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0.1.4. In preparing your homework, please copy down the problem statement, since it is
possible that the numbering may change.

0.2. Conventions.

0.2.1. As this document is a work in progress, I will frequently want to make changes to
existing material (in addition to adding material as we cover it during lecture). Of course, it
would be quite difficult for a reader to spot such changes, especially as the document grows.
Therefore, any substantial such changes will be temporarily flagged by their change date (for
easy searching) and additionally will be colored as follows: changes that have occurred since
the most recent lecture are red, changes made between the past two lectures are blue, and
changes made between two and three lectures ago are green. Older changes are no longer
colored.

0.2.2. We use standard notation without comment, e.g. Z denotes the integers and Set
denotes the category of sets. However, notation will very often only be “local” the meanings
of various symbols will be fluid, and notation may change slightly through the document as
needed.

0.2.3. The term “natural number” (and the notation N) sometimes will include 0 and some-
times will not. It will often be a good exercise to think through this boundary case, to see

whether the given assertion holds (or even makes mathematical sense).

0.2.4. We use the basic language of category theory freely. The canonical reference is
[Mac71]. Many more efficient introductions are available, e.g. [Saf] or [Wei94, §A]. We
consider posets as categories without comment. We write e.g. N= and Z= for the usual
poset structures on the natural numbers and the integers. |mumwiz9 Given some datum in
a category (e.g. an object or morphism), we may use the superscript (—)° to denote the
corresponding datum in the opposite category, although we may also omit this superscript
when our meaning is sufficiently clear. We mostly ignore set-theoretic issues.*

0.2.5. Especially in later sections, we will frequently give references to Lurie’s books [L.ur(9]
and |Lur]. Our exposition is nevertheless intended to be self-contained, with these references
merely providing the reader with entry points for exploring those books further. For brevity,
we will use the abbreviations “T” and “A” to refer to these works, and moreover we will
omit environment names (except for the section symbol §). So for instance, we will refer to
[Lur09, Theorem 4.1.3.1] simply as [T.4.1.3.1] and to |Lur, §1.3.3] simply as [§A.1.3.3].

0.2.6. The term “(commutative) ring” means “associative unital (resp. commutative) ring”.

Likewise, modules are always unital (meaning that the unit element acts as the identity).

10Or, said differently, we implicitly work with respect to a fixed Grothendieck universe.
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0.2.7. In the interest of brevity, universal quantifiers will often be dropped. For instance,
an assertion involving an integer n should generally be understood to refer to all integers n
unless otherwise specified, and formulas involving arbitrary elements (e.g. of abelian groups)

should generally be understood to refer to all elements unless otherwise specified.

0.2.8.  |aanea2s) For brevity, we will often use a slash to make multiple statements at once.
This idiom has two possible meanings; the specific meaning should always be clear from
context. On the one hand, we will write e.g. “homotopy co/kernel sequence” as a stand-in
for “sequences which are simultaneously homotopy cokernel sequences and homotopy kernel
sequences — and let us not forget that it suffices to check either condition in order to deduce
both”. On the other hand, we will write e.g. “co/limits” as a stand in for “both colimits and

limits”.

PART I. HOMOLOGICAL ALGEBRA

1. SOME MOTIVATION FOR HOMOLOGICAL ALGEBRA

1.1. Intersection theory. A basic endeavor in geometry is to understand intersections. For
example, given a (smooth) manifold M and two submanifolds Ny, Ny € M of complementary

dimensions, a fundamental question is to compute the algebraic intersection number
[No] - [N1] € Z .

If Ny and N; intersect transversely (i.e. T,No + T,N, = T,,M for all p € (Ny N Ny)), then
this is simply the (signed) sum of their intersection points. Moreover, this is invariant under
small perturbations, as long as the intersection remains transverse.

However, if the intersection of Ny and Ny is not transverse, the situation is somewhat
complicated. On the one hand, there will always exist arbitrarily small perturbations of
either Ny or N; that make the intersection transverse, and it is a fact that the resulting
intersection number will not depend on the chosen perturbation.? However, this approach
has a number of (related) drawbacks.

(1) Perturbations are noncanonical.

(2) Perturbations will generally destroy the inherent symmetries of the situation.?

(3) Even if one begins with algebraic varieties, the perturbations guaranteed by the
genericity of transversality are generally only transcendental.*

2A good introduction to these ideas is [(P74].

3For instance, perturbations to transverse intersections need not exist in the equivariant context.

Tt turns out that it is in some sense always possible to perturb of algebraic varieties that achieve
transversality, however, at least when the ambient variety is sufficiently nice. This is Chow’s moving lemma,
where “perturb” means “change to a new but rationally equivalent algebraic cycle”. It is fundamental in the

classical approach to intersection theory in algebraic geometry [EH16].
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A first application of homological algebra is to compute non-transverse intersections without
perturbations. We will illustrate the failure of ordinary (i.e. non-homological) algebra in

§1.4, after some preliminaries.

1.2. Tensor products. We first recall the notion of tensor product.

Let R be a commutative ring, and let M and N be R-modules. The (relative) tensor
product of M and N over R,° denoted M ®p N, is the universal abelian group equipped
with an R-balanced bilinear function

Mx N - Meg N,

i.e. a function satisfying the following axioms:
(1) p(m+m',n) = p(m,n) + ¢(m’,n) and p(m,n +n') = p(m,n) + e(m,n');
(2) o(m-r,n) =p(m,r n).°
In other words, for any abelian group A, precomposition with ¢ determines a canonical

isomorphism
{R-bilinear functions M x N — A} «<— {abelian group homomorphisms M ®p N — A} .

In the case that R is understood (and particularly when R = Z or when R is a field), we
may simply write ® := ®gp.

The relative tensor product M ®r N is defined by a universal property, which does not a
priori guarantee that it exists. However, it is also easy to construct explicitly. Namely, one
begins with the abelian group M x N and quotients by the following relations:

(1) (m+m/,n) ~ (m,n)+ (m',n) and (m,n+n') ~ (m,n) + (m,n’);
(2) (m-r,n)~ (m,r-n).

[

Exercise 1.1 (2 points). For any natural numbers m,n € N, prove that Z/m ®z Z/n =
Z/ged(m,n).

1.3. Basic principles of algebraic geometry. In order to illustrate intersection theory
via tensor products, we recall a few basic principles of algebraic geometry. We work over
R to adhere to geometric intuition, but the same ideas apply over any field. For further
background, see [Har77, §I.1].

1.3.1.  The polynomial functions on R™ are the n-variate polynomials: O(R") = Rz, ..., z,).
We simply write R = O(R") (leaving n implicit).

5The word “relative” here is meant to emphasize that R is an arbitrary commutative ring. By contrast,
the term “absolute tensor product” would emphasize that R = Z.
6The notation here stems from the fact that more generally, we can define the relative tensor product

when R is merely an associative ring, M is a right R-module, and N is a left R-module.
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1.3.2. By definition, an algebraic subset of R" is a closed subset Z C R" that is cut out
by (i.e. equal to) the vanishing of some subset S C R of polynomial functions on R™.” In

this case we write Z = V(5), and we say that Z is the vanishing locus of the elements of
S. If J C R is the ideal generated by a subset S C R, then V(J) = V(S).®

1.3.3. We write I(Z) C R for the ideal of those functions that vanish along Z. Then, the

ring of polynomial functions on Z is
O(Z)=R/I(Z) .
1.3.4. Conversely, any ideal J C R has a corresponding vanishing locus
V(J)={peR": f(p)=0forall fel} CR".
1.3.5.  These constructions determine functions

I
{subsets of R" > {ideals in R} .7
v

These are inclusion-reversing, and associate intersections of subsets with unions of ideals. In
particular, given algebraic subsets Zy, Z; C R™ and writing I; = I(Z;), we have

0(ZoNZ,) 2 R/(Io, ) =~ R/Iy ®r R/I, .

1.4. Intersections via tensor products. We now proceed to study a few basic examples

of intersections via tensor products.

1.4.1. Our first example merely illustrates the above principles.
Consider the curves y = 22 and y = z in the plane R% Their intersection is the locus

where © = x?

,or - (z—1)=0. Now, R is an integral domain (in fact, it is a field), and
so the equation 7 - s = 0 in R implies that » = 0 or s = 0. In this case, we find that the
solutions are z = 0 and x = 1.

We now compute the same intersection, but using the above principles. The algebraic

subsets
Zy ={(z,y) e R? . y = 2?} C R? and 7y ={(z,y) e R? : y = 2} C R?
respectively correspond to the ideals
L=1Z)=y—2>)CR and L=IZ)=@Hy—z)CR.

7By definition of the Zariski topology, these are precisely the Zariski-closed subsets of R™.

8Since R is noetherian, any ideal is finitely generated. In other words, we may always take S to be a
finite set of polynomial functions on R™.

90ver an algebraically closed field k, this construction restricts to a bijection between closed subsets of
k™ (with respect to the Zariski topology) and radical ideals of k[z1,...,x,]. The composite V o I carries
a subset Y C k™ to its closure Y C k", while the composite I o V' carries an ideal I C k[zy,...,x,] to its
radical VT = {f € k[z1,...,2,] : 3n > 0s.t. f* € I} C R. By contrast, over R the function V fails to be
injective, e.g. V(R[z]) = V(22 +1) = @.
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So, the polynomial functions on Zy N Z; are
0(ZoN7Z1) = R/Iy®rR/L = R/(Io, ) = Rlz,y]/(y — 2*,y — ) = Rlz]/(z — 2?)
= Rfz]/(z- (1 -2)) = Rz]/z x R[z]/(1 —z) =R xR,

where the second-to-last isomorphism is via the Chinese remainder theorem (note that R|z]
is a PID, in fact it is a Euclidean domain).'” The fact that this is a 2-dimensional R-algebra
corresponds to the fact that Zy, N Z; consists of two points.

1.4.2.  Our second example illustrates the power of scheme theory, i.e. the presence of
nilpotent elements, which can in good situations detect the correct multiplicity of a non-
transverse intersection point.

Consider the ideals Iy = (y — 2?) and I; = (y) in R. These correspond to the curves
y = 22 and y = 0. These intersect “twice” at the origin. This can be seen in differential
topology by taking derivatives (in fact, it can be seen in algebraic geometry that way too).

Correspondingly, we compute that
R/Iy®r R/I, = R/(Io, I) = Rlz,y]/(y — 2°,y) = Rlz]/(2?) .

The 2-dimensionality of this R-algebra again reflects the fact that the two curves V(1) and
V(1) intersect “with multiplicity two”. Namely, this R-algebra corresponds to “the origin
along with infinitesimal fuzz in the direction of the z-axis”. This is in contrast with the
previous example, where the tensor product split as a cartesian product.

These techniques are quite robust.

Exercise 1.2 (4 points). Consider the curves y = 2% and y = —1 in R?. Compute and
interpret their scheme-theoretic intersection.

1.4.3. Here is the simplest example of a non-transverse intersection for which ordinary (as
opposed to homological) algebra fails to give the correct answer.

Consider points a,b € R! as algebraic subsets. These correspond to the ideals I, =
(x —a) C Rand I = (x —b) C R. We compute the functions on their intersection to be

R, a=b

O({a}m{b})gR/[()@RPL/[lgR[ﬂ?]/(x—a,x—b)%’R/(a_b)g{ N

Generically, two points in the line do not intersect, and in this situation (i.e. when a # b) we
obtain the expected intersection number of 0. However, in the non-generic situation where

a = b, we obtain a 1-dimensional R-algebra.

10 An explicit inverse is given by carrying the pair (a,b) € R xR to the function z ~— fap(x) :=a+(b—a)-x
(which has f,4(0) = a and f, (1) = b), considered as an element of R[z]/(z-(1—x)). One can check directly
that this is a ring homomorphism. It is clearly injective. To see that it is surjective, for any g € R[z] we
claim that g — fy(0),g¢1) lies in the ideal generated by x - (z —1). Observe that g — fy(0),4¢1) vanishes at x =0
and x = 1. So this is simply the assertion that if a polynomial vanishes at r € R, then we can factor out

(z — ). (And this can be accomplished via the Euclidean algorithm.)
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Using homological algebra, namely the notion of derived tensor products, we will be
able to obtain the expected intersection number of 0 even when a = b.

1.4.4. The following exercise illustrates another source of failure of the expected dimension,

introducing projective space along the way.

Exercise 1.3 (6 points). Generically, two lines in R? intersect in a point. Of course, not all
pairs of lines are in general position. For instance, consider the curves y = x and y =z + 1
in R?.

(a) Compute (the functions on) their intersection using tensor products.

The issue here is that these lines “just barely avoid intersecting” morally they should intersect
“at infinity”.!* This issue is repaired by passing to the projective plane, i.e. the quotient

RP? := (R?\{0})/R*

by the scaling action. So, its points are specified by nonzero triples [z : y : z|, called
homogeneous coordinates, which are governed by the relation that for any A € R* we have
[z :y:z] = [A\x: Ay : \z]. Moreover, there is an inclusion R? < RIP? given by the formula
(z,y) = [z:y:1].12
(b) Show that a homogenous polynomial g € Rz, y, z] (i.e. one for which g(Ap) = X¢-g(p)
for some d € N) has a well-defined vanishing locus V(g) C RP2.
(c¢) Find homogenizations of fi = y—x and fo = y —x — 1, i.e. homogenous polynomials
61,92 € Rz, y, 2] such that gi([z  y : 1)) = fi(z,y). ~
(d) Compute and interpret the intersection of the vanishing loci V(g;) C RIP2.

1.4.5. As we have seen in §1.4.4, given two lines in R2, we are more likely to get the expected
number if we intersect them (or rather their closures) in RP?: namely, this gives the correct
answer even when the lines are parallel. However, this fails to give the correct answer when
the two lines are equal. Derived tensor products repair this failure. Namely, the derived
tensor product of a (projective) line with itself in RP? is “a line, but with cardinality equal
to that of a single point”.

1.4.6. Of course, there are also examples that are not self-intersections where derived tensor
products give the correct answer where ordinary tensor products do not. For this it is
necessary to work in higher dimensions, see e.g. [FH16, Example 2.6].

A better way to say this would be to consider the equations y = z and y = tz + 1: these are surfaces
in R?, which may be considered as families of lines indexed by the parameter ¢ € R. As t — 11 their
intersection point has x — —oo, while as t — 1~ their intersection point has x — +oo. This suggests that
there should be a single point “at infinity” where they intersect in the case that ¢t = 1.

1280, the “points at infinity” are those of the form [z : y : 0]. Since we disallow the possibility that
x =y = 0, these form a copy of RP! := (R?\{0})/R*. Note that each such point [z : y : 0] may be uniquely
identified with a slope %, where we declare that oo := ¥ for y # 0 (this is the unique point in RPHN\RY).
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2. CHAIN COMPLEXES, HOMOLOGY, AND TENSOR PRODUCTS
We now proceed to introduce the basic objects of study in homological algebra.

2.1. Algebra conventions. For concreteness, we work in the context of ordinary algebra.
Namely, we fix a commutative ring k and a k-algebra R. For the most part, we will work
in Modg, the category of (right) R-modules, and one may take k to be Z. However, at
times we will want to specialize to a commutative ring, and for this it is convenient for k

13" Moreover, we will study some interactions between k-modules and R-

to be arbitrary.
modules. At the level of ordinary (i.e. non-homological) algebra, these are encapsulated by

the following facts.

(1) The category Mody is symmetric monoidal via the tensor product, which we denote
by ® := ®y; its unit object is k.

(2) The category Modp, is naturally enriched in Mody. In other words, for any R-modules
M, N € Modg, the set hommoa, (M, N) of R-linear homomorphisms carries the natu-
ral structure of a k-module, and moreover composition in Modg is k-multilinear.

(3) Moreover, k-modules naturally act on R-modules in two different ways: for any k-
module 7" € Mody and any R-modules M, N € Modgr we have R-modules

T Xk M and homModk (T, N) s

where the (right) R-actions are induced from those on M and N, and these construc-

tions participate in natural isomorphisms
homModk (T, homModR(M, N)) = homModR(T ®]k M, N) = homModR(M, homModk (T, N)) .

Of course, one may take R = k as a special case.!* As a result, the notions that we will
develop relating to the interactions between k-modules and R-modules will all be general-
1zations of the notions that we develop relating to k-modules alone.

As we will see later, most of the theory works equally well for a general abelian category,
although there will be some additional hiccups that do not arise when studying modules.

2.2. Chain complexes. A chain complex of R-modules is a diagram

n—+1

* dn+2> Mn+1 a ? Mn d_n> Mn—l dn—1>
of R-modules such that for all n € Z, the composite d,, o d,,; = 0. One may simply write

M, for a chain complex; the bullet indicates that “all indices are being referred to at once”.

To emphasize the differentials, one may write (M,,d,). Also, one may simply refer to a

130f course, we will apply results developed for R-modules to k-modules without comment.

14The above facts then reduce to the assertion that Mody is a closed symmetric monoidal category, i.e.
that it carries a self-enrichment that is compatible with its symmetric monoidal structure.

150n the other hand, the Freyd-Mitchell embedding theorem states that any abelian category embeds
fully faithfully into Modg for some ring R (although the choice of such a ring R is noncanonical). So in a

sense, working at the level of abelian categories offers no additional generality.
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chain complex as a “complex”.! On the other hand, we also may omit the bullet and simply
write M := M, for simplicity. The integer n is called the degree or the dimension. For an
element m € M,,, we may write deg(m) := n.

The morphisms d,, are called the differentials of the chain complex. We fix the convention
that they are always indexed by their source (i.e. the source of d, is M, ). However, one
frequently omits the indices, in which case the equation d,, o d,,1 = 0 may be more simply
written as d> = 0. On the other hand, when we wish to emphasize that these are the
differentials of M,, we superscript them as d.

In this notation, a morphism of chain complexes M, ELN N, is a sequence of morphisms
M, f—"> N,, of R-modules such that the diagram

aM aM dM aM
+2 +1 Y —1
L Mn+1 LR Mn T n—1 /..
fn+1l fnl fnfll
. —)dN Nn+1 N > Nn N > Nn—l —)dN e
n+2 n+1 n n—1

commutes.’” These morphisms are often referred to as chain maps. We write Chy for the
category of chain complexes of R-modules.

