.'®” Hence, the oo-category 8 of
spaces is presented both by the simplicial category

sSetf{é = sSetﬁQ € cat(sSet)gergner

of Kan complexes and by the topological category

Topgs = Topgs € cat(Top)gergner

of retracts of cell complexes.

9.5.3.  The model category (Chy)proj is compatibly self-enriched, relative to its tensor prod-
uct symmetric monoidal structure (as first discussed in §8.2.5). Therefore, Chy-enriched
categories are presentations of Dy-enriched co-categories. We write

Catk = Cat(Dk) s

and refer to Dy-enriched oco-categories as k-linear oo-categories (as first introduced in
§6.2.2).

Because the model category (Chg)pro; is compatibly enriched in (Chy)proj, we find that the
oo-category Dy := Ch R[[W;H] € Cat enhances to a k-linear co-category, which is presented
by the dg-category

(ChR)Cf = (Chgr)5; = Pr € cat(Chy)gergner

proj proj

of projective complexes of R-modules. Of course, as we saw in §6, this same k-linear oo-
category is also presented by the dg-category

(ChR)Cf = (ChR)f = IR € Cat(Chk)Bergner

inj — inj

of injective complexes of R-modules.

18711 the latter case, one should restrict to a subcategory of “convenient” topological spaces. We elide this
point here.
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We have a Quillen adjunction

cat (Sset) Bergner (# Cat(c h]k) Bergner

obtained by applying cat(—) to the Quillen adjunction (36). This yields a derived adjunction

Cat(k{—})
(38) Cat T Caty

Cat(fgt)
on underlying oo-categories (obtained by applying Cat(—) to the adjunction (37) in the case
that R = k), whose right adjoint is the underlying co-category functor. Note that this

coincides with the description given in §6.2.3.

9.5.4. The model category sSetjq. is compatibly self-enriched, relative to its cartesian
product symmetric monoidal structure. This gives a presentation of the self-enrichment of
Cat, i.e. its structure as an (oo, 2)-category:

Cat € Caty := Cat(Cat) .

Since this structure is crucially important (indeed, it is the reason that we passed from

cat(sSet)gergner 1O SSetjoyal), We describe it explicitly at the point-set level.

f

Joyals W€ Write

For a simplicial set C € sSetj, .| = sSet and a quasicategory D € sSet
Fun(C,D) := hom,,(C,D) € sSetfoyal

for the simplicial set of morphisms between them: this is a quasicategory, which gives a ho-
motopically well-behaved internal hom.'®® We refer to it as the quasicategory of functors
from C to D. We refer to its vertices as functors and its edges as natural transformations.

In particular, the fact that this construction is homotopically well-behaved implies that it
is invariant up to categorical equivalence under categorical equivalence among co/fibrant ob-
jects in the source/target. In particular, we do not need to assume that C is a quasicategory:
if ¢ — Cfrral ig a fibrant resolution in sSet Joyal, then the restriction morphism

Fun(C%e D) — Fun(C,D)

is a categorical equivalence — and it even lies in (W N F)joya if the morphism € — Clonl lies
iIl (W M C)Joya|.189

188 Namely, the bifunctor

(=) x (=)
sSet joyal X SSetjoyal ———> SSetjqyal

is a left Quillen bifunctor (recall §8.2.5). In particular, the product of cofibrant objects in sSet o is again
cofibrant. This fails in cat(sSet)gergner (recall §9.1.5).

189 his strongly illustrates is the sense in which co-categories “want” to only have homotopy-coherently
well-defined composition (as opposed to strictly well-defined composition), i.e. the sense in which sSet oyal
harmonizes with the true nature of oo-categories while cat(sSet)Bergner does not. Namely, if one presents oo-
categories €, D € Cat as strictly-enriched categories C,D € cat(sSet)gergner, then even to construct the correct
hom-set hompg(cat) (€, D) one must in particular require that C be “equipped with coherent homotopies” (e.g.
€[n] is cofibrant whereas [n] is not).
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Given a natural transformation A! x C — D, its component at an object x € C is the
morphism in D selected by the composite

id ,1,consty)
- 5

AL Al'xCc—D.