In depicting a complex, it is customary to decorate the term in degree 0 with a squiggled
underline when appropriate.

Any R-module M € Modg determines a chain complex concentrated in degree 0:

e —= 00— M —0— .
This construction determines a fully faithful embedding
MOdR — ChR .

As a result, we may not notationally distinguish between data in Modg and its image in
Chg.
When a complex only has a few nonzero terms, for brevity one may omit the zero terms.

For instance, the above complex may also be written as M.

2.3. Homology. Fix a chain complex M,. Its n-cycles and n-boundaries are the sub-
modules

Z,(M,) = ker(d,) C M,  and  B,(M.) := im(dns;) C M, .18

16The word “chain” here is historical: the first example of a chain complex has in degree n the “n*® chain
group” of a simplicial complex X i.e. the group of chains (i.e. formal linear combinations) of n-simplices of
X. (It was only later realized that chain complexes are worth studying in their own right.)

I7For typographical reasons, we will generally draw morphisms of chain complexes vertically in this way.

18The German words for “cycle” and “boundary” respectively begin with the letters “Z” and “B”.
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Note that B,,(M,) C Z,(M,) because d*> = 0. Then, the n* homology of M, is the quotient

R-module
Z,(M,) o ker(d,,)

B.(M,)  im(d,y)

Although H,,(M,) is an R-module, it is common to refer to it merely as a homology group.

H.(M,) :=

Exercise 2.1 (2 points). Verify that the constructions Z,,, B,,, and H,, define functors
ChR — MOdR .

A morphism M, ELN N, in Chp is called a quasi-isomorphism if the induced morphisms
H,(M,) 240,
is a quasi-isomorphism by decorating the arrow as —.

We say that M, is acyclic if H,(M,) = 0 for all n. So, M, is acyclic if and only if the
unique map 0 — M, from the zero complex is a quasi-isomorphism, if and only if the unique

H,(N,) are isomorphisms for all n € Z. We may indicate that a morphism

map M, — 0 to the zero complex is a quasi-isomorphism.
2.4. The derived category of R-modules.

2.4.1. By and large, we would like to think of quasi-isomorphic chain complexes as “essen-
tially interchangeable”, with some representatives of a given quasi-isomorphism class (namely
the projective and injective complexes introduced below) being “well-adapted” for certain
purposes.’? In other words, one should think of quasi-isomorphisms as if they are actual
isomorphisms.

This can be made literally true by localizing the category Chy at the quasi-isomorphisms,
i.e. by adjoining formal inverses for them. This yields a category that (for reasons that will
become clear later) we will denote by Ho(Dg) and refer to as the derived category of R-
modules; its objects are called derived R-modules.?’ So by definition, there is a canonical

functor
ChR — Ho(DR)

that carries all quasi-isomorphisms to isomorphisms, and moreover it is universal with respect
to this requirement. Indeed, for any category €, the restriction functor

FUH(ChR, @) — FUH(H()(DR), @)

is a fully faithful inclusion, whose image consists of those functors Chg — € that carry

quasi-isomorphisms to isomorphisms.

19This is very closely akin to how one should think of equivalent categories as “essentially interchangeable”,
even when they are not isomorphic. However, in a precise sense, all categories are “equally well-adapted” for
all purposes (in contrast with chain complexes).

20The placement of the word “derived” is admittedly slightly unfortunate, but this terminology is quite

comimnon.
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Note that a derived R-module is a “purely homotopical” object: while it can by definition
be presented by a chain complex of R-modules, one cannot speak e.g. of its underlying R-
module in dimension 0, as this notion is not preserved under quasi-isomorphisms.?! On the
other hand, one can speak e.g. of its n'® homology, as this notion is by definition preserved

under quasi-isomorphisms.

2.4.2. Essentially by construction, given two complexes M, N € Chg, morphisms from M
to N in the derived category are given by equivalence classes of zigzags

M 0e—ye+— ... —3se+— N

(in which all backwards maps are quasi-isomorphisms). Thankfully, it will turn out that

every equivalence class contains representatives of the forms
M<<— e — N and M— e N,

which makes the situation substantially more manageable.?*

2.4.3. Although we introduce the derived category now, we will not have much use for it: it
contains too little information. The richer and more primitive object is Dy, the derived oco-
category of R. This is a mathematical entity whose objects are still the derived R-modules,
but whose hom-objects are more elaborate: namely, they are derived k-modules. Of course,
passing from Dy to Ho(Dr) amounts to entracting only the 0 homology groups of these

hom-objects.

2.4.4. While quasi-isomorphic complexes have isomorphic homology groups, we will see
that the converse is generally false: the obstruction will be encoded by k-invariants, as
explained in §7.3.3.2 That is, a quasi-isomorphism class of complexes is equivalent data
to its homology groups along with all of its k-invariants. For this reason, we will generally
consider (quasi-isomorphism classes of) complexes themselves as the “true” mathematical
objects of lasting interest, while their homology groups are merely algebraic invariants that
can be extracted therefrom.

2.5. Tensor products. Given complexes M, N € Chy of k-modules, we define their tensor
product complex

(M ®N)y:=(M®gN),

211 jkewise, one cannot speak of the underlying set of a weak homotopy equivalence class of topological
spaces, nor can one speak of the set of objects of an equivalence class of categories.

22These reductions are guaranteed by the existence of two different model structures on Chg, which
respectively have the features that all objects are fibrant and that all objects are cofibrant.

23This same name is given to the (closely analogous) obstructions to spaces with the same homotopy

groups being weak homotopy equivalent.
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as follows. First of all, we define its k™ term to be
(M@ N =P MeN;) =P (Me:N,) .
i+j=k i+j=Fk

Then, the differential is characterized by the fact that it carries a pure tensor
m®n e (M;®N;) C(M&N);
to the sum of pure tensors
dm®n) :=dm)@n+ (-1 -madn) ,*
(an element of ((M;—1 @ N;) @& (M; ® Nj_1)) € (M ® N)i_1). More elaborately, this may be

written as
AN m@n) =df(m)@n+ (-1)7 -m® djv(n) :

Exercise 2.2 (2 points). Verify that this formula defines a complex.

In particular, in solving Exercise 2.2 you will see why the signs are necessary in the definition
of the tensor product of complexes. In fact, many sign conventions are possible (and all give
equivalent symmetric monoidal categories), but it is impossible to remove all signs from the
theory (unless one works over Fy).

From here, it is straightforward to see that the above construction defines a monoidal
structure

Chy x Chy -2 Chy |

with unit object k := k € Chy. In fact, this is a symmetric monoidal structure, with

symmetry isomorphisms

M@N —NQM

determined by the formula
m @ n — (—1)desmrdeen) gy @y 2
More generally, this same construction defines an action
Chy x Chg -2 Chp
of the symmetric monoidal category (Chy, ®,k) on the category Chg.
Exercise 2.3 (8 points). Fix two complexes M, N € Chy.

24The factor (—1)7 is determined by the Koszul sign rule, which is a general principle asserting that in
commuting graded quantities past one another of degrees k,j € Z one should pick up a factor of (—1)*7.
Namely, we consider the symbol “d” as an expression of degree —1 (which makes sense since it changes
dimensions by 1).

25This formula is another instance of the Koszul sign rule.
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(a) Verify that the formula [m] ® [n] — [m ® n] determines a morphism
H;(M)® H;j(N) — H, ;(M @ N)

of k-modules.

It follows that we obtain a morphism

P (Hi(M) ® Hj(N)) — Hi(M & N)
it+j=k
of k-modules.

(b) Prove that this is an isomorphism under the assumption that k is a field.

(c¢) Find an example where this is not an isomorphism.

3. HOMOTOPIES, HOMOTOPY CO/KERNELS, AND EXACT SEQUENCES

3.1. Homotopies.

3.1.1. Let M, ER My be a morphism of R-modules. This gives us a complex M, := (M; ER

My). Observe that this has a canonical morphism

f

M, My ——— M,
coker(f) 0 — coker(f)

to the cokernel of f (considered as a complex in degree 0). Observe further that

coker(f), n=0
H.(M,) = < ker(f), n=1
0, otherwise

Hence, the above map is a quasi-isomorphism iff f is an injection. One might think of M, as
a “presentation” of the underlying R-module Hy(M,) = coker(f): the generators are My, the
relations are M; (i.e. each m € M; gives a relation d(m) ~ 0), but then H;(M,) furthermore
measures the “redundancy” of the relations. Said differently, M, is a “homotopically correct”
version of the cokernel of f, which remembers not only the literal cokernel but also the extent
to which the relations are overdetermined. Indeed, it will be the homotopy cokernel of the

morphism f.
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3.1.2. Let M,, N, € Chg be complexes and let fo, g € homcp,(M,, No) be morphisms. A
(chain) homotopy from f, to ge is a set of morphisms

Mn h_n> Nn+1
satisfying the condition that
gn_fn:d71y+1ohn+hnflod7]y .

We may write this as f, LY Jde- A nullhomotopy of g, is a homotopy 0 L, ge from the
zero map. A contraction of a complex is a nullhomotopy of its identity map. If a complex
admits a contraction, we say that it is contractible.

Exercise 3.1 (3 points). Show that the relation of homotopy on homcy, (M,, N,) is an

equivalence relation.

In fact, the argument of Exercise 3.1 easily upgrades to imply that we can enhance Chpg
from an ordinary category to a category enriched in groupoids (a.k.a. a (2, 1)-category):?® its
objects are chain complexes, its 1-morphisms are chain maps, and its 2-morphisms are chain
homotopies.”” Indeed, the arguments for transitivity, reflexivity, and symmetry of the relation
of homotopy respectively endow these hom-categories with their composition laws, identity
morphisms, and inverses (so that they are indeed hom-groupoids). It is moreover clear that

homotopies may be composed appropriately, either by definition or using Exercise 3.2 below.

3.1.3. For present and future use, we introduce the complex I € Chy and the morphisms
i, 11 € homcp, (k,I) according to the diagram

k 0 > k

0 l(—idk,m
]I — k (_Id]k’ldk) ﬂ§/\@vﬂ§

g T(O,idk)
k 0 > k

This object I € Chy (along with the two maps iy and i;) is an interval object for the
homotopy theory of chain complexes (which explains the notation).?® The general definition

26 A5 we will see, this is the homotopy (2, 1)-category of a more fundamental object, namely an co-category
(meaning an (oo, 1)-category).

2TThis explains the notation f, = ge just introduced.

28This is a particularly natural choice of an interval object: as we will see, it is the simplicial chains (with
coefficients in k) on the 1-simplex A! (whose underlying topological space is a closed interval), and the two
maps ig and i; are the simplicial chains on the inclusions of its two 0-simplices (i.e. the endpoints of the

closed interval).
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of an interval object is suggested by the discussion of §8.1.2. In the present setting, this
assertion amounts to the following result.

Exercise 3.2 (4 points). Given morphisms f,g € homcp, (M, N), prove that a homotopy
f = g is equivalent data to a morphism I ® M — N that makes the diagram

koM =M

1o®id s

11 ®id s

koM =M

commute.

3.1.4. A morphism M Iy Nin Ch r is a homotopy equivalence if there exists a morphism
N < M and homotopies idy; = go f and f o g = idy.? We may indicate that a morphism
is a homotopy equivalence by decorating it as —».

As a special case, a complex M, is contractible if and only if either unique map 0 — M,
or M, — 0 is a homotopy equivalence.

Exercise 3.3 (3 points). Show that homotopic maps on complexes give equal maps on
homology.

It follows immediately from Exercise 3.3 that homotopy equivalences are quasi-isomorphisms,
and in particular that contractible complexes are acyclic. However, the converse is false.

Exercise 3.4 (10 points).
(a) Show that the complex

274 2T 2Ty L

of Z/4-modules is acyclic but not contractible.
(b) Show that the complex

oo ko) /2? S k2] /2?5 K[z] /2t s -

of k[z]/z*-modules is acyclic. Show that it is contractible as a complex of k-modules,

but not as a complex of k[z]/z*-modules (assuming that k # 0).

29The directions of these homotopies are intended to be suggestive of adjunctions (with f functioning as
the left adjoint), but by Exercise 3.1 they are irrelevant. (Likewise, equivalences of categories are both left
adjoints and right adjoints.)
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3.1.5.  We will generally consider homotopic maps as “essentially interchangeable”. On the
other hand, rather than merely positing the existence of a homotopy between two maps, we

will always want to keep track of the homotopy that witnesses them as being homotopic.
3.2. Homotopy cokernels.

3.2.1. Recall that the cokernel of a morphism M Iy N in Mod r is by definition an R-module
coker(f) € Modg equipped with a morphism

N - coker(f)

satisfying the universal property that precomposition with u determines a bijection

o~ morphisms N — T such that the

hommoad,, (coker(f), T) — 30

composite M Iy N = T is zero

From here, the principles indicated in §3.1.5 lead directly to the definition of a homotopy
cokernel of a morphism M, ELN N, in Chg:*' this is an object hcoker(f,) € Chy equipped

with a morphism

N, = hcoker(f,)
satisfying the universal property that precomposition with u, determines a bijection

~ morphisms N, — T, equipped with a
homcp . (hcoker(f,), Ty) — . fo
nullhomotopy of the composite M, = N, — T,

30Said differently, the cokernel of f is the pushout

M—T N

| l

0 —— coker(f)

31This is more often referred to as the cone, but we prefer the term “homotopy cokernel” as it is more

43

directly suggestive of the object’s “role in life” (a.k.a. its raison d’étre). It is also common to refer to this
as the homotopy cofiber, but this deviates from the more standard terminology of “cokernel” (as opposed to
“cofiber”) in the context of an abelian category.

32Similarly, the homotopy cokernel of f may be characterized as the homotopy pushout

M, —I* s N,

|~ 1

0 —— hcoker(f.)

i.e. the initial homotopy-coherent cocone over the diagram 0 < M, ELN N,. Here, the symbol = indicates

that the square only commutes up to a (specified) homotopy.
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In fact, we claim that we have already seen an example of a homotopy cokernel: namely,
for any morphism M . N in Mod R, the complex (M ER N) € Chg equipped with the map

!

is a homotopy cokernel of f (when considered in Chg). More generally, given a morphism

— 5 N
lidN
N

—
f

M, ELN N, in Chg, consider the diagram

—aM 0 —a¥ 0 —aM o a0
fi dy Mo fo dy Moy foa 4y Mo foo dY,
> D ) > D

Ny Ny N_y

of R-modules.

Exercise 3.5 (6 points). Verify that the above diagram indeed defines a complex and more-

over is a homotopy cokernel of f,.

In particular, we find that for a morphism M Iy N in Mod Rr, we have a canonical morphism
hcoker(f) — coker(f), and this is a quasi-isomorphism iff f is injective. This is an instance of
the general principle that homotopically sensitive constructions are equivalent (in this case
quasi-isomorphic) to their ordinary variants in “simple” situations (in this case, when there

is no redundacy in the relations). More generally, we have the following.

Exercise 3.6 (6 points). Fix a morphism M I, N in Chp, that is injective in each dimension.

(a) Show that the canonical morphism
hcoker(f) — coker(f)

to the levelwise cokernel is a quasi-isomorphism.

(b) Give an example showing that this map need not be a homotopy equivalence.

As the following exercise illustrates, homotopy cokernels give us a way of translating condi-

tions on morphisms between chain complexes to conditions on chain complexes themselves.??

Exercise 3.7 (4 points). Fix a morphism M Iy Nin Chg.

33T the paradigm of Goodwillie calculus, a category may be thought of as a “categorified manifold:
objects and morphisms in the category respectively correspond to points and paths in the manifold. In this
analogy, vector spaces correspond to stable categories, of which chain complexes give a fundamental example,

and passage to homotopy cokernels corresponds to translation to the origin.

> e e
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(a) Prove that f is a quasi-isomorphism iff hcoker(f) is acyclic.?
(b) Prove that f is a homotopy equivalence iff hcoker(f) is contractible.

3.2.2.  As a special case of a homotopy cokernel, we simply write
Y M, := hcoker(M, — 0) ,*°

and refer to this as the suspension of M,.?° So by definition, giving a chain map XM, — T,
is equivalent to giving a nullhomotopy of the composite map M, — 0 — T,.
It is evident from the construction that suspension defines an autoequivalence

Chp -5 Chp .

Namely,

12

A~~~

2(...&]\41&)%&]\/[1&%..) ( ~ My =% M _d—l\Mzﬂ...)

the operation of suspension simply shifts all terms up by one and negates all differentials.
We write X7t for its inverse, which we refer to as desuspension. More generally, for any
k € N we write ¥F := ¥°% and 7% := (£71)°*. We also note for future reference the evident
natural isomorphisms

H,oXF 2 H,_,

for all n, k € Z.

Exercise 3.8 (6 points). Fix a morphism M L, N in Chp.

(a) Using the formula for the homotopy cokernel above, establish a canonical homotopy
equivalence
YM =~ hcoker(N — hcoker(f)) >

(b) Establish this same homotopy equivalence using the universal characterization of
homotopy cokernels (as well as previously established properties of homotopies).

3.3. Homotopy kernels.

34The corresponding statement fails e.g. for spaces: there exist spaces X such that the morphism X — pt
is not a weak homotopy equivalence and yet ¥.X := hcoker(X — pt) is weakly contractible. Such spaces are

called acyclic, as they are characterized by having the integral homology of a point.
35Not coincidentally, when R is commutative this admits a canonical identification

M, = (R — 0)® M,

with the tensor product of M, with the reduced simplicial chains on the simplicial circle A'/OA!. (Note
that this is consistent with our sign convention for tensor products; the complex M, ® (R — 0) is different
(although naturally isomorphic)).

36This is more often denoted M,[1] and referred to as the shift of M, but we prefer the more blatantly
topological notation and terminology.