Among the natural transformations are the natural equivalences; these are simply the
equivalences in Fun(C,D). It is a nontrivial fact that a natural transformation is a natural
equivalence if and only if all of its components are equivalences.

Of course, the self-enrichment of Cat restricts to a self-enrichment of Cat;, which is pre-
sented by the self-enrichment of cat.

The above discussion allows us to enhance the category sSetjcoyal of quasicategories to a

sSetﬁQ—enriched category as follows: for any C,D € sSetjfc>ya| we define the hom-simplicial set

hom (C,D) := toFun(C,D) € sSet/q .1

f
ssetJoyal

Exercise 9.11 (4 points). Show that the adjunction (35) in cat upgrades to an adjunction

f f
sSetKQ 1 sSet Joyal

TUKQ
in cat(sSet).

9.6. Uniqueness in quasicategory theory.

9.6.1. In ordinary category theory, co/representing objects are unique up to unique iso-
morphism — assuming that they exist. For example, in any category, the subcategory of
initial objects is an empty or contractible groupoid.'®* More generally, given a diagram in a
category, the category of its colimits is an empty or contractible groupoid.'%?

In co-category theory, the notion of “uniqueness” must be slightly reenvisioned. Namely,
co/representing objects form contractible co-groupoids — assuming that they exist. More
generally, one often says that a given construction is well-defined “up to a contractible space
of choices”.

These notions are also captured by the technical usage of the word “essentially”: for
instance, one may say that an initial object in an co-category is essentially unique, just as
one may say that a functor is essentially surjective — the word “essentially” essentially means
“up to equivalences” (and equivalences between equivalences, etc., when appropriate). On

the other hand, in situations where the meaning is clear, it is common to omit this modifier:

90Unfortunately, this enrichment does not make sSet Joyal INtO a sSetkq-enriched model category. This is
one of the reasons that Lurie studies the category of marked simplicial sets in [§T.3]: it admits a sSetkq-
enriched model structure that presents the co-category of co-categories.

IRecall that a contractible groupoid is a category in which all hom-sets are singletons (which is necessarily
a groupoid).

192This is a special case of the previous example, as a colimit is an initial object in the category of cocones.
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one may simply say that an initial object in an co-category is unique, or that a functor is
surjective. Similarly, one may often say “is” to mean “is canonically equivalent to”.
In this subsection, we illustrate two basic examples of this phenomenon as it is implemented

within the context of quasicategories.

9.6.2. Composition in an oo-category is essentially unique. For example, if we work in
cat(Top)gergner, then “co-categorical composition” is explicitly implemented by homotopy-
coherent composition, i.e. extension along the cofibration cat(| — |)(€(A? — A?)) (whose
source is simply [2] € cat < cat(Top)). Given a pair of composable morphisms in a topological
category, a homotopy-coherent composite is therefore a morphism equipped with a path
from their strict composite. So in this context, the “essential uniqueness” claim follows
from the fact that for any based topological space X € Top, the based path space {7y €
hom+,,([0, 1], X) : v(0) = x} is contractible.

Let us verify the essential uniqueness of composition within the context of quasicategories.
Fix a quasicategory C € sSetfoyal and a map A? %, ¢ classifying a pair of composable mor-

phisms. Recall from §9.3.3 that a composition is an extension

A2 ¢

s
s
s
’
3
s

AQ

This is guaranteed to exist (because C is a quasicategory), and we saw in Exercise 9.4 that
any two composites are homotopic. We can strengthen this as follows.

Exercise 9.12 (2 points). Show that the morphism A} — A? is an acyclic cofibration in
sSetJOya|.