37That these are quasi-isomorphic follows from Exercise 3.6(a).
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3.3.1.  Dually, recall that the kernel of a morphism M Iy N is Mod r is by definition an
R-module ker(f) € Modg equipped with a morphism

ker(f) — M
satisfying the universal property that postcomposition with v determines a bijection
~ { morphisms 7" — M such that the } 2

homed, (17, ker —
M dR( (f) composite T — M i> N is zero

This leads to the dual notion of a homotopy kernel of a morphism M, ELN N, in Chpg: this
is an object hker(f,) € Chg equipped with a morphism

hker(f,) 2o M,
satisfying the universal property that postcomposition with v, determines a bijection

morphisms T, — M, equipped with a } 2

hom T,, hker( f, i)
chil (fe)) { nullhomotopy of the composite T, — M, f—.> N

Exercise 3.9 (4 points). Given a morphism M Jy Nin Ch R, prove that the evident levelwise
projection map
Y heoker(f) — M

is a homotopy kernel of f.*°
By combining Exercises 3.6(a) and 3.9, it follows that if a morphism M J, N in Ch R is
surjective in each dimension, then the canonical morphism

ker(f) — hker(f)

from the levelwise kernel is a quasi-isomorphism (though again it is not necessarily a homo-

topy equivalence).

383aid differently, the kernel of f is the pullback

ker(f) ——

.

39Similarly, the homotopy kernel of f may be characterized as the homotopy pullback

—
f

hker(fo) —— 0

Lo« |
M.T>N.

i.e. the terminal homotopy-coherent cone over the diagram 0 < M, f—'> N,.
40There are unfortunately some signs that should arise here. They could be removed by tweaking the

construction of hker (giving a different but isomorphic formula), but they would then arise elsewhere.
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3.3.2.  Although it will take some time to see why, the following feature is in some sense the
fundamental advantage of working in Chp instead of in Modg.*!

Exercise 3.10 (6 points). Prove that for any morphism M I, N in Chp, the dashed canonical

morphisms

hker(f) —— 0

and M ——— hcoker(v)

0 ——— hcoker(f)
are homotopy equivalences.*?

Namely, this implies that up to homotopy equivalence, every homotopy cokernel sequence
is a homotopy kernel sequence, and conversely. Of course, this fails drastically in Modg: a
cokernel sequence is a kernel sequence iff the original map is injective, and a kernel sequence
is a cokernel sequence iff the original map is surjective. (So, the only co/kernel sequences
in Modpg that are also homotopy co/kernel sequences in Chg are trivial: those for which the

original map is an isomorphism.)
3.4. Exact sequences.

3.4.1. A complex M, € Chg is said to be exact at M, if H,(M,) = 0. In particular, an
acyclic complex is also called an exact sequence, or sometimes a long exact sequence to
emphasize that it is (potentially) infinite in one or both directions.

As a special case, a short exact sequence is a three-term acyclic complex
0—L-L M- N—0,

So, a short exact sequence is such a diagram satisfying the conditions that f is injective, g
is surjective, and ker(g) = im(f). In this case, one may also say that M is an extension of
N by L. For instance,

2 1
0 —7Z/2—=7Z/4—Z/2 —0
is a short exact sequence of Z-modules, which expresses Z/4 as an extension of Z/2 by itself.
41Namely7 this is the key property that makes chain complexes into a stable category.

42Note that these diagrams are only homotopy-coherently commutative (indeed, the canonical morphisms

are induced by homotopy-coherent universal properties).
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More generally, we may refer to any (possibly finite) sequence of morphisms in Modpg as
an exact sequence if it is exact at all interior terms. So for example, one may refer to the
diagram

7)4 25 7)4 =5 7)2 — 0

as an exact sequence.43

3.4.2. The following is the source of almost every single long exact sequence in mathemat-

1CS.44

Exercise 3.11 (2 points). For any morphism M I, Nin Ch r, show that the sequence

Ho(f) (

Ho (M) Ho(N) 2% W (heoker(f))

1s exact.

Namely, from Exercises 3.8, 3.9, and 3.10 we obtain an infinite sequence

CE s B vy BT wehcoker(f)
2
hker(f) - M 5 N % hcoker(f)
2
Shker(f) =% SM ~5 ©N 2% ...

of morphisms in Chg in which every composable pair of morphisms is a homotopy cokernel
sequence up to homotopy equivalence. Thereafter, by Exercise 3.11, applying Hy yields a
long exact sequence

- — Hi(M) — H{(N) — Hj(coker(f))
2l
Ho(hker(f)) — Ho(M) — Ho(N) — Hg(hcoker(f))
2l

H_i(hker(f)) — H_1(M) — H_4(N) — ---

in Modp.

Just as (quasi-isomorphism classes of) complexes encode more information than their
homology groups (recall §2.4.4), so does a (quasi-isomorphism class of) morphism in Chg
encode more information than the corresponding long exact sequence. Therefore, we view
the homotopy co/kernel sequence as the more fundamental notion.

The following exercise illustrates the more classical approach to constructing long exact
sequences.

43Note in particular that we are not implicitly extending the sequence by zero here.

447 notable exception is the long exact sequence on homotopy groups (of which this is actually a special

case).
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Exercise 3.12 (6 points). Suppose that 0 — L LM N S0isa sequence of morphisms
in Chp that is exact in each dimension.*” Construct a long exact sequence

Hus1 (V) 7

L Ho(L) —D sy vy —29 sy (v W

L Hn_1<L) Hno1(f)

4. THE DG-CATEGORY OF COMPLEXES

Hn+1(g)

in MOdR.

4.1. Hom-complexes. Given complexes M, N € Chg, we have seen that morphisms M —
N may be related by homotopies. In fact, these homotopies can be related by higher homo-
topies, ad infinitum. Altogether, these data organize neatly into the hom-complex from M
to N, denoted

Namely, in dimension n the hom-complex is given by
homey,, (M, N),, := [ [ hommod,, (Mi, Nitn)
i€Z
and its differential
dn
H hommody, (M;, Niyy) — H hommod, (M;, Nitn—1)
i€z i€z

carries a tuple {f; € hommed, (M;, Nitn)}iez to the tuple

{(d%, 0 fi+ (=1)""1- firy 0 d") € hommods (Mi, Nijn-1) }

IS/
Exercise 4.1 (2 points). Verify that this formula defines a complex.

Directly from the definition, we have that Z,(hom¢, (M, N)) = homcp, (M, N). Moreover,

given any morphism M Iy Nin Ch R, @ nullhomotopy 0 2 f is equivalent data to an element

45Recall from Exercise 3.6(a) that this implies that the canonical morphism hcoker(f) — coker(f) 22 N is
a quasi-isomorphism.
461y fact, the hom-complex also contains “lower homotopies”, in the sense that complexes are “like spaces,

but with the possibility of cells in negative dimensions”.
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h € homc, . (M, N) such that d;(h) = f. So, Hy(hom¢,, (M, N)) is canonically isomorphic to
the abelian group of homotopy classes of morphisms M — N. Note too that

Shomey,, (M, N) 2 home,, (£7"M, N) & homc, (M, %'N) ;

[

this gives an analogous description of all homology groups of the hom-complex, as H, =
Hg o X7". On the other hand, these homology groups can also be understood in a more
homotopical (although closely related) manner.

Exercise 4.2 (4 points). Given a chain map M Iy N and two nullhomotopies 0 Lo, f and
0 f, define a notion of a homotopy hg = h; between homotopies, and prove that such a
higher homotopy always exists precisely when H;(hom¢, (M, N)) = 0.

If one views the complexes M and N as O-cells, the maps M S Nand ML N as 1-cells,
and the homotopies h; as 2-cells, then such a higher homotopy should be viewed as a 3-

cell. Of course, there are analogs of this same interpretation for all the homology groups of
home, . (M, N).
For brevity, we may simply write

M(MvN) = ho_mcm;;(M7N) '

4.2. The dg-category of complexes. These hom-complexes, in turn, can be naturally

assembled into a single object.
Exercise 4.3 (8 points). Fix any complexes L, M, N,O € Chp.

(a) Construct a map

XL,M,N

in Chy that encodes the composition of morphisms of complexes.
(b) Verify that these composition morphisms are associative, in the sense that the dia-

gram
hom (L, M) @ hom(M, N) @ hom(N, 0) —“*Z%, hom(L, N) @ hom(N, O)
id®xa,N,0 XL,N,O
hom(L, M) ® hom(M, O) TRYE » hom(L, O)

commutes.*”

47T his implicitly uses the associativity of the operation ® in Chy.
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(c) Construct a map

k 2% hom (M, M)

using the identity morphism of M € Chg, and verify that it defines a two-sided
identity for the above composition in the sense that the diagrams

hom(L, M) ® k —<““ 5 hom(L, M) ® hom(M, M)
= lXL,JM,M
hom(L, M)
and
Ly Rid

k ® hom(M, N) hom(M, M) ® hom(M, N)

lXAM,M,N

hom(M, N)

1°

commute (where the isomorphisms are the canonical ones coming from the fact that
k € Chy is the unit object).

Altogether, Exercise 4.3 yields a (k-linear) dg-category,® i.e. a category enriched in the
symmetric monoidal category (Chy, ®,k):* its objects are the chain complexes of R-modules
and its hom-objects are the hom-complexes between them. We denote this dg-category by
Ky and refer to it as the dg-category of complexes of R-modules.”® In particular, we
may also write homg (M, N) := home, (M, N); our chosen notation will depend on our
desired emphasis.

The fundamental purpose of the dg-category Kp is to assemble the data of chain maps,
homotopies, and higher (and lower) homotopies into a single object. In particular, it is the
homology groups of the hom-complexes in K that are relevant. Therefore, it will be natural

to view the hom-complexes in Kz as “only being important up to quasi-isomorphism”.

48Here, “dg” is short for “differential graded”. (In general, it is common to refer to a chain complex of
R-modules as a dg-R-module.)

490f course, a dg-category is a particular instance of a more general notion. Namely, given a monoidal
category V := (V, ®v, Ly), there is a natural notion of a category enriched in V, or simply a V-enriched
category: a V-enriched category € consists of a set of objects, the data of hom-objects hom(X,Y") € V for
all X,Y € @, and the data of composition and identity morphisms

home(X,Y) @y home (Y, Z) X% home(X,Z)  and 1y <5 home(Y,Y)
in V for all X,Y,Z € @, subject to the evident associativity and unitality conditions. (As indicated, one
sometimes uses an underline to emphasize that these are enriched hom-objects (as opposed to mere hom-
sets).) On the other hand, note that the notation home(X,Y) is already unambiguous, as € is a V-enriched
category.
50The German word for “complex” begins with the letter “K”.
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As a special case, note that for any complex M € Chg, composition in Kz makes the
complex homg, (M, M) € Chy into an associative algebra object, i.e. it is a dg-algebra (or
dga for short) over k.

Exercise 4.4 (4 points). Show that the following conditions are equivalent.

(i) The complex M € Chg is contractible.

(ii) The complex hom¢,, (M, M) € Chy is acyclic.
(iii) The complex homc, . (M, M) € Chy has that Hy(hom¢, (M, M)) = 0.
(iv) The element [idy] € Ho(home, (M, M)) has that [idy] = 0.

Of course, this construct can be reversed. Given a dg-algebra A € Alg(Chy), we can
form a dg-category BA € Cat® as follows: it has a single object %, and we declare that
homg 4 (%, %) := A (with composition and identity respectively defined as the multiplication
and unit in A).

On the other hand, among the morphisms in the dg-category Kg, the homotopy equiva-
lences play a distinguished role.

Exercise 4.5 (2 points). Given a homotopy equivalence M — N in Kg, show that the

natural transformations
homgk . (—, M) — homk,(—, N) and homg (M, —) <— homg (N, —)
are natural homotopy equivalences.

The quasi-isomorphisms cannot play any such distinguished role in Kg. For instance, given
any acyclic but noncontractible complex A € Ky (recall Exercise 3.4), by Exercise 4.4 the

morphism

0 ~ homg,,(A,0) — homg (A, A)
cannot be a quasi-isomorphism (let alone a homotopy equivalence).
4.3. Basic features of the dg-category of complexes. In order to to understand the
hom-complexes in the dg-category Kg, it is helpful to understand how they interact with
other complexes of k-modules.

We take our motivation from the expected tensor-hom adjunction for complexes of k-

modules: for any T, M, N € Chy we have a natural isomorphism
homChk (T ®]k M, N) = hOI’T]Ch]k (T, ho_mChk(M, N)) .

The general situation is as follows. For any complex 7" € Chy of k-modules and any

complexes M, N € Chy of R-modules, we may form the complexes

T ®x M and home,, (T, N)



26 AARON MAZEL-GEE

of R-modules, where the (right) R-actions are induced from those on M and N. These
satisfy the universal properties that

homen, (T, homey, (M, N)) = homen, (T @k M, N) = homeh,, (M, home, (T, N)) Sl
In fact, these satisfy enriched universal properties.

Exercise 4.6 (4 points). Prove that for any 7" € Chy and any M, N € Chg we have natural

isomorphisms

homrhk (T7 homth (M7 N)) = ho—mChR (T ®]k M7 N) = ho—mChR(M7 ho—mCh[k (T7 N))

in ChZ

We can now show that the hom-complexes in R preserve homotopy co/kernel sequences

separately in each variable.

Exercise 4.7 (8 points). Choose any complexes M, N, T € Chg and any morphism M ENSYS
Using Exercise 4.6 and the universal property of the homotopy co/kernel, construct natural
isomorphisms
f homg, . (7.f)
home, . <T, hker (M RN N)) > hker (ho_mCh (T, M) —=2"2 hom, (T, N)>
and

hoimcm(fvT)

home,, (hcoker (M 5 N') ,T) = hker (ho_mChRuv, T) home,,, (M, T))

in Ch]k

Of course, essentially identical reasoning shows that the hom-complex bifunctor

(_ _
Che? x Chyy <=7 e

preserves homotopy co/kernel sequences separately in each variable.??

Exercise 4.8 (4 points). Show that the tensor product bifunctor

Chy x Chy 22 ch,,

preserves homotopy co/kernel sequences separately in each variable.

5n the general context of enriched category theory, one says that T'® M is the tensoring of M by T and
that homc,, (7', N) is the cotensoring of N by T.
52Alternatively, this follows from Exercise 4.7, the commutative square

° homc,, (—,—)
Ch%® x Chp —— " Chp

id X fgtl lfgt )

ChiP x Chy —— > Chy
omcy, {(—>—

and the fact that the forgetful functor both preserves and detects homotopy kernel sequences.
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5. PROJECTIVE AND INJECTIVE RESOLUTIONS

5.1. Motivation for resolutions. The original motivation for homological algebra is the
fact that many natural functors on ordinary modules do not preserve exact sequences. Equiv-
alently but more fundamentally, they do not respect short exact sequences, i.e. they do not

respect both kernels and cokernels.?

Exercise 5.1 (6 points).
(a) Show that the functor

Mod, x Modp 2% Mod},

does not generally preserve exact sequences in either variable.
(b) Show that the functor

omModR(_v_)

h
Mod® x Modr Modp

does not generally preserve exact sequences in either variable.

Namely, applying either bifunctor appearing in Exercise 5.1 to an exact sequence in one of its
slots, one obtains a “half-exact” sequence: (—) ® (—) preserves cokernels separately in each
variable, homped, (M, —) preserves kernels, and hommed, (—, M) carries cokernels to kernels.
It was originally desired for these half-exact sequences to extend to long exact sequences,
whose additional terms would quantify these various failures of exactness.

As illustrated by Exercises 4.7 and 4.8, towards resolving these issues it is fruitful to
pass from ordinary modules and ordinary co/kernels to complexes of modules and homotopy
co/kernels; the desired long exact sequences would then be those on homology discussed in
§3.4, although of course we will take the perspective that the homotopy co/kernel sequences
themselves are the more fundamental objects. However, given that we would like to consider
quasi-isomorphisms as isomorphisms, the following results show that this maneuver does not

suffice on its own.

Exercise 5.2 (6 points).
(a) Show that the functor

Chy x Chy 20 chy
does not generally preserve acyclic objects in either variable.
(b) Show that the functor

mchR(_z_)

Ch® x Chp Chy,

does not generally preserve acyclic objects in either variable.

53Here we use the word “respect” instead of “preserve” due to the contravariance of hommed,, (—, M):
recognizing that Mod% is also an abelian category, one might hope that this would carry kernels to cokernels

and cokernels to kernels.
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Clearly, preservation of acyclics is necessary for the preservation of quasi-isomorphisms. But
in fact, the converse is guaranteed by Exercise 3.7(a) (combined with Exercises 4.7 and 4.8).

This motivates the notions that we introduce now.
5.2. Projective and injective complexes.

5.2.1. We write Ar C K for the full dg-subcategory on the acyclic complexes.

We say that a complex P € Kg is projective if for every acyclic complex A € Ap
the complex homg (P, A) € Chy is acyclic. Because acyclic complexes are preserved under
de/suspensions, we may equivalently demand simply that Ho(homyk, (P, A)) = 0 for every
acyclic complex A € Ag. In other words, P is projective iff every morphism P — A to an
acyclic complex admits a nullhomotopy. In turn, this is equivalent to the condition that for
every solid diagram

hker(idA)

7 l
P4
where A € Ag is acyclic there exists a lift making the diagram commute. We write Pr C Kg
for the full dg-subcategory on the projective complexes.

We observe for future reference that v is a levelwise surjective quasi-isomorphism: indeed,
hker(id 4) is acyclic by the long exact sequence in homology, and v is surjective by construction
(or by its defining universal property). So, in order for a complex to be projective it suffices
for it to have the analogous lifting property with respect to all levelwise surjective quasi-
isomorphisms.

Dually, we say that a complex I € K is tnjective if for every acyclic complex A € Agr
the complex homk, (A, I) € Chy is acyclic. Likewise, we may equivalently demand for all
acyclic complexes A € Ap that Hy(homk (A, I)) = 0, or that every morphism A — I admits

a nullhomotopy, or that for every solid diagram

A——m—1

-
-
-
u -
-
-
-

hcoker(id )

there exists an extension making the diagram commute. We write Iz C Kpg for the full
dg-subcategory on the injective complexes.
It is easy to deduce the following facts directly from the definitions.

Exercise 5.3 (6 points).

(a) Show that all quasi-isomorphisms in Py are homotopy equivalences.”

54This is formally analogous to Whitehead’s theorem, which states that a weak homotopy equivalence

between cell complexes (or retracts thereof) is necessarily a homotopy equivalence.
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(b) Show that all quasi-isomorphisms in Iy are homotopy equivalences.
In particular, clearly the zero complex is projective (resp. injective), so that an acyclic

projective (resp. injective) complex must be contractible.