Then, the compatible self-enrichment of sSet o, implies that the resulting restriction mor-
phism

Fun(A?,C) — Fun(A,C)

is an acyclic fibration in sSet o between quasicategories (recall §9.5.4). In particular, we

obtain a pullback diagram

Fun(AZ%,C), — Fun(A?,C)

| |

AO T) Fun(A%, C)

which is also a homotopy pullback diagram in sSet oy, (recall §8.5.2). In particular, we find
that the simplicial set of composites Fun(A?,C), is a quasicategory (since its map to A is
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a fibration) which is categorically equivalent to the Kan complex AY. It follows that this

quasicategory is in fact a contractible Kan complex.'%

9.6.3. Observe that the functor [1] — pt is an oo-groupoid completion.!™® Tt follows that
for any co-category € € Cat, the morphism therein classified by a functor [1] — € is an
equivalence if and only if there exists an extension

(1] —¢€

-
-
s Y
-
-
-

pt

and moreover that the space of such extensions is either empty or contractible. In this
situation, it is almost tautological to extract its inverse: it is the lower composite in the

diagram

(3) | | 7

[1]° — pt

in which the copy of S € § = Cat witnesses the fact that the source and target have been
exchanged.!%
The passage to inverses is actually somewhat clearer in the context of quasicategories,

because these are closer to the familiar context of strict categories. Then, we model the left

193This can also be seen as follows (without implicitly using the discussion of §9.3.6): we have Ckq = Cjoyal,
and so (W n F)kq = (W N F)joyal, and so the acyclic fibrant objects in sSetkq and sSetjoya coincide.

194Recall from §9.3.7 that this is just to say that the morphism A' — A lies in Wy, o, = Wkq C sSetkq.

1957 potential source of confusion here is the fact that every equivalence in € is equivalent in Ar(C) to
an identity morphism. More generally, given two objects in an co-category, note that it is additional data to

witness them as being equivalent: namely, this is the data of a factorization

S0 — @

2
-
-
s )
-
-
-

pt

which is generally not unique even if it exists. (Note that it is not invariant under categorical equivalence
of quasicategories to ask whether two vertices of a quasicategory are equal. Rather, it is only invariant to
ask for a specified equivalence between them. (And it is not invariant under categorical equivalence to ask
whether this equivalence is an identity morphism, i.e. a degenerate edge.) For instance, if € € Gpd c Cat is
an co-groupoid, then the space of such factorizations is precisely the path space (with fixed endpoints).) In
particular, this applies to the source and target of the proposed inverse morphisms in €. (Another illustrative

example of this phenomenon is the fact that it is additional data to witness a morphism as an endomorphism.)
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square in diagram (39) in Cat as the diagram

AY U AO 5 Al [0] L [0] —— [1]
SR
(Al)op J [1]op NI [1]gPd

in sSetf, ,;, where [1]8*¢ € gpd < cat denotes the strict groupoid completion of [1] € cat (which
has two objects and two nonidentity morphisms (which are inverse isomorphisms)).'%

Now, we have the following elaboration of Exercise 9.8.

Exercise 9.13 (6 points). Show that a morphism x 5 y in a quasicategory C is an equiva-

lence if and only if there exists an extension

Al —f 5 ¢

7
s
s
s
-
-

1=
In fact, there f is an equivalence, then there is a contractible Kan complex of such extensions.

This yields a solid diagram

Fun(J,C)

AL
? /) >
/
/7
7z
-

Fun(A',C) +—— Fun(Al,C) Fun((A')°P C) ——— Fun((A1)°".C)

in sSetjoyar (using its compatible self-enrichment), where Fun(A',C)" = Fun((A')°P,C)" de-
notes the quasicategory of equivalences in C, and choosing a dashed section as indicated de-
termines a functor Fun(A!, C)’ — Fun((A!)°P, C)’ carrying an equivalence in C to its inverse.'*”
Of course, such a section is not unique; rather such sections assemble into a contractible Kan

complex.
9.7. Co/limits in quasicategories.

9.7.1.  'We now illustrate the notion of a colimit in a quasicategory; this can be easily dualized
to obtain the notion of a limit in a quasicategory. Of course, this will be an instance of the
discussion of §9.6 regarding uniqueness in quasicategories.

1961y particular, note that J is a contractible Kan complex. (Indeed, the geometric realization |J| € Top
equipped with its resulting CW-complex structure is the standard “hemispherical” CW-structure on the
infinite-dimensional sphere.)