(c) Show that projective complexes are preserved under tensor product: if P € Py and
QEPRthen P@QEPR
(d) Show that for any projective complexes P € Py and () € Pg, the functors

homk, (P,—) homxk ,, (Q,—)
Kg — 5 Kg and Kgr — 5 K,
preserve quasi-isomorphisms.

(e) Show that for any injective complex I € I, the functors

homk, (—,1) homk , (—,1)

Kip K R and K%{P — Ky

preserve quasi-isomorphisms.

Moreover, it follows from Exercise 4.5 that the property of projectivity (resp. injectivity)
is stable under homotopy equivalence: if a complex is homotopy equivalent to a projective

(resp. injective) complex, then it itself is projective (resp. injective).

5.2.2.  Of course, the definitions of projective and injective complexes on their own are not
so useful. What gives them their power is that every complex M € Kg admits both a pro-
jective resolution P = M and an injective resolution M = I (i.e. quasi-isomorphisms
as indicated). These are the promised representatives of the quasi-isomorphism class of
M that are “well-adapted” for certain purposes. Specifically, we will respectively view the
functors
(—)®k P, homg . (P, —) and homg . (—, I)
as “corrected” (a.k.a. “derived”) versions of the functors

(—) @k M | homk . (M, —) and homk . (—, I)

(and similarly for projective resolutions of complexes of k-modules).

As we will see, it is relatively straightforward to construct projective resolutions of bounded-
below complexes (i.e. M € Chg such that M, = 0 for all n < 0) and to construct injective
resolutions of bounded-above complexes (i.e. M € Chpg such that M,, = 0 for all n > 0).
Note in particular that this will apply to ordinary R-modules via the inclusion Modgr C Chg.

As for the general (i.e. unbounded) situation, it turns out to be much easier (and more
conceptually satisfying) to construct projective resolutions than injective resolutions. On
the other hand, we will not have any specific need for injective resolutions in general, beyond
their existence. Therefore, we will discuss only projective resolutions in general, and refer
the reader to [Spa&8] (or to [Hov99, §2.3]) for the construction of injective resolutions in

general.
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It is easy to deduce the following facts directly from the existence of projective and reso-

lutions.

Exercise 5.4 (4 points).
(a) Show that if the complex M € Kg has that homy (P, M) is acyclic for every pro-
jective complex P € Pg, then M is acyclic.?
(b) Show that if the complex M € Ky has that homy (M, I) is acyclic for every injective
complex [ € Ig, then M is acyclic.
(c¢) Show that for any projective complexes P € Py and ) € Pg, the functors

Py (-) (—-)exQ

KR KR and K]k KR

preserve quasi-isomorphisms.

In particular, the tensor product of a projective complex and an acyclic complex is acyclic.

We will eventually organize many of the facts enumerated in Exercises 5.3 and 5.4 in a

more systematic way.

5.3. Projective resolutions in the bounded-below case. Recall that an R-module P €
Modp, is called projective if mapping out of it preserves surjections, i.e. if for any surjection
M — N in Modg the induced map homped,, (P, M) — hommea, (P, N) is a surjection. Said
differently, given any solid diagram

M

2
-
-
-
-
-

s

P—— N

there exists a dashed lift making the diagram commute.

Exercise 5.5 (2 points). Show that an R-module P € Modp, is projective iff it is a summand
of a free module (i.e. there exists an R-module Q € Mody and an isomorphism P& Q = RS
with the free R-module on a set 5).

Exercise 5.6 (2 points). Show that every projective Z-module is free.

Exercise 5.7 (4 points). Give necessary and sufficient conditions on n € N such that every

projective Z/n-module is free.

Exercise 5.8 (4 points). Show that an R-module M € Modpg is projective iff the corre-
sponding complex M € Chpg is projective.

We now turn from projective modules back to projective complexes.

Exercise 5.9 (4 points). Show that if P € Pg is a projective complex, then P, € Modp, is
a projective R-module for all n € Z.

5Evidently, it is already sufficient just to take P = R (which is projective by Exercises 5.5 and 5.10).
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We have the following partial converse.

Exercise 5.10 (6 points). Show that if P € K is a bounded-below complex such that each
P, € Modgy, is projective, then P € P is projective.

However, the bounded-below hypothesis in Exercise 5.10 is necessary: both parts of Ex-
ercise 3.4 give examples of unbounded complexes which are levelwise free (hence levelwise
projective by Exercise 5.5) that cannot be projective. Indeed, an acyclic projective complex

must be contractible, as its identity map must admit a nullhomotopy.

Exercise 5.11 (4 points). Given a bounded-below complex M € Kg, construct a projective
resolution P = M.

5.4. Injective resolutions in the bounded-above case. Recall that an R-module I €
Modpg is called injective if mapping into it carries injections to surjections, i.e. if for any
injection M — N in Modp the induced map homped, (N, I) — homped, (M, I) is surjective.
Said differently, given any solid diagram

M —1

A
.
.
-
-
-,
.

N

there exists a dashed extension making the diagram commute.

Injective modules are much more bizarre than projective modules.

Exercise 5.12 (2 points). Assuming that R is a PID, show that an R-module M € Modp, is
injective iff it is divisible, i.e. for every nonzero element € R the map M — M is surjective.

So for instance, Q € Mody, is injective while Z € Mody is not.

It is easy to dualize the arguments of Exercises 5.9 and 5.10: injective complexes are
levelwise injective, and bounded-above levelwise injective complexes are injective.

The argument of Exercise 5.11 uses the fact that every R-module admits a surjection
from a projective R-module; one says in this situation that Modi has enough projectives.
It can be easily dualized to show that any bounded-above complex M € Kpg admits an
injective resolution M = I, using the following result showing that Mody also has enough
injectives.

Exercise 5.13 (12 points).
(a) For any ring homomorphism S — R, verify that the functors

(-)®sR

L N

Modg <— fgt Modr
\J__/

homModS (Rv_)
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participate in adjunctions as indicated.?
(b) Given modules M € Modg and N € Modg and an injection

fgt(M) — N
in Modg, show that the corresponding morphism
M — homModS(R, N)

in Modp, is also an injection.

(c) Deduce from the fact that fgt preserves injections that the functor hommeds (R, —)
preserves injective objects.”

(d) Show that injective objects are preserved under products.’

(e) Fix an abelian group A € Ab. Show that for every a € A, there exists a homomor-
phism A — Q/Z carrying a to a nonzero element.”® Deduce that there exists an
injection

A—JJQ/z
A

Namely, suppose we are given an R-module M € Modg. By (d) we have an injection

fgt(M) — [[Q/Z =1

in Ab, and by (d) and Exercise 5.12 we see that I € Ab is injective. Thereafter, by (b) we

obtain an injection
M — homap(R, I) = J
in Modg, and by (c) it follows that J € Modg, is injective.
5.5. Cell complexes and lifting criteria. For the purpose of constructing projective res-

olutions, we first introduce some auxiliary ideas.

For any n € Z, we define the objects and morphism

sn 0—— R

znl = l lidR

l)7l—~_1 R— R
idp

0In defining the functor (=) ®g R (resp. hompyeds (R, —)), we use that R is an (S, R)-bimodule (resp. an
(R, S)-bimodule).

57Duaully7 the functor (—) ®g R preserves projective objects because the functor fgt also preserves surjec-
tions.

*Dually, projective objects are preserved under coproducts.

59This uses Exercise 5.12.

600ne says that Q/Z € Ab is an injective cogenerator. Dually, R € Modp, is a projective generator:

it is projective, and moreover for any M € Modpg there exists a surjection R®S — M for some set S.
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in Chp, where the columns are in dimensions n 4 1 and n.®' For any complex M &€ Chg, we

have natural isomorphisms
homep, (S™, M) =2 Z, (M)  and  homcp,, (D" M) = M, ;
precomposition with 7,, induces the morphism
Z,.(M) & My 2

We say that a morphism M Iy N has the right lifting property with respect to i,
(or equivalently that i, has the left lifting property with respect to f) if for every solid
commutative diagram

St —— M
znl ////2 lf
Dttt —— N
there exists a dashed lift that makes the diagram commute. This is equivalent to saying that

the canonical dashed morphism in the pullback

Mn+1

Zn(f)

Nut ———— Zu(N)
n+1

is surjective. We may abbreviate this by writing that f € rlp(i,). We also introduce the
notation I := {i,}nez and rlp(I) := (), 7 rlp(in).

Exercise 5.14 (4 points). Prove that if f € rlp(i,) then H,(f) is injective and Z,1(f) is

surjective.

610f course, this morphism will function as “the inclusion of the n-sphere into the (n + 1)-disk”: indeed,
for any n > 0 it is the reduced simplicial chains on the inclusion Af%7} /9AL0m} ey A /AR (which is a
particularly small simplicial model for this morphism). Note too that S™ = ¥"S% and D™ = ¥ D°. While
the former isomorphism is always an equality (so that we may take ¥"SY to be the definition of S™), the
latter introduces an inconvenient sign when n is odd (which is why we do not take " D° to be the definition
of D™).

62Categorically speaking, the reason that the morphism

homeny, (S™, —) <222 homep,, (D™*1, )

in Fun(Chg, Mody) lifts to Fun(Chg, Modg) is that the morphism i, is in fact a morphism of complexes of
(R, R)-bimodules.
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Now, if f € rlp(]), then Exercise 5.14 immediately implies that f is a quasi-isomorphism.
On the other hand, suppose that f € rlp(i,—1) N rlp(iy). Then, Z,(f) is surjective by
Exercise 5.14. It follows that f,1 is surjective by the above reformulation of rlp(i,). So,
f € rlp(I) implies as well that f is levelwise surjective.

In fact, the converse is also true.

Exercise 5.15 (4 points). Prove that if M L Nisa quasi-isomorphism that is levelwise
surjective, then f € rlp([).

Given a morphism M Iy N in Ch R, We write

I(f)n = homar(chp)(in, f) = homcp, (S™, M) > homc,, (D™, N)

homcy , (5™,N)

for the set of morphisms

S —-me-- » M
znl lf
Dl »y N

in the arrow category Ar(Chg) := Fun([1], Chg) of Chg (i.e. pairs of morphisms S™ — M and
D"t — N making the square commute), and we write

I(f) == || 1()n

for their disjoint union over all n € Z. Given an element o € I(f), we write n, = n if

a € I(f)n. (That is, we write I(f) " 7 for the evident function from the disjoint union.)
5.6. Projective resolutions as cellular approximations.

5.6.1.  We now construct projective resolutions via a general procedure known as the small
object argument.® In fact, given a morphism M Iy N in Ch r, we will construct a factor-

ization

satisfying the following conditions:

(1) the morphism ¢®) has the left lifting property with respect to levelwise surjective
quasi-isomorphisms, and

(2) the morphism f(*) is a quasi-isomorphism.

63This is formally analogous to the construction of a cell complex that is weak homotopy equivalent to a
given topological space. The name arises from its crucial use of a certain “smallness” property of the sources

of the elements of the set I. In the present situation, the relevant fact is given as Exercise 5.18.
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Taking M Iy N to be the map 0 — N then yields a projective resolution of N.%

5.6.2. We make the following general construction. First of all, observe that we have a

canonical commutative square

P s —— M
acl(f)

Dacri) Z”“l

@ o N
a€l(f)

f

We write

MY = | M H @ Dratl

Docrp) S acl(f)

t,65

for the pushout,” and we write

M s N

~ 3

OQ) g L YS

for the morphisms in the induced factorization.

Exercise 5.16 (2 points). Show that the morphism ¢V has the left lifting property with

respect to any levelwise surjective quasi-isomorphism.

640ne may interpret the general case as providing a “relatively projective” resolution of N as an object
under M. (Whereas a projective complex is like a cell complex (or a retract thereof), a relatively projective
complex is like a relative cell complex (or a retract thereof).)

65Note that co/limits in chain complexes are levelwise. Indeed, it is a full subcategory of the functor
category Fun((Z=)°",Modg) (where Z< := {--- - -1 — 0 — 1 — ---}), and co/limits in any functor
category are computed pointwise. So, it suffices to see that the subcategory Chz C Fun((Z<)°P, Modg)
is stable under co/limits. This follows from the more general fact that the full subcategory of the arrow
category Ar(Modg) := Fun([1], Modg) on those morphisms that factor through 0 € Modp is stable under
co/limits; as co/limits in Ar(Modg) are of course also computed pointwise, this follows from the fact that
the zero object 0 € Modp is stable under co/limits (which follows from the fact that it is both initial and

terminal).
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Exercise 5.17 (2 points). Show that for every solid commutative diagram

S’I’L

Dn+l -

s M
&
V]
f
40 4
s N

there exists a dashed factorization making the diagram commute.

We now apply the above construction again, but to f!

the canonical commutative square

1) instead of to f: namely, we observe

Ders) i"al

we write

M3 =

for the pushout, and we write

o

@ael(f(l))DnaJrl V4

MM

n @ o

®a61(f(1)) Sre ael(f)

[TEN
©) ~

»
LD
5

-

M@

for the morphisms in the induced factorization. This gives us a commutative diagram

M

f .
% Sm
(1) Q
M N
M®)

Of course, we continue to iterate this construction in the obvious way. To conclude, we

define

M) .= colim (M S Y O IO BN ) :
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()
we define the map M <— M) to be the canonical map to the colimit, and we define the

(c0)
map M (>) I N to be induced by the universal property of the colimit.

5.6.3.  We now verify the two conditions given in §5.6.1.

(1) Let B % C be a levelwise surjective quasi-isomorphism. Given any commutative

square

we enlarge it to the solid commutative diagram

-

M—;B

e A
) //,/’ ///
~ - /
- 7
7/
M® /
//
2 7
M® g
NE)

v 2

M) ¢

Here, applying Exercise 5.16 repeatedly we may inductively construct dashed lifts as
indicated that make the diagram commute. By the universal property of the colimit,
together these yield the desired lift in the original diagram.%¢

(2) In fact, we show that f () ¢ rlp(Z). For this, suppose we are given any commutative

diagram

S M)

Dl N

By Exercise 5.18 below, there exists some k£ € N and a lift

M)

P
-
-
-
-
-
-

S M)

66T his may be phrased as choosing an element of a codirected limit of surjective functions between sets.
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of the given map. Now, just as in Exercise 5.17, we obtain a lift

Sn » M®)
D
K
N
]
i )
" M k+1)
7 \
Tz M)
- X
e v
il f(>)
pntl s N

which proves the claim.

Exercise 5.18 (2 points). Show that the object S™ € Chy is compact, i.e. that the functor

homc, (S™,~)

ChR Set

commutes with filtered colimits.%”

6. THE DERIVED 0co-CATEGORY

6.1. The homotopy theory of the dg-category of complexes.

6.1.1. We have by now obtained a diagram
Pr

(1)

KR — AR
Ir
of fully faithful inclusions among dg-categories: we began with Ar C Kg, and then we

defined Pr C Kpg (resp. Ig C Kg) to be what might be called its homotopical left (resp.
right) orthogonal.

67Note that a functor commutes with filtered colimits if and only if it commutes with directed colimits.
This is one instance of the useful general principle of “coordinatization” of a class of colimits. As another
example, given a functor between categories that admit finite colimits, it preserves them if and only if it
preserves the initial object and pushouts. Another related fact is that given a functor between cocomplete
categories (i.e. categories admitting all (small) colimits), it preserves all (small) colimits if and only if it

preserves finite colimits and filtered colimits.
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Recall that for any complex M € K we have constructed a projective resolution M’ = M,
i.e. a quasi-isomorphism from a projective object. Consider the resulting homotopy kernel
sequence

A— M — M

in Chg, where we write A := hker(M’ — M) because this complex is acyclic (by the long exact
sequence in homology). Now, for any projective complex P € Pr C Kg, by Exercise 4.7 we
obtain a homotopy kernel sequence

hom(P, A) — hom(P, M") — hom(P, M)

in Chy. Because P is projective, the complex hom(P, A) is acyclic, and hence we find that

the morphism
hom(P, M") = hom(P, M)

is a quasi-isomorphism (again by the long exact sequence). Heuristically, we have found
that “the morphism M’ — M appears to be an isomorphism when mapping from projective
complexes (and considering hom-complexes up to quasi-isomorphism)”.

6.1.2.  This sort of phenomenon is in fact quite ubiquitous. Let C L, D be a functor between
ordinary categories. Given an object D € D, a pointwise right adjoint to F' at D consists
of an object C' € € and a morphism F'(C') — D such that the resulting composite morphism

home(—, C) == homop (F(=), F(C)) —s homy(F(—), D)

in Fun(C, Set) is a natural isomorphism. In this situation, we may refer to the morphism
F(C) — D as the pointwise counit and denote it by £p (or simply by ¢).

Exercise 6.1 (6 points).
(a) Show that if it exists, a pointwise right adjoint to F' at D is unique up to unique
isomorphism.%®
(b) Show that the datum of a right adjoint to F' is equivalent data to a choice of pointwise

right adjoint to F' at every object D € D.%

So, the above discussion may be summarized as saying that in a homotopical sense — that is, if
we only consider hom-complexes up to quasi-isomorphism — the fully faithful inclusion P —
K “should” admit a right adjoint whose pointwise counits are projective resolutions. On the
other hand, because these morphisms on hom-complexes are only quasi-isomorphisms and
not isomorphisms, we should not expect this structure to exist at the level of dg-categories.

683aid differently, the category of pointwise right adjoints to F' at D is always either an empty or con-
tractible groupoid.
69Tt follows that the category of right adjoints to F is always either an empty or contractible groupoid

(because these are preserved under products).
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6.1.3. Of course, this discussion immediately dualizes: any complex M € Kz has an injec-
tive resolution M = M" (i.e. a quasi-isomorphism to an injective object), and this has the
property that for any injective complex I € I C Kg the morphism

hom(M”, I) =+ hom(M, I)

is a quasi-isomorphism. Heuristically, “the morphism M — M" appears to be an isomor-
phism when mapping to an injective complex (and considering hom-complexes up to quasi-
isomorphism)”. So, in a homotopical sense the fully faithful inclusion I — Kg “should”

admit a left adjoint whose pointwise units are injective resolutions.
6.2. A brief introduction to k-linear oco-categories.

6.2.1. These adjoints that “should” exist in a homotopical sense actually do exist at the
level of underlying k-linear oo-categories. So, we work within an oo-categorical context.
However, our present usage of oco-category theory will be extremely “soft”: it will not re-
quire any real familiarity with the foundations of the theory. So in the interest of maintaining
the narrative thread, here we give an extremely brief summary of the immediately relevant

features of co-category theory, and pursue a more systematic discussion later.

6.2.2. Here is the most expedient definition of a k-linear oo-category.” We write cat for the
category of ordinary categories, and we write Cat% Mo cat for the functor given by applying
Hg to each hom-complex. Then, a functor C L D between dg-categories is called a weak
equivalence if the following two conditions hold:

(1) it is homotopically fully faithful, i.e. for all C,C" € C the induced morphism
home(C, C") — homqp (F(C), F(C")) in Chy is a quasi-isomorphism; and
(2) it is essentially surjective, i.e. the induced functor Hy(C) Hoth), Ho(D) is essentially

surjective.”™

(Of course, if € 5 D is a weak equivalence of dg-categories then Ho(€) Ro), Ho(D) is an
equivalence of categories.)

We localize the category Catﬁig of k-linear dg-categories at the weak equivalences. This
yields a category that (for reasons that will become clear later) we will denote by ho(Caty)
and refer to as the homotopy category of k-linear co-categories; its objects are called
k-linear oo-categories. So by definition, there is a canonical functor

Cat® — ho(Caty)

"0This should be compared with the discussion of §2.4.
"1t is possible to phrase essential surjectivity at the level of dg-categories, but this requires a bit of

enriched category theory.
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that carries all weak equivalences to isomorphisms. In particular, this functor is essentially
surjective: every k-linear co-category can be represented by a k-linear dg-category.”™

Given a dg-category €, for the remainder of this section we will write C* for its underlying
k-linear oo-category. However, we will thereafter omit this superscript, as we will have fin-
ished drawing distinctions between dg-categories and their underlying k-linear oo-categories.
We will generally refer to data in € as “point-set” and data in C* as “oo-categorical”.

Essentially by construction, given two dg-categories €, D € Cat%, morphisms €® — D>
in ho(Caty) are given by equivalence classes of zigzags

CeEo—v e ... — s 0D

in Cat (in which all backwards maps are weak equivalences). However, it turns out that
every equivalence class contains a representative of the form

CLE e —D.

In fact, dg-categories admit projective resolutions: every equivalence class contains a repre-
sentative of this form for any fixed projective resolution € = €.

Once one is only considering hom-complexes up to quasi-isomorphism, homotopy equiv-
alences become indistinguishable from isomorphisms. In general, one simply uses the term
equivalence to refer to the oo-categorical notion of isomorphism. We will denote equiva-
lences in an oo-category by —».

For brevity, for the time being we will often simply refer to k-linear oco-categories as

“oo-categories”.

6.2.3. To a first approximation, a k-linear oco-category is simply a category enriched in
Ho(Dy), the derived category of k introduced in §2.4. In particular, passing from dg-categories
to their underlying k-linear oo-categories does indeed “only remember their hom-complexes
up to quasi-isomorphism”. The distinction lies in the higher homotopies (e.g. those record-
ing the homotopy-coherent associativity of composition) which are present in the underly-
ing oo-category of a dg-category but are lost in passing to its underlying Ho(Dy)-enriched
category. Namely, as we will see when we study oo-categories more generally, given a dg-
category €, commutative diagrams in its underlying k-linear oo-category are represented
by homotopy-coherently commutative diagrams in C itself. For instance, we will see the
projective resolution

—
i =
0 —— 2 0 —— 2
TBusea 24 This is analogous to the presentation of ordinary co-categories as categories enriched in simplicial
sets; in particular, in both cases the presentations admit strict compositions (in contrast with the perspective

on composition in co-categories explained in §6.2.3). A presentation of k-linear oco-categories that adheres

more closely to e.g. quasicategories or complete Segal spaces is given by (k-linear) A.-categories.
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of the free strictly-commutative triangle [2] = {0 < 1 < 2} by the free homotopy-coherently

commutative triangle, and this persists upon passing to free dg-categories.”™

6.2.4. Asa particular case, it turns out that homotopy co/kernel squares in dg-categories de-
fine co/limit diagrams (namely pushout /pullback squares) in their underlying oo-categories.”™
For the moment, we will write coker™ and ker™ to denote co-categorical co/kernels.

It will also be convenient to discuss more general co-categorical pushout/pullback squares
in a k-linear oco-category. As an expedient definition, we can declare that a commutative

square

in a k-linear oo-category is a pushout (resp. pullback) if the resulting commutative square

w99 x ey
|
0O — 7

is a cokernel (resp. kernel) square.

It turns out that pushout and pullback squares (and in particular, cokernel and kernel
squares) coincide in any k-linear oo-category.” In order to refer to them in an unbiased way,
we may refer to them as exact squares.

6.3. The derived oco-category.

6.3.1. As we will explain, the diagram (1) of dg-categories extends to a diagram

00
PR
A Zb
< aL
0,
7S /J_\(
(2) p1otp | 2| ppoix K%O A — A%O

~

o0
IR

//\;/‘

on underlying oco-categories, in which the triangle involving pp, pr, and either vertical equiva-
lence commutes. In particular, this yields a canonical equivalence P ~ Iy of co-categories.

To be precise, this is a projective resolution among categories enriched in simplicial sets, and by “the
free k-linear dg-category” on a category enriched in simplicial sets we mean the dg-category obtained by
taking k-linear simplicial chains on its hom-objects.

"This should not be surprising, based on our discussion of the former.

">This makes crucial use of the k-linearity: it is certainly not the case in a general oco-category that

pushout and pullback squares coincide.
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We write Dg for their common value, which we refer to as the derived oco-category of

R-modules.™

(The fact that this is indeed the oo-categorical localization of K3 at the
quasi-isomorphisms will be justified in §6.3.4.) Hence, collapsing the equivalences and using
the unbiased notation Dpg, the above diagram may be expressed as a diagram

ir ar,
/I\ /L\‘

(3) D <— KY «—in— A%

\L/\L_/

iR aRr

in which iy, (resp. ig) denotes “the inclusion of Dg into K% as the full subcategory of
projective (resp. injective) complexes”, which is the left (resp. right) adjoint to the projection
functor w. This latter diagram forms what is called a recollement, a sort of categorified

extension sequence, which notion we will discuss more later.

6.3.2. At this point, we can sharpen the perspective on the passage from a dg-category to
its underlying oco-category given in §6.2.3, in a way that will be helpful shortly. Namely, one
can also define a k-linear oo-category to be a category enriched in the derived co-category
Dy, of k (using the formalism of enriched co-categories of [GH15]). Then, the passage from a

k-linear dg-category to its underlying k-linear oo-category amounts to applying the functor
K> 5 Dy

to each of its hom-complexes.

It is important to note that there are many commutative squares in K% that may not
be co/kernel squares themselves but nevertheless become so in Dg, e.g. any commutative
square of the form

~
~

X —
|
0

In general, it is only after projective resolution or injective resolution that such a square

N — =

T>

=~

becomes a homotopy co/kernel square.

6.3.3.  We now obtain the adjunctions and equivalences appearing in diagram (2).
First of all, the existence of the right adjoint pp follows directly from (the oco-categorical
analog of) Exercise 6.1, and the existence of the left adjoint py follows from its dual. We

refer to pp (resp. pr) as the projective (resp. injective) resolution functor.

"The superscript (—)> need not be applied here, as we have not defined D to be the underlying co-
category of a specific dg-category: it is only well-defined up to canonical equivalence of co-categories in the

first place.
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Exercise 6.2 (6 points). Prove that the composite adjunction

ip PI
P L K% I L I
PP iI

is an adjoint equivalence.

We now construct the adjoint ay; the adjoint ar will arises from dual considerations. We
refer to ay, (resp. ag) as the left (resp. right) acyclification functor.
For this, let us observe that for any complex M € Kg, the complex

ar, (M) = coker™ (ip(pp(M)) IR M)
is acyclic by Exercise 3.7(a).”" In other words, the formula
ay, := coker™ (z’p o pp LN idKR>

defines a functor K% £ A%.

We now verify that a; defines a left adjoint to the inclusion K% & A%¥. At the oo-
categorical level, this is a straightforward computation. However, it is also a good oppor-
tunity to highlight the distinction between working in a dg-category and working in its
underlying oco-category, which makes it somewhat more subtle. Namely, the functor ay is
only well-defined at the co-categorical level, which implies that it is not literally meaningful
to compute with it at the point-set level. On the other hand, by the dual of Exercise 6.1, it
suffices to verify that any point-set representative of the morphism M — ipar(M) in K
is a pointwise unit on underlying oo-categories. Therefore, let us write

ip(pp(M)) 2% M

for a specific but arbitrary point-set representative of the morphism e, (i.e. an arbitrary
projective resolution of M), and let us write ar(M)" := hcoker(g,); recall that homotopy
cokernels in Kp compute oco-categorical cokernels in K%, so the morphism M — ar (M) in
Kr, is indeed a point-set model for the morphism M — ar (M) in K. Now, for any acyclic
complex A € A¥ we compute that
homaee (ar (M), A) := 7 (homa ,(ar (M), A))
:=m (homk, (ar(M)', A))

= (homKR (hcoker (ip(pp(M))' S, ) ,A))

homy ,, (€%/,4) . ,
(4) ~ (hker (homKR(M, A) homg ,, (ip (pp(M)) ,A)))

"In view of the adjunction ip 4 pp, one may think of a (M) as being obtained by killing off the part of

M that can be seen by projective complexes.



AN INVITATION TO HIGHER ALGEBRA 45

(5) ~ 7 (keroo (homKR(M, A) LomsnCa ) homKR(ip(pp(]\/[))’,A)>)
(6) ~ ker™ <7r(homKR(M, A)) Zbomier Gar ) W(homKR(ip(pp(M))’,A))>
(7) ~ ker™ (7 (homg (M, A)) — 0)

~ m(homg,, (M, A))
=: homK%o (M, A)
as desired, by the following reasoning.

e Equivalence (4) follows from the fact that hom-complexes respect homotopy co/kernels
(Exercise 4.7).

e Equivalence (5) follows from the fact that homotopy kernels in Kz compute oo-
categorical kernels in K% .

e As we have just seen, K 5 Dy is a right adjoint. It therefore preserves oo-
categorical limits, and in particular oo-categorical kernels. This gives equivalence
(6).

e By construction, the complex ip(pp(M))’ € Kg is projective.” Hence, the complex
homk , (ip(pp(M))’, A) € K is acyclic. It follows that we have an equivalence

m (homk , (ip (pp (M), A)) ~ 0
in Dy (recall Exercise 5.3(a)), which explains equivalence (7).

Because cokernel sequences and kernel sequences in K% agree, note that we can also view
the projective (resp. injective) resolution functor as the kernel (resp. cokernel) of the left

(resp. right) acyclification functor. Indeed, we have oo-categorical co/kernel sequences

ippp E— IdK%c iACLR E— IdK%g
| o] |
0 —— a0y 0 — inI

in Fun(K¥, K%).

6.3.4.  We now simultaneously address the commutativity of the left triangle in diagram (2)
and explain why Dy, is the (oo-categorical) localization of K% at the quasi-isomorphisms.
We say that an adjunction
F
_
¢ é D
is a reflective localization adjunction if the right adjoint G is fully faithful. In this

situation, we refer to the functor C L Dasa reflective localization.

"8Recall that the property of projectivity is invariant under homotopy equivalence: any complex that is

homotopy equivalent to a projective complex is itself projective.
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Exercise 6.3 (6 points).
(a) Show that G is fully faithful if and only if the counit F'G = idp is a natural equiva-
lence.
(b) Show that for a reflective localization adjunction F' 4 G, the morphism F' o FGF

is a natural equivalence.

Given such a reflective localization adjunction, let us write W C € for the subcategory
consisting of those morphisms that are carried by F' to equivalences. Then, we claim that
the reflective localization € 2 D is precisely the localization of C at W.™ To see this, fix
any functor € I €, and consider the diagram

9

6 T
//\,(
o oY
‘/ ///&G
idp
in which the left triangle commutes via the natural equivalence e of Exercise 6.3(a). Con-
sidering just the solid diagram, we see that there is at most one choice of factorization of T
through F', namely T'G. On the other hand, we always have the indicated natural transfor-
mation T =% TGF. So, it remains to check that T'n is a natural equivalence if and only if
T carries the morphisms in W to equivalences. Now, by Exercise 6.3(b), the components of

n lie in W C €, which implies the “if” direction. The “only if” direction is handled by the

following exercise.

Exercise 6.4 (4 points).
(a) Show that every morphism in the image of C S D lies in W.
(b) Use this to show that if 7" carries all components of 7 to equivalences then 7 carries

all morphisms in W to equivalences.
Now, by definition the adjunction pr i1 is a reflective localization adjunction.

Exercise 6.5 (2 points). Prove that a morphism in K is carried by pr to an equivalence
if and only if it is a quasi-isomorphism.

By what we have just seen, this implies that the functor K% 2N I is indeed the localization
of K% at the quasi-isomorphisms.
Of course, dually the functor K 25 P¥ is a coreflective localization, and so it is also

the localization of K3 at the quasi-isomorphisms.

™o explain the terminology further, considering D C € as a full subcategory via G, the functor F' is also
called the reflector of € into D.
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So, both functors pp and p; are the localization at the quasi-isomorphisms. In other
words, they share the same universal property. Therefore, they must be canonically equiv-
alent. Moreover, tracing through our proof that a reflective localization is a localization
(and dualizing), we find that the canonical morphisms between P% and I35 that are induced
by their shared universal property (as k-linear oco-categories under K$') are precisely the

composites

o0 o0

P% P%

0 & | &
| |

I

PP OLT : KORO and proip i K%O

i |

I I

| / i /
o0 o0

Iz Iz

(which are equivalences by Exercise 6.2). In particular, these triangles commute, as asserted.
It is also not hard to see that these triangles commute using the Yoneda lemma. For
instance, given any P € P% and any M € K%, we have the composite equivalence

homp%o(P, ppZIpI<M)) ~ homK%o (ZP (P), ZIpI(M)) ;) homKoRo (ZP(P), M) ~ homp%o(P, PP (M))
in Dy, using the fact that homk,, (ip(P), —) carries quasi-isomorphisms to quasi-isomorphisms.

6.3.5. The oo-category Ki° of complexes over k is symmetric monoidal via tensor product,
and the oo-category K% of complexes over R is a left module over it. It follows from
Exercise 5.3(c) that the fully faithful inclusions

Dy <5 K®  and Djp <t K

endow the derived oo-categories with the same structures: Dy is symmetric monoidal and
Dg, is a left module over it. It is customary to denote these tensor products as
()& (=) ,®

in order to emphasize that they are taking place in the context of derived oo-categories.

Note that here we must use the inclusions i, (not ig). This is due to the handedness
of the tensor-hom adjunction: tensor products satisfying a universal mapping out property
(instead of a universal mapping in property). Said differently, it is the tensor product of
projective complexes (and not injective complexes) that computes the tensor product of
derived modules.

Relatedly, the localization K{° = Dy is not a symmetric monoidal localization. For
instance, given ordinary k-modules M, N € Mody, as explained further in §7.2, we have a

comparison morphism
L
(8) M®N :=pp(M)®pp(N) — M QN

80The notation will be explained in §7.
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(note that the inclusion Mody < Kj is symmetric monoidal), but this morphism is not
generally an equivalence. Rather, the functor 7 is right-laxly symmetric monoidal: it comes
equipped with natural comparison morphisms (such as the morphism (8)) from the (iterated)
tensor product in Dy of its values to its value on the corresponding tensor product in K*.

Inasmuch as the derived tensor product behaves better than the ordinary tensor product,
we view the fact that 7 is only right-laxly symmetric monoidal as a feature rather than a
bug. Moreover, right-laxly symmetric monoidal functors still interact nicely with algebraic

structures.®! For instance, in the present situation, we have a canonical lift

CAlg(K:) --™-- CAlg(Dy)

fgtl lfgt )

Ky ———— Dy

so that commutative algebra objects in K;° define commutative algebra objects in Dy, and

likewise for associative algebra objects.®?

6.3.6. Fix an arbitrary abelian category A. Given this, we may form the category Ch(A)
of complexes in A. This admits an enrichment in Chy, i.e. it defines a Z-linear dg-category,
whose underlying Z-linear oco-category we denote by K(A) := K*(A). From here, we may
form the derived oco-category D(A) by freely inverting the quasi-isomorphisms in K(A).
Under suitable hypotheses on A (namely the existence of enough projectives/injectives
and /or the property of being a Grothendieck abelian category), the derived co-category D(A)
and certain variants (namely the bounded-above and bounded below derived oo-categories
D~ (A) and D*(A)) admit various universal properties.*® However, these universal properties
are somewhat subtle, and make reference to “analytic” notions (in the sense of convergence)
involving t-structures on stable co-categories. We refer the reader to [§A.1.3] for the specifics,
taking the point of view here that the underlying stable oco-categories are the objects of

intrinsic mathematical interest.

7. DERIVED FUNCTORS

A substantial vein of current mathematical research takes place entirely within the derived
realm, e.g. working only with the derived oco-category Dy instead of with the abelian category
Modg. We will take this point of view when we study sheaf theory. However, it is nevertheless
worthwhile to connect back with the original approach to homological algebra. We explain

81Dually, left-laxly symmetric monoidal functors interact nicely with coalgebraic structures.

821t turns out that associative algebra objects in Dy always lift to associative algebra objects in Ky (i.e.
dgas). When k has characteristic zero, commutative algebra objects in Dy also always lift to commutative
algebra objects in Kj (i.e. cdgas). However, in general there are commutative algebra objects in Dy that do
not lift to cdgas; the obstructions effectively arise from the cohomology of symmetric groups (which vanish
in characteristic zero).

8311 the notations D™ (A), the superscript indicates the direction in which infinitude is permitted.
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the general principles in §7.1, and then illustrate how passing to classical derived functors
amounts to working in the derived oo-category in §§7.2-7.3. We then briefly discuss the
example of group co/homology in §7.4. We refer the interested reader to [Wei94| for a more
in-depth treatment of group co/homology, as well as for treatments of two other fundamental
examples: Lie algebra co/homology and Hochschild co/homology. We conclude with a brief
discussion of decategorification in §7.5, which applies to the derived approach to the counting
problems described in §1.4.