197This section can be constructed by working in the model category (sSet/run(at,c))Joyal (50 that the map

is literally a section and not merely a section up to homotopy).
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9.7.2.  We briefly summarize the situation in strict categories, which we will then mimic in
the context of quasicategories. Let J, C € cat be strict categories. The right cone on J is
the strict category J € cat obtained by freely adjoining a terminal object. Then, given a
functor J <> C, a cocone under F' is an extension

g—Lse
[
jl>
These assemble into a strict category
Fun(J=,C)
Cry = lim l :

pt —— Fun(J,C)

of which a colimit of F' is an initial object. Observe that this is precisely the data of a
pointwise left adjoint to the functor

Fun(7,@) &£ @
at the object F' € Fun(J, C).

9.7.3. We fix quasicategories I,C € sSetjcoyal.
We say that an object x € C is ¢nitial if for every object y € C, the hom-space [hom¢(x,y)| €
8 is contractible (i.e. the Kan complex home(x,y) € sSet{iQ is contractible).

Exercise 9.14 (4 points). Show that the sub-quasicategory of initial objects in a quasicat-
egory is an empty or contractible Kan complex.

The right cone on I is defined to be the pushout

Ix A 5 T x Al
I” := colim l € sSetjoyal -

AO

. F . .
Given a functor I — C, a cocone under F is an extension

198Note that this is a homotopy pushout in sSetoyi. Hence, (as (—)x Al preserves categorical equivalences)
a categorical equivalence I = J in sSet Joyal determines a categorical equivalence I™ =, J=. In particular,

our constructions go through equally well even when I is not a quasicategory.
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These assemble into a quasicategory

Fun(I%,C)
CF/ = lim l s
0

A T) FUﬂ(I,C)

of which a colimit of F is an initial object. Of course, (once we have defined this notion in
quasicategories we will see that) this is likewise a pointwise left adjoint.

In fact (and correspondingly), colimits can be constructed in families, as follows. Let
us write Fun(I,C)’ < Fun(I,C) for the full sub-quasicategory on those functors that admit

colimits and Fun(I*,C)’ < Fun(I%,C) for the full sub-quasicategory on those functors I — C

whose restrictions to I are colimits.
Exercise 9.15 (4 points). Prove that we have a diagram

Fun(I*,C)’ —— Fun(I%,C)

| |

Fun(I,C)’ ——— Fun(I,C)
in sSethyal.

It follows that there exists a section

Fun(I=,C)

Uy
Z:L ,‘ )
/

Fun(I,C)’

which may be called a colimit functor. Of course, such a section is not unique; rather such
sections assemble into a contractible Kan complex.
We have the following important consistency check for these constructions.

Exercise 9.16 (8 points). Prove that I-indexed colimits in C — and in particular, their

existence — are invariant under categorical equivalence in both variables I and C.

9.7.4. It turns out that homotopy co/limits in model categories present oco-categorical
co/limits in their underlying oo-categories. This is nicely illustrated using the model category
Topgs-

Suppose we are given a span

I

<
—

N
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in Topgs, and assume for simplicity that X e Topgg is cofibrant. Then, to compute the
homotopy pushout, it suffices to replace both maps by cofibrations. That is, for any factor-

1zations

AN g and AN A ,
Y’ A4
the homotopy pushout is computed as the pushout
X —Y
(40) colim g,I
Z/
Now, a natural construction of the above factorizations is given by the mapping cylinder

construction: namely, we can define

Xx{l}%Y X x{1} 2= 7
Y’ := colim &I and  Z':= colim RI :

X x [0,1] X x [0,1]

and define both maps f’ and ¢’ to be given by the formula x — (z,0) (and both unlabeled
weak homotopy equivalences to be the evident projection maps). In this case, we find
that the colimit (40) in Top corepresents the data of a map from Y, a map from Z, and
a homotopy between their pullbacks to X. Note that this is indeed a model for the oo-
categorical colimit.!%

9.7.5. Broadly speaking, simplicial objects in ordinary categories tend to be stand-ins for
corresponding oo-categorical colimits. For example, the functor sSet 1=, S introduced in
§9.4.2 is in fact the composite

sSet := Fun(A®P, Set) — Fun(A®,8) colimase, g
Similarly, the canonical functor
sModp — sModg[W 4] ~ D7’
is in fact the composite
sMody := Fun(A%, Mody) —> Fun(A®, D) <imae, py=0 200

199\ ore precisely, (assuming Y and Z are cofibrant) this defines a homotopy-coherent commutative square

in the topological category Topqs € cat(Top)gergner = cat(Top)}, (and therefore also in the corresponding

Bergner

quasicategory N"< (cat(Sing) (Topgs)) € sSet{oyal), which is an co-categorical pushout diagram in the sense

we have just defined.
200Note too that the inclusion Dio — Dp preserves colimits, being a left adjoint.
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In oo-category theory, it is common to refer to the colimit of a simplicial object as its
geometric realization, and to denote it by | — | := colimae (—).

9.8. Working model-independently.

9.8.1. Having discussed many point-set aspects of oco-category theory, we conclude §9 by
discussing the notion of working model-independently with co-categories. We will generally

work model-independently for the remainder of this document.

9.8.2. One way of articulating the idea of working model-independently is to say that we
work with quasicategories, but never make reference to specific quasicategories or their point-
set features. Rather, we only perform operations on them that are invariant under categorical
equivalence up to categorical equivalence. For example, the discussions of §9.6.2, §9.6.3, and
§9.7.3 respectively imply that composition, inversion of equivalences, and formation of colim-
its can be discussed in a model-independent fashion, and in particular that these operations
are essentially well-defined in this context (in the sense of §9.6.1). Indeed, every homotopi-
cally meaningful operation that one can perform on a quasicategory can be discussed in a
model-independent fashion (which is exactly the point — or perhaps even a tautology). This
manner of interacting with co-categories is formally analogous to the manner in which most

mathematicians interact with the foundations of set theory.

9.8.3. If one wishes to be more philosophically aggressive, one could alternatively articulate
the idea of working model-independently as saying that one is employing a Platonic theory
of oo-categories that exists independently of any particular model. One aim of the emerging
field of homotopy type theory [Prol3] is to give mathematically rigorous foundations for such
a philosophical posture.

9.8.4. The model-independent notion of oo-categories will be amplified in ??, where (for
both technical and philosophical reasons) we will discuss a presentation of co-categories
using the oo-category of co-groupoids. Although it is of course logically circular, we find this

to be the most “conceptually correct” definition of oo-categories.?’*

9.8.5. As a practical linguistic matter, when working model-independently we will essen-
tially always omit technical uses of the word “essentially” (as discussed in §9.6.1). For
example, we will simply refer to the composite of a pair of composable morphisms, rather
than saying “a composite, which is unique up to a contractible space of choices”. Likewise, on
a notational level we may implicitly invert equivalences, e.g. we may write A — B < C' — D
to denote a morphism A — D obtained by choosing an inverse (if it arises most naturally in
this way).

201\ore generally (and less circularly), we find @,,-spaces to be the most “conceptually correct” definition

of (o0, n)-categories [Rez10].
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9.8.6. In particular, in this paradigm we generally implicitly consider strict categories as
categories. So for example, “the co-category of simplicial objects in an co-category €7 may
be interpreted to mean “the quasicategory Fun(N(A®P), C), for any particular quasicategory
Ce sSetfoyal representing the oo-category € € Cat” (and for any strict category A°P € cat
representing the category A € Cat; (e.g. a skeleton)).

9.8.7. Let C be a model category with underlying co-category € := C[W™!]. At least
when C is sufficiently nice, for any strict category J € cat the functor co-category Fun(J, C)
is the localization of Fun(J,C) at the componentwise weak equivalences.?’? For example,
the co-category s8 := Fun(A°P,8) is the localization of the category Fun(A°P, Top) at the
componentwise weak homotopy equivalences. This fact may be helpful inasmuch as it gives a
concrete way of thinking about certain functor co-categories (e.g. the oo-category of simplicial
spaces, which features heavily in ?7?), but of course actually choosing such rectifications is
antithetical to the practice of model-independent mathematics.