7.1. Derived functors.

7.1.1. As explained in §5.1, the original motivation for homological algebra was to repair
certain failures of exactness. Namely, an additive functor A Ly B between abelian categories
is called

e left exact if it commutes with finite limits,
e right exact if it commutes with finite colimits, and
e exact if it is both left exact and right exact.

These names arise from the following facts (which also serve as mnemonics). Throughout,

we refer to an exact sequence

9) 0—L—M-—N-—0
in A.

Exercise 7.1 (8 points).

(a) Show that A Ly B is left exact if and only if it commutes with kernels, i.e. the

sequence
(10) 02 F(0) — F(L) — F(M) — F(N)

in B is also exact.
(b) Show that A 5 Bis right exact if and only if it commutes with cokernels, i.e. the
sequence

(11) F(L) — F(M) —s F(N) —s F(0) 20

in B is also exact.
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So, if F'is only left exact, one is inclined to extend the sequence (10) to a long exact sequence

0 — (R°F)(L) ——— (R°F)(M) —— (R°F)(N) 7

L (RUF)(L) ——— (RUF)(M) ——— (R'F)(N) W

L (R2F)(L) —— & ...

in B. Here, we refer to R"F as the n'* right derived functor of F, and by definition
RYF := F. Dually, if F is only right exact, one is inclined to the extend the sequence (11)
to a long exact sequence

e (LyF)(N) 7

L (LiF)(L) ——— (i F)(M) ——— (L F)(N) 7

L (Lo F)(L) ——— (LoF) (M) ——— (LoF)(N) ——— 0

in B. Here, we refer to L,F as the n* left derived functor of F, and by definition
LoF = F.®

7.1.2. As we saw in §3.4, long exact sequences in algebra arise from homotopy co/kernel
sequences in homological algebra. Thus, we should expect to obtain the above long exact
sequences from homotopy co/kernel sequences. More specifically, the exact sequence (9)
in A may be thought of as a homotopy co/kernel sequence among complexes in A (recall
Exercise 3.6(a)), to which we wish to apply some functor derived from F' to obtain another
homotopy co/kernel sequence among complexes in B. We implement this in a slightly more
general situation, and then specialize to the case of interest.
Let us write K(A) for the (Z-linear) co-category of complexes in A, and let us write

K(A) = D(A)

847 priori, it is not clear that these derived functors are well-defined or uniquely characterized by these

conditions, although they do turn out to be so.
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for its localization at the quasi-isomorphisms. Then, for any functor
T
KA — ¢,

we define its total right derived functor and its total left derived functor to respec-
tively be the terminal and initial extensions

KA) 4= ¢ K(A) = ¢
vz 7 7 7
(12) Wl /7\?;/3 and ﬂl /,{)@
D(A) D(A)

along 7 (which may not exist in general). Said differently, these total derived functors

participate in comparison maps
mollT'— T — mo RT

in Fun(K(A), €), and by definition they are the universal objects of Fun(D(A), C) equipped
with such comparison maps. Thereafter, the composites m o LT and m o RT should be
thought of two dual ways of universally forcing the quasi-isomorphisms in K(A) to be sent
to equivalences in C.

We now return to our additive functor A = B between abelian categories. To apply the
foregoing discussion, we take T" to be the composite functor

K(F)

K(A) —> K(B) — D(B) ,

and we denote the resulting total derived functors (which are objects of Fun(D(A), D(B)))
simply by
RF :=R(r o K(F)) and LF :=L(roK(F)) .
As we will see in Exercise 7.3, we thereafter recover the derived functors of §7.1.1 (which are
objects of Fun(D(A), B)) as the composites
R"F =H_,oRF and L,F=H,oLF .

Examining the universal extensions (12), we see that these assignments 7' — RT and
T — LT are nothing other than adjoints

)
/”/’_ 1 T A
(13) Fun(K(A), C) ¢ Fun(r.c) — Fun(D(A), €)
~- 1 2

to the restriction functor.®® (Note the unfortunate conventional clash that taking the right
derived functor is a left adjoint, and reversely.) There are formulas for computing such

adjoints in general, but they are extremely easy to compute in certain special cases.

85Tn this generality, these adjoints may not exist. But when a particular total derived functor exists, it is

nothing other than a pointwise adjoint as indicated.
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Exercise 7.2 (4 points). Given any categories D, £, and F, show that applying the functors
Fun(F, —) and Fun(—, %) to an adjunction

L
—_
D ; e
yields adjunctions
Fun(%,L) Fun(R,¥)
Fun(3,D) _ (J;"R) > Fun(T, &) and Fun(D, J) i é_LE) ” Fun(&,J)

In the particular case that A = Modg (so that K(A) = K(Modg) =: Kg), the co-categorical
analog of Exercise 7.2 identifies the adjoints (13) simply as

Fun(iR,(?)
T
Fun(Kg, C) < Fun(r.e) — Fun(Dg, C)

~—__ 1 -

In other words, passing to total right derived functors amounts to injective resolution

T T
Kg e Kgr ¢
A A
Q il Q e
AR . Y /,&/ = w o Y e 7
P o
Dy —a Dy 1z B TE— Ir
Dp | Ip

while passing to total left derived functors amounts to projective resolution

T T
K ——— € Kg —— €
N 7 N 7
Ay - % ,’é@ = [y op W //x/)(§
Dr — Dgr Pr — Pr
Dp [ Pp

Exercise 7.3 (12 points). Verify that these formulas produce the long exact sequences
sought in §7.1.1. In particular,

e in the case that F' is left exact, prove that

F, n=0
0, n>0

Y

HnoRF%{

and
e in the case that F' is right exact, prove that

F, n=0

H, o LF =
0, n<o0
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We have passed from an arbitrary abelian category A to the abelian category Modg in
order to guarantee the existence of the adjoints iy and ig to the projection 7. In particular,
in this situation the adjoints (13) exist without any hypotheses on C.

7.2. Tor.

7.2.1.  We now study Tor, one of two classical examples of a derived functor. By definition,
Tor is the left derived functor of relative tensor product. It will be illuminating to work
relative to our base commutative ring k, so we begin in that special case, and then proceed

to discuss Tor over the associative k-algebra R.
7.2.2. The relative tensor product bifunctor
Mod;, x Mod;, “~Z=% Mod,

is right exact separately in each variable, but it is not left exact in either variable. Let us
fix a k-module M € Mody and consider the resulting right exact functor

Mody, 2 Mod, .

According to the prescription of §7.1.2; we define its (total) left derived functor L(M & (—))
as the composite
Dy ~ P, <5 K, 220 g, D,

In particular, its value on an ordinary k-module is obtained as the upper composite in the

diagram

Mod, —— K, —= P, <2 K,
W
idi,
Of course, we can equally well perform the same operation in the second slot. We are
therefore led to consider two possible notions of “the left derived tensor product of M and
N”. Luckily, they agree: by Exercise 5.4(c), we have natural quasi-isomorphisms fitting into

a commutative square

LM & (=))(N)
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in K (omitting the functor ip for simplicity). It is customary to simply write

L
M & N € Dg

for the common value of these derived functors and refer to it as the derived tensor prod-
uct. Note that this is nothing more than the tensor product in Dy, as defined in §6.3.5.
For any n > 0, we define

Tor, (M, N) := Tor“(M,N) := H,(M ®" N) € Mod .
By Exercise 7.3, we have natural isomorphisms

L,(M® (=))(N) = Tor,(M,N) =2 L,((—) @ N)(M) .
7.2.3. The source of the name “Tor” is the following fundamental example.

Exercise 7.4 (6 points). Taking k = Z and all possible combinations where M € {Z,Z/m}
and N € {Z,Z/n}, compute Tor;(M, N) for all i > 0.

As each functor Tor;(—,—) preserves finite sums separately in each variable, Exercise 7.4
effectively gives a computation of Tor for all finitely generated abelian groups.

7.2.4.  We now discuss Tor over the associative k-algebra R. Of course, it is the left derived
functor of the bifunctor

Modg x pMod 225 Mod,

the subtlety is simply that this is not a monoidal structure on a single category. Once again,
it is sufficient to take a projective resolution in one variable or the other.

7.2.5. It is worth mentioning a particular small (and therefore computable) model for the
derived relative tensor product of ordinary R-modules.®® Namely, given a right R-module
M € Modg and a left R-module N € grMod, we define the (two-sided) bar complex
Bar(M, R, N) € Ky to be

B M@R®?ON -5 MoRON 2 M@N — 0,

where we define d; := Z;zo(—l)j @ and we define d/ by multiplying the j® and (j + 1)**

tensor factors (where we count starting from 0), i.e.

m-r@ro@---Qr; dn , 7=0
d} (M@ri®---@ri®n) =4 mMOr Q@ - Qrj1®r; rjj @rje® - Qr,en, 0<j<i
MmRr @ - Qri_1@r;-n, J=1
Then, we have a canonical equivalence
L
(14) Bar(M,R,N) ~ M @ N
R

86This admits a straightforward generalization to complexes of R-modules, which we do not address here.
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in Dg. jmaeaz9 This is particularly easy to see if fgt(M) € Mody is projective (or similarly
if fgt(IV) € Mody, is projective), e.g. if k is a field.¥” In general, if N carries a right action
S-action that commutes with its left R-action, then we may consider Bar(M, R, N) € Kg as
a complex of right S-modules. Taking N = R = S, we obtain a complex Bar(M, R, R) € Ky
of right R-modules. By Exercise 5.10, this is projective: it is levelwise projective by the dual
of Exercise 5.13(c), and moreover it is bounded below.

Exercise 7.5 (2 points). Construct a natural quasi-isomorphism Bar(M, R, R) = M in Kp.

In other words, Exercise 7.5 implies that Bar(M, R, R) Zs M is a projective resolution. Now,
equivalence (14) follows from the evident isomorphism Bar(M, R, R) ®g N = Bar(M, R, N)
in K]k.

7.3. Ext.

7.3.1. We now study Ext, the other classical example of a derived functor. By definition,
Ext is the right derived functor of hom. The hom bifunctor

hommod  (—5—

Mod%® x Mody , Mod,

is left exact separately in each variable, but it is not right exact in either variable.®® Now,
following §7.1.2 we define its two possible right derived functors as in the diagrams

and

R(hom’\/lod —
3 e A

T 89
U =< :

op .op
p i
op op P N op < P \ op \ 1
Mod$? «—— K > P y K9 y Ky — Dy

K (hommod, (—,N)) i
W

id.op
K]k

87The proof in the general case requires techniques that we do not discuss here; see [Wei94, §8.6] for an
explanation.

88When considering contravariant functors, it is customary to put the (—)°P on the source category (e.g.
for determining whether the functor hommed, (—, N) should be considered as left exact or right exact).

89Note that passing to opposites exchanges projectives and injectives.
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Once again, these agree: by Exercise 5.3(d)(e), we have natural quasi-isomorphisms fitting

into a commutative square
R(hompod, (M, —))(N)
i
homModR(M, N) > homKR(M,pI(N))

homKR(pP(M)v N) — = homKR(pP(M>7 pI(N))
I
R(hommody, (—, N)) (M)

in Kj. It is customary to simply write
]RhomModR(M, N) € Dy

for the common value of these derived functors and refer to it as the derived hom. Note
that this is nothing more than the hom in Dg:

Rhommod, (M, N) ~ homp,, (M, N) := homp,, (7 (M), 7(N)) .
For any n > 0, we define
Ext" (M, N) := Extj(M, N) := H_,,(Rhompmoa, (M, N)) € Mod .
By Exercise 7.3, we have natural isomorphisms

R" (homoed,, (M, —))(N) 2 Ext™(M, N) 2 R" (homeq,, (—, N)) (M) .

7.3.2. The name “Ext” arises from the fact that for any n > 1, Ext},(M, N) classifies equiv-
alence classes of exact sequences

(15) 0O—N—-X, 11— —Xo—M—0,
called n-extensions of M by N, under the relation that there exists a commutative diagram

0 > N > X1 > Xo > M > 0

(16) id v l l lidM

0 > N > X1 > X|) > M > 0
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Observe that we may view an n-extension (15) as a sequence of composable morphisms

YoiN N > 0 > > 0 > 0
1| | | |
X, = X1 — X9 > > X4 > )@
d | |
M 0 > 0 > > 0 > M

in Chg, such that the composition equals zero. Hence, we obtain a commutative square

w1y Ly X,

| g

0O — M

in the oo-category K. This may not be a co/kernel square in Kg, but by the long exact
sequence in homology it does become a co/kernel square in Dg. As such, it is completely
determined by the morphism X, 2% M, which in turn is completely specified by the morphism
M — coker(g). On the other hand, we have a canonical identification

coker(g) ~ ¥X"N

both squares in the diagram

seiy Ly x,

g U

0 » M —— hcoker(g)

in Dy are pushouts, and so the composite rectangle is also a pushout. Of course, this
morphism k is precisely the element of Ext; (M, N) that is classified by the n-extension (15).
Note too that a morphism (16) of n-extensions determines a quasi-isomorphism

X, = X

in (Chg)sn-1n//0, which gives a homotopy between the corresponding morphisms M — "N
in DR.

Exercise 7.6 (10 points). Construct an inverse function from Exti(M, N) to the set of

equivalence classes of n-extensions of M by N.
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7.3.3. To simplify our discussion, let us assume that n > 2. Then, by the long exact se-
quence in homology, the complex X € Chg determined by an n-extension (15) has homology

groups
M, i=
Hi(X)2 ¢ N, i=n-1
0, otherwise

Said differently, the derived R-module X € (Dg)sn-1n//0 has the property that its struc-
ture maps X" IN x4 M respectively induce isomorphisms on H,_; and Hy. On the
other hand, as we have seen, this does not characterize X as an object of (Dg)sn—1n//m:
equivalences X — X' therein correspond to homotopies k = k' in homp,, (M, ¥"N), which
are obstructed by Hyo(homp, (M,¥X"N)) = Exty(M, N). Indeed, the equivalence class of the
object X € (DR)Enle//M is equivalent data to the morphism M LN >" N, which is called
the (n — 1) k-invariant of X.

More generally, we can now make precise the assertion of §2.4.4 that a derived R-module
is specified by the data of its homology groups and its k-invariants. To explain this, let us
write DE" C Dg, for the full subcategory of n-truncated derived R-modules, i.e. those with
vanishing homology above dimension n. Its inclusion admits a left adjoint

T<n <
Dp - T A

and from here it should be plausible that we have an equivalence
idDR ;> lim ( e — T<(n+1) — T<n — T<(n—1) —_— )

in Fun(Dg, Dg):?! every derived R-module Y € Dy, is canonically equivalent to the limit of
its Postnikov tower

e TS(nJrl)Y — TSnY — Tg(nfl)y —_—
Moreover, we see from the iterated co/kernel diagram

SHL(Y) ——— 7)Y ————— 0

| ! !

0 ——— T<(m-nY o Y HH, (Y)
in Dy (akin to diagram (17)) that given 7<(,_1)Y, the data of 7<,Y (equipped with its
canonical n-truncation map to 7<(,—1)Y") is equivalent to the data of the nth k-invariant

90A dual adjunction (from which this one may be immediately deduced) is essentially established in
Exercise 8.7.

91This assertion is slightly subtle, because homology does not commute with (co-categorical) inverse limits
in Dg in general. However, it does commute with the limits of inverse systems whose structure maps are

surjective on homology.
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of Y, namely the morphism
kn(Y) € homp, (T<(n-1)Y, Z" ' H,(Y)) .
7.4. Group co/homology.

7.4.1. Let G be a discrete group. Then, a (k-linear) G-module is a k-module equipped
with a (right) G-action. It is easy to see that these are equivalent to modules over the group
algebra k[G].

Given any G-module M € Modyq), its G-tnvariants and G-cotnvariants are the k-

modules
ME:={meM:m-g=mforall gc G} and Mg = M/{m —m - g}memgec -

These are respectively the maximal k-submodule and minimal quotient k-module on which
G act trivially.

Let us equip k itself with the trivial G-bimodule structure: g-A:=A=: A-gforallg € G
and for all A € k. Then, it is clear that we have isomorphisms

MY = homyog,, (k, M) — and  Mg=M ® k.”
k[G]

This makes it clear how to derive these functors, and we define the homotopy G-invariants
and homotopy G-coinvariants of M to be the derived k-modules

L
M"% := Rhomyea,, (k, M) and  Myg:=M ® k.
k[G]
Said differently, we have an evident augmentation homomorphism k[G] — k given by the
formula g — 1 for all g € G, and these derived functors can then be interpreted as defining

adjoints

(—)na
S N
(18) D]k[G] < fgt
\_i/‘

(e

Dy

(as in Exercise 5.13(a)). Thereafter, we recover the cohomology and homology of G with
coefficients in M as

H"(G; M) = H_,(M"?) =t Extfy(k, M) and  H,(G; M) == H,(Mpg) = Tors (M k) %

92The first uses the right G-action on k, while the second uses the left G-action on k. So these both carry
residual right G-actions, but of course these actions are trivial.
9BAs we will see, the G-module M defines a local system on the space BG, and these are precisely its

co/homology groups.
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7.4.2. In view of Exercise 5.3(c)(d), to compute the co/homology of G it suffices to choose a
projective resolution of k as a left or right k[G]-module; this is certainly easier than injectively
resolving M in order to compute cohomology, and if we do it once and for all then we need
not projectively resolve M in order to compute homology. For this, it is standard to use the
one-sidedly projective (in fact free) resolutions

Bar(k[G],k[G],k) - (k[G}P XK k[G}Kk[G]) and Bar(k,k[G],k[G]) € (Pk[G} KX k[G]Kk[G]> .

k[G] k[G]

Exercise 7.7 (8 points). Use bar resolutions to compute the homology and cohomology of
the cyclic group C,, := Z/n with coeflicients in the trivial module Z € Modzc,,).

In solving Exercise 7.7, one finds that group homology and group cohomology exhibit “mostly
periodic” behavior. The corresponding complexes can be combined into a single periodic
complex that computes Tate cohomology, a fascinating construction originating in the study
of class field theory.