10. Notes for weeks 7-9

In these last three weeks, I'll give a rapid introduction to the general theory of co-categories,
building on our discussion of k-linear co-categories. Then, I'll proceed to discuss stable oo-
categories, and connect them back to (stable) k-linear co-categories. From there, we’ll cover
additional related topics as time allows.

In order to accomplish this, we’ll have a substantially less thorough discussion of oo-
categories than was given in a previous iteration of this course (on the notes from which
these notes are based). However, it doesn’t really make sense for me to write completely
thorough notes that adhere to our current course, and in any case it should be valuable for
you to have complementary reading material. So instead, I have simply included all of the
relevant material from the previous iteration above, and in this section I'll merely summarize
what was discussed in each lecture along with specific references to material above and/or to
external references.?® It is worth noting that the lecture slides (available from the Home tab
in our Canvas page) may be more valuable now than before for reviewing what was covered

in lecture.

10.1. Monday 5/15.

e We discussed Postnikov towers and k-invariants for derived R-modules (see §7.3.3).

T<n

— This involved the n-truncation functor Dp —* D3", which is left adjoint
to the inclusion. A slight variant, the n-cotruncation functor Dy =2 Dz",

202Tis is a fairly nontrivial fact, and may be referred to as rectification of diagrams.
203Recall from §0.2.5 that we use the letters “T” and “A” to respectively refer to Lurie’s books Higher
Topos Theory and Higher Algebra: [§T.1] is the canonical expository introduction to co-categories (and is

extremely accessible), while [§A.1] is the canonical reference for stable co-categories.


https://www.math.ias.edu/~lurie/papers/HTT.pdf
https://www.math.ias.edu/~lurie/papers/HTT.pdf
https://www.math.ias.edu/~lurie/papers/HA.pdf
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is discussed in §8.4.2; this is right adjoint to the inclusion. These are closely
related: we have

. e .
Ten = coker <Z>n+l7_2n+l I |d>

in Fun(Dg, Dg).
This concluded our discussion of derived functors (i.e. we skipped §§7.4-7.5), and
thereafter we transitioned into the brand-new topic of co-categories (although these
will take a little while to reach). Though we covered it differently, our approach most
closely follows that material in §9.2.1.

e Let cat denote the category of (small) categories. For each m > 0, we have the
totally ordered set [n] := {0 < 1 < --- < n}, which we can consider as a category
[n] € cat. These assemble into a full subcategory A < cat, which is called the
stmplicial indexing category. This has a generators-and-relations presentation,
see e.g. Proposition 2.5 here.

e A simplicial object in a category C is by definition a functor A°® — C; these form
a category sC := Fun(A° €). Typically, given X € sC we write X,, := X([n]°). In
particular, we have the category sSet of simplicial sets, which will play a central role
for us.

e Given a category C € cat, its nerve is the simplicial set

homeat(—

N(C) : A% —— cat® 9, Set .

The set N(C),, consists of the sequences of n composable morphisms in € (with N(C),
being the set of objects).

10.2. Wednesday 5/17.

e Today’s lecture roughly corresponds to the material in §9.2.1 and §§8.3.3-8.3.5.

e Given a category C € cat, its nerve N(C) € sSet “knows everything there is to know”
about the original category. For instance, N(C)q is its set of objects, N(C); is its
set of morphisms, and composition is recorded by a structure map N(C); — N(C);
(namely that opposite to the map [2] <<= [1]). Associativity is baked in as well, by

considering a square

| I

Altogether, the functor sSet N ocatis fully faithful.
e Another way of thinking about A is as topological simplices: we have a faithful

Ato . . . . .
inclusion A — Top, with maps being the vertex-preserving linear functions.


https://ncatlab.org/nlab/show/simplex+category
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e We can use this to consider a simplicial set X € sSet as a “gluing recipe” for a
topological space, namely its geometric realization

| X| = coIim(An_,X)eA/X(Afop) € Top .