7.4.3. Homotopy co/invariants compose nicely. For instance, for any subgroup H C G, tak-
ing (homotopy) H-coinvariants is implemented by taking the (resp. derived) tensor product
with k[G/H] € ygMod. When H is normal this carries a commuting right action of G/H,”
and we find that

(=)nym o (= )na == (=) ®ﬁ[a] k|G /H] ®£[G/H} k~(-) ®&[G] k=:(—)ng "

Of course, an analogous relation holds for homotopy invariants. From the perspective of the
diagram (18) describing homotopy co/invariants as adjoint functors, we can also view these

relations as arising from a diagram

in which the upper and lower (hyperbolic) triangles commute by the the uniqueness of
adjoints.

Homotopy co/invariants admit other subtler relations.

94\ ore generally, this carries an action of the Weyl group of H in G, the quotient We(H) :=Ng(H)/H
by it of its normalizer. (In fact, W (H) is precisely the monoid of automorphisms of G/H as a left G-set.)

9Here we use the facts that the derived relative tensor product is associative and the equivalence
k[G/H] ®]§;[G/H] k = k of derived left k|G]-modules.
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Exercise 7.8 (12 points). Let G * H denote the coproduct (a.k.a. free product) of groups
G and H. For any derived (G * H)-module M € Dy, p], construct exact squares

M ——— Mg M +— M"¢
l l and T T
MhH E— Mh(G*H) MhH - Mh(G*H)

in Dk.96
7.5. Decategorification.

7.5.1. The term decategorification refers informally to the process of taking a mathe-
matical object and extracting an invariant of it that lies at a lower categorical level — e.g.
extracting a vector space from a (linear) category, or extracting a number from a vector
space. Indeed, a first example — which appeared in §1 — is given by taking the dimension of
a (finite-dimensional) vector space. This is generalized by taking the FEuler characteristic
of a (perfect) derived module. We explain this in the two relevant examples introduced in
§1.4, both of which take place over the field R, and then discuss Euler characteristics over

more general rings.

7.5.2. Let us briefly recall the setup of §1. We wished to compute algebraic intersection
numbers of subvarieties of complementary codimensions. That is, we wished to compute the
“expected” number of intersection points that would be literally obtained by perturbing the
intersection to be transverse, without actually making such a perturbation. For a transverse
intersection (and in somewhat more generality (recall §1.4.2)), we saw that computing the
dimension of a corresponding tensor product gave the correct answer. It was asserted that

derived tensor products would give the correct answer unconditionally.

7.5.3. As we saw in §1.4.3, the first instance where ordinary tensor products fail to give
the correct answer is for the self-intersection of a single point a € R!. In this case, the
corresponding derived intersection is computed by the derived tensor product

(19) R[]/(z — a) g@] R[]/(z — a) .

That is, we can enhance the ordinary intersection by passing to the world of derived alge-
braic geometry: the derived intersection has an underlying variety given by the ordinary
intersection (which is just the point a € R'), but then it has a derived commutative R-algebra

of functions, namely this derived relative tensor product.®”

96T his may be seen as a Mayer—Vietoris decomposition for (twisted) co/homology via the wedge sum
decomposition B(G « H) ~ BG V BH, as we will see below.
9Recall from §6.3.5 that projective resolution carries commutative algebras to commutative algebras.
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In order to compute this derived relative tensor product, we form the projective resolution

A~

P= (R[x] o, R[x]) =5 R[]/ (z — a)
(as a complex of R[x]-modules). Then, the ordinary relative tensor product

P ® Rlz]/(x — a) = <R o, ﬂg)
Riz]
in Kg represents the derived relative tensor product (19) in Dg.”

The relevant numerical invariant of this derived R-module is defined on the full subcat-
egory DI C Dy of perfect (derived) R-modules, i.e. those with finite-dimensional total
homology (equivalently, those with finitely many nonzero homology groups that are each
finite-dimensional R-modules).” Namely, given a perfect R-module M & D]‘f;rf, its Euler
characteristic is the alternating sum

V(M) = 3 (= 1) - i (H, (M)
ne”Z
Here we find that
L
X (R[x]/(m —a) R(E[{)] Rx]/(x — a)) = dimg(R) — dimg(R) =0,

as desired: generically, the intersection of two points in the line is empty.

7.5.4. We now explain how to compute the derived self-intersection of a projective line in
RP? (as asserted in §1.4.5), using some basic facts about the cohomology of line bundles on
projective space (see e.g. [Har77, §II1.5]).1%

Given a curve Z C X := RP?, let us write O, for the corresponding ideal sheaf on X.

Then, the derived self-intersection of Z with itself in X is the derived scheme
R L
Y =/ x Z:= (|Z|,OZ & Oz)
X Ox

(expressed as a topological space equipped with a sheaf of derived commutative R-algebras,
and omitting the pullback functor from the notation). Now, because the underlying variety
of Y is no longer just a point, in order to extract a numerical invariant we must take the
Euler characteristic of Y: that is, the Euler characteristic of the derived global sections
(a.k.a. (hyper)cohomology) of its structure sheaf.'"!

981t is not hard to see that the commutative algebra structure is the evident one that exists at the point-set
level on this particular chain complex representative.

91 general, the subcategory Dp;rf C Dp, of perfect (derived) R-modules can be defined as the smallest
full subcategory containing the object R € Dy that is closed under co/kernels, de/suspensions, and retracts.

1001y fact, essentially the same computation applies to the derived intersection of any pair of (possibly
equal) algebraic curves in RP?, yielding the product of their degrees as the algebraic intersection number.

101 he fact that Y arose as the intersection of two subvarieties of complementary codimension is reflected

in its virtual dimension, which can be read off from its cotangent complex (as described below).
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Exercise 7.9 (8 points). For definiteness, let us take Z C X := RP? to be the closure of
the x-axis, i.e. the locus {[z : y : 2] € RP?: y = 0}.
(a) Find a line bundle L over X and a section s of L such that Z = s71(0).

This gives a short exact sequence 0 — L~ % Ox — Oy — 0, which we may view as defining
a quasi-isomorphism M := (L7! % Ox) Z 04. Thereafter, we may compute the derived

tensor product as Oz ®g 0z ~ M ®g, O7.'"

(b) Compute the Euler characteristic of Y, i.e. the Euler characteristic of the derived
global sections (a.k.a. hypercohomology) of its structure sheaf.'*

7.5.5. The Euler characteristic of derived modules over more general rings is not a priori
well-defined. This is rectified by a universal construction known as algebraic K-theory, as
we now explain.

We begin with the following motivating observation: given a co/kernel sequence of derived
R-modules L — M — N, by the long exact sequence in homology we have an equality
x(M) = x(L) + x(N). This is referred to as the additivity of Euler characteristic.'**

We define the full subcategory D%erf C Dy, of perfect (derived) R-modules to be the small-
est subcategory containing R and closed under retracts, co/kernels, and de/suspensions.'?
(Alternatively, these are the derived R-modules that can be presented by bounded com-
plexes of finite-rank projective R-modules.) Then, the 0% algebraic K-group of DP" is

the abelian group
Ko(D5™)

defined as follows: it has a generator [M] for every perfect R-module M € D%erf, and for
every co/kernel sequence L — M — N it has a relation [M] = [L] + [N].'% (In particular, if

M =~ M’ then [M] = [M'], because the co/kernel of an equivalence is zero.) By construction,

102That this indeed computes the derived tensor product follows from the fact that this is a flat resolution
of O x-modules. (An O x-module is flat iff it is locally flat.) Note that there are no nonzero projective objects
in the abelian category of O x-modules, so our previous considerations do not immediately apply here.

103Bquivalently, one can compute the alternating sum of the Euler characteristics of a specific chain
complex representative of the structure sheaf. This is an enhancement of the fact that given a bounded

complex M € Chy of modules over a field k, we have the alternative formula

X(M) = 3 (=1)" - dimy (M)
nez

for the Euler characteristic of its underlying derived k-module.
104The Euler characteristic for (suitably finite) spaces is likewise additive for cofiber sequences.
105This finiteness restriction is to avoid the so-called “Eilenberg swindle™ for instance, the short exact

sequence

r—(7,0,0,...) R@N (r1,72,...)—>(ra2,r3,...)

0— R RON 0

of R-modules would yield the relation that [R] = 0.
106The German word for “class” (as in “equivalence class”) begins with the letter “K”.
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we have a “generalized Euler characteristic” function

{objects of DP"} M, Ko(DP) |

which is additive for co/kernel sequences.

In fact, it is not so hard to compute Ko(DP). Let us define an abelian group Ko(Mod/&")
as follows: it has a generator [M] for each finitely-generated projective R-module M €
Mod‘;'%g"pmj7 and for every short exact sequence 0 — L — M — N — 0 among such it has a
relation [M] = [L] + [N]. Observe that there is an the evident homomorphism

(20) Ko(Mod i P) — Ko(D%") .
Exercise 7.10 (10 points). Prove that there is a well-defined homomorphism

Ko(DX™) ——— Ko(Mod &P
V)] V)]

[M] ——— > (1) [Ha(M)]

nez

that defines an inverse to the homomorphism (20).

In particular, we see that K-theory classes are insensitive to k-invariants.

As the notation indicates, it is possible to define higher (and in fact also lower) K-groups.
As with the discussion of §7.1.1, these constructions are motivated by a desire to repair
certain failures of exactness of the functor K, although now the notion of “exactness” becomes
substantially more subtle. To a first approximation, the functor K takes values in derived
Z-modules, and we recover the n'" algebraic K-group as K,, := H,, o K. We refer the reader

to [Weil3] for a comprehensive introduction to algebraic K-theory.

PART II. HIGHER CATEGORY THEORY

In this part, we give a rapid introduction to co-category theory. We take the point of view
that it is easiest to learn this theory through examples; those that we choose to highlight
are provided by sheaf theory, which is the subject of ?7?7. So, the present part will contain
relatively few examples, in the interest of reaching sheaf theory as quickly as possible. In
particular, the present account of co-category theory is very far from exhaustive. Rather, it

is intended to simultaneously explain

(1) how oo-categories are actually used in practice, and

(2) how this usage connects with the rigorous definitions.

We address these goals in reverse order: the foundations of co-category theory are based in
the theory of model categories, and so we begin with a rapid summary of the latter.'%”

107Also7 some indication of how co-categories are used in practice already appeared in Part I.
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The character of our exposition will change fairly dramatically here: we will introduce
many results here without any semblance of proof, especially after §8 (although we will give
references where relevant). Based on these black boxes, we will return to proving most of

our assertions in ?77?.

8. MODEL CATEGORIES

8.1. Model categories, Quillen adjunctions, and Quillen equivalences.

8.1.1. A relative category is a pair (€, W) of a category € equipped with a subcate-
gory W C C, called the subcategory of weak equivalences. We generally denote weak
equivalences by =». Given a relative category (€, W), its localization (also often called
its homotopy category) is the category €[W™!] obtained from € by freely inverting the
morphisms in W 108

A model structure on a relative category (€, W) consists of additional structure which
makes it feasible to perform computations in the localization €W ~!]. In particular, this gives
a means of obtaining adjunctions and equivalences among localizations of relative categories.

We quickly give the relevant definitions, and then illustrate them through a number of
examples. We note here that the examples will be much more important for us than the
specific details of the definitions.

8.1.2. A model structure on a relative category (€, W) consists of subcategories C,F C €,
whose morphisms are respectively called cofibrations and fibrations and are respectively
denoted by — and —; morphisms in W N C (resp. W N'F) are respectively called acyclic
co/fibrations. These data are required to satisfy the following axioms.

(1) The category C has all finite limits and colimits.
(2) The subcategory W C € satisfies the two-out-of-three property: given any pair of

composable morphisms X Iy % Zin G, if any two of the morphisms f, g, and g f
lie in W then so does the third.
(3) Every morphism X — Y admits factorizations

X > Y X >y Y
. - and AN

(4) We have equalities (W N C) = lIp(F) (or equivalently F = rlp(W N C)) and C =
llp(W N'F) (or equivalently (W NF) = rlp(C)).'"

108Beware that we previously wrote C[W~1] to denote oo-categorical localizations.
109Conditions 3 and 4 are sometimes expressed by saying that the pairs (W N C,F) and (C, WNF) form
weak factorization systems on C.
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In particular, axiom 4 implies that given solid commutative squares

W —— X W —— X
21 2

zzl e l and I e lzz

Yy — 7 Yy — 7

there always exist dashed lifts making the diagrams commute. It additionally requires that
these various classes of morphisms are characterized by these lifting conditions.'°

enaneed 211) I general, we will notate a model category and its various attendant data using a
subscript that indicates the name of the model structure. However, we will notate the weak
equivalences with a subscript that indicates the more standard term for them when one exists;
for instance, we will always write Wq; C Chp for the subcategory of quasi-isomorphisms.

Fix a model category C. We say that an object X € C is cofibrant if the unique map
e — X from the initial object is a cofibration, fibrant if the unique map X — pte to
the terminal object is a fibration, and bifibrant if it is both cofibrant and fibrant. We
respectively write C¢, Cf,C% C € for the full subcategories on the cofibrant, fibrant, and
bifibrant objects.

Note that every object is weakly equivalent to both a cofibrant object and a fibrant object.
Indeed, we define a cofibrant resolution and a fibrant resolution of an object X € C to

respectively be factorizations

and

these are not unique, but they are guaranteed to exist by axiom 3. Even further, axiom 3
can be used to construct a bifibrant object that is weakly equivalent to X.

8.1.3.  The first purpose of co/fibrant objects is that they are “good for mapping from/to”,

as we now explain.'!!

10T here are a number of slight variations on the axioms: notably, some authors strengthen axiom 1 to
require that € have all (not necessarily finite) limits and colimits, and some authors strengthen axiom 3 to
require that the factorizations can be made to be functorial. These stronger axioms hold in essentially all
examples of interest.

N\ ore generally, a cofibration W — X makes X “good for mapping from in Cw/

"> while a fibration

Y — Z makes Y “good for mapping to in C,z”. Indeed, a model structure on € determines a model structure

on Cy/,z in an evident way.
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Fix a model category € and objects X,Y € €. We define a cylinder object for X and a
path object for Y to respectively be factorizations
XX ldodd) |, x Y

fzo and )
2) S e St _- \poﬂ

cyl(X) path(Y)

these are not unique, but they are guaranteed to exist by axiom 3. Then, for any pair of
morphisms f, g € home(X,Y), we define a left homotopy and a right homotopy from f
to g (with respect to these choices) to respectively be dashed morphisms

X Y

10 \ / Po
cyl(X) —-------mmmmm-- 2 >y oand X oo > path(Y)

il / \ 21

X Y

making the diagrams commute. We respectively denote the existence of such homotopies by
f L g and f ~ g. Straightforward considerations then lead to the fundamental theorem
of model categories: if X is cofibrant and Y is fibrant, then the map

home(X,Y) — homew-11(X,Y)

is surjective, with the equivalence relation implementing it given by either left homotopy
or right homotopy (i.e. these relations are both equivalence relations and moreover they
coincide). We refer the reader to [Hov99, §1.2| for a proof; we include the following to give

a representative sample of the arguments involved.

Exercise 8.1 (8 points). Prove the following statements.

(a) Given a diagram

f
W3 X Ty I,z
g

in C, f L g implies hf L hg, and if Y is fibrant then f & g implies fe A ge.
(b) If X is cofibrant then L defines an equivalence relation on home(X,Y).
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(c) HY I 7 is either an acyclic fibration or a weak equivalence between fibrant objects,
then postcomposition with A induces an isomorphism

home(X,Y) e, home(X, Z)

| |

home(X,Y)/ & --= home(X, Z)/ ~

(d) Suppose X is cofibrant. Then, for any f,g € home(X,Y), f L g implies f ~ g.
Moreover, the relation of right homotopy is realized by any fixed path object for Y.

We emphasize that the fundamental theorem of model categories should be seen as quite
striking: a priori, morphisms in @[W~!] are given by zigzags (or arbitrary length) in C in
which the backwards maps are weak equivalences, whereas it implies that for any objects

X,Y € €, every morphism in homgw-17(X,Y) is presented by a zigzag
X< Xe—Vvi&Ey
involving arbitrary but fixed co/fibrant resolutions of X and Y.
8.1.4. Let € and D be model categories. A Quillen adjunction is an adjunction

F
—_
C é D
such that F' preserves cofibrations and acyclic cofibrations; by axiom 4, these conditions are
respectively equivalent to requiring that G preserves acyclic fibrations and fibrations.

As we now explain, such a Quillen adjunction determines a diagram

N
F \
Cc < > C T ” D < > DS )
G
N
EIW1] 4mccmee DIW1] e DIW]

where we simply write W for all relevant subcategories of weak equivalences. First of all, the
curved arrows arise from the easy consequence that F' (resp. ) preserves weak equivalences
between cofibrant (resp. fibrant) objects [Hov99, Lemma 1.1.12]. Moreover, the indicated
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horizontal equivalences follow easily from the fundamental theorem of model categories.
Hence, we may define the dashed arrows so that the curved regions commute; we respectively
call LF and RG the left derived functor of F' and the right derived functor of G.''?
So by definition, for any objects X € C and Y € D, we respectively have isomorphisms

(LE)(X) = F(X9 and  (RG)(Y)=G(YY)

in D[W~1] and €[W~1] for any co/fibrant resolutions X¢ = X and Y = Y/. The natural

transformations arise from the resolution maps: their components are
(LF)(X) = F(X°) — F(X) and G(Y) — GY7) = (RG)(Y) .13

(Of course, implicit in all of these assertions is the fact that they are independent of the
choices of co/fibrant resolutions.)
The main point of such a Quillen adjunction is the following result.

Exercise 8.2 (8 points). Prove that the derived functors participate in a canonical derived
adjunction
LF
CW™] L DW]

RG

The Quillen adjunction is called a Quillen equivalence if for every X € C° and every
Y € D/, a morphism X — G(Y) in € is a weak equivalence if and only if the corresponding
morphism F(X) — Y in D is a weak equivalence. It is clear from (the solution of) Exer-
cise 8.2 that the derived adjunction is an equivalence if and only if the Quillen adjunction is
a Quillen equivalence.

lnanged 2111 We say that a Quillen functor is automatically derived if it carries all weak
equivalences to weak equivalences. For instance, a left (resp.) right Quillen functor is au-
tomatically derived if in its source model category all objects are cofibrant (resp. fibrant).
We simply write F' := ILF for the left derived functor of a left Quillen functor F' that is
automatically derived, and similarly we simply write G := RG for the right derived functor

of a right Quillen functor GG that is automatically derived.
8.2. Model categories of derived modules.