top Carries a topological space Y € Top to its

e Relatedly, restricted Yoneda along A
simplicial set

homep(—,Y)
e s e o

Sing(Y) : AP St Top®P Set

of singular simplices. (So, Sing(Y), := home,(AL,,,Y) is the set of singular n-

simplices in Y'.) Namely, these functors assemble into an adjunction

|-
sSet T Top

Sing
e This is a very general phenomenon. Namely, the functor A 2%, sSet is the free
cocompletion: for any category D with all (small) colimits, restriction defines an

equivalence

Fun(A, D) < Fun(sSet, D)colim-pres

with the inverse given by “left Kan extension” along the inclusion A <25 sSet: for

A
any functor A —2 D, the corresponding colimit-preserving functor sSet — D carries
X € sSet to

COlim(A"—»X)eA/X(A%) eD.

e In particular, this was the case with the nerves of categories: we have an adjunction

ho
—
sSet ﬁ ” cat

So we can also think of a simplicial set as a recipe for building a category. (The nota-
tion ho will be explained later.) More broadly, a simplicial set is “an abstract gluing
recipe” for building objects in any category D that admits all colimits, implemented
as described just above.

e To characterize the nerves of categories, we define the i horn of the n-simplex to
be the maximal subobject A? = A" not containing the i*" face (opposite to the it
vertex). This is an inner horn if 0 < ¢ < n, and an outer horn otherwise. Then,
a simplicial set X € sSet is the nerve of a category iff it admits unique inner horn
fillers, i.e. for every n > 0 and every 0 < ¢ < n and every map A — X there exists
a unique extension

A} —— X

pat
-
-
-
-
-
-

An
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10.3. Friday 5/19.
e Today’s lecture roughly corresponds to the material in §§9.1-9.2.

e Recall that a simplicial set is the nerve of a category iff it has unique fillers for all
inner horns. Furthermore, it’s the nerve of a groupoid iff it has unique fillers for outer
horns as well. For instance, filling an outer horn A2 — N(€) amounts to choosing an
extension

N
y\
N
N

o ——5 > C2

and if f is an isomorphism then there is a unique such extension, namely go f~1.

e Given a topological space Y € Top, its singular simplicial set Sing(Y")s := hom, (A7, Y)
admits all horn fillers, but these are no longer unique. The inner horn fillers come
from “composition of paths up to homotopy”, and the outer horn fillers are similar
but use the fact that paths can be reversed — just as isomorphisms in a groupoid can
be reversed.

e We can force the horn fillers in Sing(Y') to be unique by applying ho, and we obtain

the fundamental groupoid of Y:
ho(Sing(Y)) = I, (Y) .

Its objects are the points of Y, and its morphisms are homotopy classes of paths.

e Of course, the fundamental groupoid doesn’t capture all the homotopical information
contained in an arbitrary topological space, but it does if the space is a I-truncated,
i.e. ms2 = 0 (at all basepoints). Ultimately, we get an equivalence of categories

Sing

Top > sSet
]\ 1]1 J/ho
Top~! o S gpd < > cat

! |

Top<'[{w.h.e.’s} '] 2l gpd[{equivees} ]

between the category of (homotopy) 1-types — 1-truncated spaces up to weak ho-
motopy equivalence — and the category of groupoids up to equivalence.

e One can hope to extend this to higher dimensions. Whatever the “correct” notion
of “n-category” is, the n-groupoids among them — i.e. the n-categories in which
all 7-morphisms are invertible for all 7 > 0 — should be equivalent to the category
Top~"[{w.h.e.’s} 7] of n-types; this idea is called Grothendieck’s homotopy hypothesis.

e The naive definition is as follows: a strict n-category is a category strictly enriched

in strict (n—1)-categories. For instance, associativity in a strict 2-category € involves
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commutative squares

home (Y, Z) x home(X,Y) x hom(W, X) —— home(Y, Z) x home(W,Y)

| |

home (X, Z) x home(W, X) > home (W, Z)

in cat, where we ask the square to commute “on the nose” —i.e. the composite functors
are exactly equal. But we could weaken this notion to only ask it to commute up to
a specified natural (“coherence”) isomorphism, and this leads to the notion of weak
2-category — and thereafter, weak 3-category.

e It turns out that all weak 2-categories are equivalent (in an appropriate sense) to
strict 2-categories, but not all weak 3-categories can be strictified. As a concrete
example, the fundamental 3-category of the 2-sphere I13(S?) is not equivalent to a
strict 3-groupoid.?’* So, strict categories are not the “correct” notion”, at least from
the point of view of the homotopy hypothesis. However, these coherence conditions
explode in complexity as we move upwards, though, and humanity seems to have
stalled in pursuing this approach around n = 3 or n = 4 (with something like 30
coherence conditions).

e As a point of terminology, define a (weak or strict) (n,k)-category to be an n-
category in which all --morphisms are invertible for ¢ > k. So a general n-category is
an (n,n)-category, and an n-groupoid is an (n, 0)-category. Then, an (n, k)-category
should be (weakly or strictly) enriched in (n — 1,k — 1)-categories. This allows us
to make sense of the case where k = 1, in which case we can even take n = o0: a
weak (00, 1)-category should be a category weakly enriched in (00, 0)-categories, i.e.
oo-groupoids, i.e. homotopy co-types — more often just called “homotopy types”.

e Jumping ahead to the conclusion, it turns out that (oo, 1)-categories can all be stric-
tified. Thus, we define an (o0, 1)-category to be a weak equivalence class of Top-
enriched category (definining weak equivalence just as we did for dg-categories, only
replacing quasi-isomorphisms with weak homotopy equivalence). That is, the (o0, 1)-
category Cat := Cat,, of (o0, 1)-categories will have its homotopy category given by

ho(Cat) = cat(Top)[{w.e.’s} '] .

e This is a sufficient definition, but it’s not a “good” one — it’s “too strict”. It turns
out to be better to extract “only the homotopy-coherent information” out of a Top-
enriched category: this makes it so “it’s impossible to speak in strict terms”. Namely,
the homotopy-coherent nerve functor

Nbh-c
cat(Top) — sSet

204This contains (the equivalence class of) the Hopf fibration S® — S? as a 3-isomorphism.
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is given by a certain restricted Yoneda embedding
Nh'c'(e)O i= homcat(Top) (|€[e][, €) -

This object |€[n]| € cat(Top) corepresents “homotopy-coherent compositions of n
composable morphisms”. More precisely, for ¢,j € [n], we write P, ; for the poset
of sequences i < kg < --+ < k¢ < j in [n], ordered by inclusion. Then, we get a
sSet-enriched category €[n| by defining homey, (7, 7) := N(F;;), and we get the Top-
enriched category |€[n]| by taking the geometric realizations of its hom-objects. For
example, €[2] has the objects 0, 1,2, and hom(0, 1) and hom(1,2) both consist of a
single vertex (since there are no factorizations of i < i + 1), whereas hom(0,2) is
the nerve of the poset {{0 < 2} — {0 < 1 < 2}} — in other words, it’s a 1-simplex.
Pictorially, we can illustrate €[2] as

(which we saw in §6.2.3).

10.4. Monday 5/22.

e Today’s lecture roughly corresponds to the material in §§9.1-9.3 and §§9.6.1-9.6.2.
o We fleshed out the 2 x 2 grid in §9.2.3. In particular, the prototypical Kan complex

is Sing of a topological space, while the prototypical quasicategory is N of a Top-
enriched category.

Whereas we previously defined an oo-category (meaning an (oo, 1)-category) to be a
weak equivalence class of Top-enriched category, we can equivalently define it to be a
weak equivalence class of quasicategory. Once again, this means “homotopically fully
faithful” and “homotopically essentially surjective” (or just “essentially surjective on
homotopy categories”), using the basic notions described in §9.3.

Worth highlighting is the fact that “strict composition” is not well-defined in a qua-
sicategory C. Rather, a pair of composable morphisms is given by a map A? — C,
and any extension to A? may be called “a homotopy-coherent composition” — any
“any of these is just as good as any other”. In particular, if C = N"<(€) for some
C € cat(Top), in the quasicategory C we are forgetting the strict composition in € and
“putting all homotopy-coherent compositions on equal footing”.
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