8.2.1. The category Chp is a relative category via the subcategory Wi C Chp of quasi-
isomorphisms. Its localization is the derived category of R: Chr[W™!] ~ Hy(Dg).

H2Ag the notation and terminology suggest, these are closely related to the derived functors introduced
in §7.1.2.
H3Note that F and G do not generally preserve weak equivalences between arbitrary objects.
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8.2.2. The relative category (Chgr, Wy, ) admits a projective model structure, which is
characterized by the fact that the fibrations are the levelwise surjective chain maps. So, all
objects are fibrant, and the cofibrant objects are precisely the projective complexes. Hence,
all weak equivalences are fibrant resolutions, and cofibrant resolutions are simply projective
resolutions.

We now discuss axiom 3. For this, consider the sets
[:={8" D"y and J:={05 D"}nez

of morphisms in Chg, where [ is the set introduced in §5.5. Now, the factorizations factor-
izations »——» were constructed in §5.6 using the small object argument applied to the set I.
It is easy to see that the small object argument applied to the set J yields the factorizations
5 114 We summarize this situation by saying that the projective model structure is cofi-
brantly generated by the sets I and J, which are respectively called the set of generating
cofibrations and the set of generating acyclic cofibrations.

Let us say that a morphism is a relative I-cell complex if it can be expressed as a
transfinite composition of pushouts of elements of I (such as the morphism ¢(>) constructed
in §5.6).11% Then, the relative I-cell complexes are cofibrations, and in fact every cofibration
is a retract of a relative I-cell complex. Similarly, every acyclic cofibration is a retract of
a relative J-cell complex. We also have F = rlp(J) and (W N'F) = rlp(I): to detect (resp.
acyclic) fibrations, it suffices to check the right lifting property merely against the set J
(resp. I). Of course, these statements hold in any cofibrantly generated model category.

8.2.3. The relative category (Chg, W) also admits an injective model structure, which
is characterized by the fact that the cofibrations are the levelwise injective chain maps. So,
all objects are cofibrant, and the fibrant objects are precisely the injective complexes. Hence,

all weak equivalences are cofibrant resolutions, and fibrant resolutions are simply injective

resolutions. 6

8.2.4. The identity adjunction defines a Quillen equivalence

idChR

(ChR)proj % (ChR)inj
ldchp

in which both adjoints are automatically derived, whose derived equivalence is the identity
functor on the derived category Ho(Dg) := ChR[W;H.

14, apply the small object argument to the set I, we needed to know that the source objects S™ € Chp
were compact (Exercise 5.18). It is trivial to verify that the object 0 € Chg is compact, so that we may
apply the small object argument to the set J.

H5To be precise, in §5.6 we constructed transfinite compositions of pushouts of coproducts of elements of
I, but it is not hard to see that these are also I-cell complexes.

H6This model structure is also cofibrantly generated, but the generating sets are quite inexplicit; see
[Hov99, Theorem 2.3.13].
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8.2.5. The model category (Chy)po is a symmetric monoidal model category. In par-
ticular, this means that the bifunctor

— ® —
(CheJors X (ChiJpey = (Chic)oy
is a left Quillen bifunctor, which in particular means that for any cofibrant object P &€
(Chy)gro; = Pi, the functors P®y (—) and (—) @y P are left Quillen functors (i.e. they preserve
cofibrations and acyclic cofibrations). This also means that the internal hom bifunctor

hoif’ﬂChk(*,*)

(Chlk>0p X (Chk>proj

proj

(Chk)pmj

is also suitably compatible with the projective model structure.

8.2.6. Similarly, the bifunctor

(—)®k(—)
(Chi)proj X (Chg)proj = (ChR)proj

is a left Quillen bifunctor. This also means that its two-variable adjoints

mChR(—v—) MChk(—,—)

(Chk)proj and(Chk)c’p X (ChR)proj

proj

(Chr)om; % (ChR)proj (ChR) proj

are also suitably compatible with the projective model structures.
8.3. Model categories of spaces.

8.3.1. The category Top is a relative category via the subcategory Wy, h.. C Top of weak

homotopy equivalences. We refer to objects of the localization Top[W_ 1 | as spaces.'!”

w.h.e.
So by definition, a space is a weak homotopy equivalence class of topological spaces. For

reasons that will become clear later, we write ho(8) := Top[W_ ! _] and refer to this as the

w.h.e.

homotopy category of spaces.

8.3.2.  The relative category (Top, Wy he ) admits a model structure known as the Quillen—
Serre model structure, which we denote by Topgs. This model structure is cofibrantly
generated by the sets

Igs :={S" " <= D"},0  and  Jgs:={D" = D" x {0} < D" x [0,1]}ns0 -

So, the cofibrations are the retracts of relative cell complexes (in the standard sense), and
the fibrations are precisely the Serre fibrations. In particular, the cofibrant objects are the
cell complexes and their retracts, and all objects are fibrant.

In any model category C, if X is fibrant and Y is cofibrant, then any weak equivalence
X 2 Y admits a “weak inverse”, i.e. a weak equivalence Y = X that becomes an inverse in

C[W~1]. Applied to Topgs, this recovers (a slight strengthening of) Whitehead’s theorem.

HTWe will later also refer to spaces as co-groupotds.
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8.3.3. Recall the category A of finite nonempty totally ordered sets and order-preserving
functions, and recall the object [n] := {0 <1 < --- < n} € A for every n > 0. Evidently,
every object of A is isomorphic to [n] for some n > 0.

The category of cosimplicial objects in a category C is the category cC := Fun(A, C).
In general, given a cosimplicial object X € cC, we generally write X™ := X ([n]) € @ for its
value at the object [n] € A; correspondingly, we may write X*® := X for emphasis.

Dually, the category of simplicial objects in a category C is the category sC := Fun(A°P, C).
Given a simplicial object X € sC, we generally write X,, := X([n]°) € C for its value at the
object [n]° € A°P; correspondingly, we may write X, := X for emphasis.

Simplicial sets can be used as models for spaces. That is, the category sSet admits a model
structure known as the Kan—Quillen model structure, which we denote by sSetkq, which
participates in a Quillen equivalence

=

(21) sSetkq % Topgs -
ing

as we explain shortly. Of course, it will follow that we have an equivalence sSet[W;é] ~

ho(8), and in particular that a space can also be defined as a weak equivalence class of
simplicial set.

8.3.4. We begin with some background on simplicial sets.

We write A" := homa(—, [n]) for the (combinatorial) n-simplex. These assemble into a
functor A <£> sSet, i.e. a cosimplicial object in sSet, which is simply the Yoneda embedding.

Given a simplicial set X € sSet, we refer to the set X,, := X([n]) = homgset(A”, X) as its
set of n-simplices. An n-simplex of X is called degenerate if it arises as a composition
A" — A" — X for some i < n, and nondegenerate otherwise. The simplices of X assemble
into a category

A/x = A x sSet/x ,

sSet

which is called the category of simplices of X.
As in any presheaf category, limits and colimits in sSet are computed pointwise.!®

Exercise 8.3 (4 points). For every n > 0, determine the number of degenerate and nonde-
generate n-simplices of Al x Al

Exercise 8.4 (6 points). Prove that any simplicial set X € sSet is the colimit of its simplices,
i.e. that the canonical morphism
colim A" — X
(A”\LX)EA/X
18\ ore generally, in any functor category Fun(J,€), if € admits co/limits indexed over J, then so does
Fun(J,C) and these co/limits are computed pointwise. However, beware that there may exist co/limits

in Fun(J,C) that are not computed pointwise (necessarily arising in the case that € does not admit such

co/limits).
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is an isomorphism.
We can rephrase Exercise 8.4 as saying that the left Kan extension

A 2" 4 sSet

21
A'\[ pred

sSet

is the identity functor.!'? Indeed, in general the left Kan extension

gt e

R
gpl ‘,
R
d

(when it exists) is given by the formula
. . . fgt F
Jj— (@ F)(j) = colim (J xJd;; — 71— G)
J

Exercise 8.5 (6 points). Prove that any simplicial set X € sSet is also the colimit of its
nondegenerate simplices. That is, writing Anondeg/x € A/ x for the full subcategory on the
nondegenerate simplices, prove that the canonical morphism

colim A" — X
(AniX)eAnondeg/X

is an isomorphism.

In fact, Exercise 8.5 follows from the more general claim that any colimit over A x is

isomorphic to the colimit of the restriction to Apongeg/x, as we will see below.

8.3.5.  We now return to the Quillen equivalence (21).
For any n > 0, the topological n-simplex is the topological space

n
Atop

= (xo,...,xn)GR":ZIizlandxiZO € Top .
=0

A
These assemble into a cosimplicial topological space A —2 Top.!?® We can now define the
right adjoint Sing: it is simply the restricted Yoneda functor. That is, for any topological

19Note that Kan extensions along a fully faithful functor do not change the values on the full subcategory,
so the natural transformation that should appear here is a natural isomorphism.

120The functoriality of Af,p is uniquely specified by the following requirements: all maps in its image are

linear (in the evident sense), and the function fgt([n]) — fgt(AL ) on underlying sets taking ¢ € [n] to the

top
ith it basis “a bles i 1 sf :
727 unit basis vector assembles into a natural transtormation
L]

Atop
A — Top

7
\g;\x Jgt
Set
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space Y € Top, its singular simplicial set is the functor

homop (A, Y)
e

Sing(Y), : AP Set .

We refer to the set Sing(Y'),, := homo, (AL, Y) as the set of (stngular) n-simplices of Y.

top?
Its left adjoint functor | — | is called geometric realization. The most efficient definition

is that it is the left Kan extension

A®

top

A —— Top

A® />(
///\/\

sSet
of A}, along the Yoneda embedding A®. So by definition, for any simplicial set X € sSet,
we have

Afop
| X| := colim <A/X T A Sy Top> :

So, the topological space |X| € Top is built by gluing together topological n-simplices, one
for each combinatorial n-simplex of X.

Exercise 8.6 (4 points). Verify the adjunction (21).

Now, we define the subcategory W, .. C sSet of weak homotopy equivalences simply
by pullback along sSet u> Top. These are the weak equivalences of the Kan—Quillen model
structure. The cofibrations are the monomorphisms (i.e. the levelwise injections), so that
every object is cofibrant. To describe the fibrations, we introduce some notation. First of
all, for any n > 0, we write JA™ C A" for the largest simplicial subset not containing the

nondegenerate n-simplex. For any 0 < i < n, the i® face of A" is the nondegenerate

k3

(n — 1)-simplex given by the morphism [n — 1] N [n] in A defined by

" jH+1, i<j<n

Then, the i horn of A™ is the largest simplicial subset A? C A" not containing the i‘!

face. So for instance, we may depict A3 as

0 — 2

Finally, the Kan—Quillen model structure is cofibrantly generated by the sets

I = {aAn — An}nzo and J = {A? i) An}0§i§n21 .
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In particular, an object is fibrant iff it has the extension property with respect to all horn

inclusions A? < A". A fibrant object of sSetkq is called a Kan complex.'*!

Now, it is immediate from the definitions that the left adjoint sSetkq LN Topgs is a
left Quillen functor; indeed, it even carries the generating (resp. acyclic) cofibrations in
sSetkq to the generating (resp. acyclic) cofibrations in Topgg (up to certain straightforward
homeomorphisms). To see that the Quillen adjunction (21) is in fact a Quillen equivalence,

for any X € sSet® = sSet and any Y € Top’ = Top we must have that a morphism | X| Ly
]
lies in Wqs iff its adjunct morphism X EiN Sing(Y") lies in Wiq. By definition, the latter
¢
holds iff the morphism |X| A, |Sing(Y)| lies in Wgqs. Via the commutative triangle

g, ISme)

x| 5
Tr— v

and the two-out-of-three property for Wqs C Top, it is equivalent to verify that the counit
morphism |Sing(Y)| = Y lies in Wqs. This is a nontrivial fact, but it should be plausi-
ble; indeed, this morphism is a cellular approximation (i.e. a weak equivalence from a cell
complex).

We note that both adjoints of the Quillen equivalence (21) are automatically derived,
simply because sSetgq = sSet and Topés = Top. Also, sSetkq is a symmetric monoidal
model categories with respect to cartesian product, and Topgg is as well once restricting to

a “convenient” subcategory (so that cartesian product admits a right adjoint).
8.4. Homology.

8.4.1. As we now explain, homology of spaces essentially amounts to derived lineariza-
tion. Beyond its intrinsic interest, this will be relevant for us in understanding the relation-

ship between oo-categories and k-linear oo-categories.

8.4.2.  'We begin with a brief digression.
We write Ch}%0 C Chg for the full subcategory on the nonnegatively-graded complexes

of R-modules, i.e. those M € Chpg such that M,, = 0 for all n < 0. We write

Ho(DR") := (Chy")[Wi]
for its localization, and refer to it as the category of monnegatively-graded derived R-
modules, as justified by Exercise 8.7.

1217t is worth noting that Kan complexes are necessarily very large. In fact, a Kan complex with any
nondegenerate positive-dimensional simplices will necessarily have infinitely many simplices in all dimensions.
In a strong sense, this largeness reflects the fundamental incalculability of unstable homotopy theory. This
may be compared e.g. with the “small simplicial circle”, namely A'/OA! € sSet: it only has one nondegenerate

edge, whereas a fibrant replacement must have at least as many edges as there are homotopy classes of maps

St — St
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Exercise 8.7 (6 points).
(a) Prove that the projective model structure on Chg restricts to a (“projective”) model
structure on Ch}%0 C Chp.
(b) Construct a Quillen coreflective localization adjunction

i>0
>0 —
(Chfz )prOJ <— (ChR)prOJ )
and verify that both adjoints are automatically derived.
(c) Prove that the resulting derived adjunction

Ho(D30) := Chgo[w;ﬁ] %; Chr[W_!] =: Ho(Dg)

T>0

is also a coreflective localization adjunction, and prove that the image of the derived
left adjoint i>o = LL(i>0) consists of precisely those derived R-modules M € Hy(Dpg)
such that H,, (M) = 0 for all n < 0.'%2

8.4.3. We now study certain intermediate categories that are relevant in the definition of
homology.

Given a category C, we write Modg(C) for the category of right R-module objects in C.
Note that Modg(sSet) ~ sModr(Set) =: sModg.'*® As a special case, we have the category
Ab(C) := Modz(C) of abelian group objects, and no intuition is lost by restricting to this
special case.

It will be convenient to refer to certain lifted model structures. Namely, we have Quillen

adjunctions
R{-} R{—}
sSetkq L’ (sModg)kq and Topgs > Modg(Top)gs .1
fgt f

The model structures on categories of R-module objects are “created by the right adjoints”,
in the sense that a morphism is a (resp. acyclic) fibration iff its image under fgt is a (resp.
acyclic) fibration. Because every object of Topqg is fibrant, so is every object of Mod(Top)qs.

Exercise 8.8 (2 points). Show that every object of (sModg)kq is fibrant.

1221y other words, a derived R-module with nonnegatively-graded homology can be presented by a
nonnegatively-graded complex of R-modules.
123This equivalence follows from the fact that products in sSet are computed pointwise.

124The free simplicial R-module on a simplicial set X € sSet has R{X}, := R{X,}, i.e. it is given

by applying the free R-module functor Set Q) Modpg levelwise. The free topological R-module on a

topological space is the free R-module on its underlying set equipped with a suitable topology: its elements are
given by finite unordered configurations of points in X labeled by elements of R, where nearby configurations

with identical labels are nearby, and with addition and right R-action given pointwise.
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8.4.4. There is a close relationship between the categories sModg and Chlz{o, which is known
as the Dold—Kan correspondence.

Namely, there are two functors C,, C, € Fun(sModp, Ch%o), the normalized and unnormal-
1zed chains on a simplicial R-module. These are related by a commutative diagram

/0(:\ ll?

(22)

of natural quasi-isomorphisms, and moreover C, is an equivalence of categories [Wei94, §8.3].
We do not discuss the diagram (22), but we at least define the functors that it involves.

First of all, for a simplicial R-module X € sModg, we define C,(X) € Chz” by setting

Co(X) = X, and defining the differentials C,(X) < C,_,(X) to be

io(=1)"X(d},)

Cn(X) = Xn Xn—l = Cn—l(X) .

Then, Co(X) C C,(X) is the subcomplex defined levelwise by

ﬂ ker( X(d;) Xn—l) ,

so that its differential is simply C,(X) L Ch1(X).
Exercise 8.9 (8 points). For any simplicial R-module M € sMody and any n > 0, establish

a commutative diagram

homeser, (A" JOA™, fgt(M)) ——— Z,(Co(M))
dnt1

homgser, (A" /AT fgt(M)) —=— C,y1(M)

in Modg (where we consider fgt(M) := fgt(0 — M) € sSet.), and use this to deduce an
isomorphism
™ (fgt(M)) = H,, (Co(M))
in MOdR.
It follows from Exercise 8.9 and the above discussion that the functors C, and C, induce

canonically equivalent equivalences

sModp[W 1, .| — Chz’[W_!]

on localizations.'?® So, the model category (sModz)kq is a presentation of Ho(D7).

1251 fact, it is not hard to see that the equivalence of categories

(sModr)kq —* (Ch7")proj
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8.4.5. Now, both singular and simplicial homology may be located in the diagram
R{-}
Modg(Top)qs

—>
TOpQS <f—
gt

|—| || Sing Modg(|—]) [H| Modr(Sing)

R{-}
(23) sSetkq 1 ” (sModg)kq Fun(N, Modg)
fgt

Chg
as we now explain. First of all, simplicial homology is the composite functor
A R{_} Ce H.
HZ(—; R) : sSet —— sModr —> Chr — Fun(N, Modg) ,

and singular homology is the composite functor

. in 2=
Himg(_; R) . Top i_i sSet M Fun(N, MOdR)

(both implicitly with coefficients in R)."* The adjunction Modg(| — | 4 Sing) arises from
the fact that both functors in the adjunction | — | 4 Sing preserve finite products, and it is
clear that the square in diagram (23) commutes after omitting all left adjoints or all right

adjoints.

Exercise 8.10 (4 points). Prove that the adjunction Modg(| — | - Sing) is a Quillen equiv-

alence.

Combining Exercise 8.10 with the discussion of §8.4.4, we see that the model category
Modz(Top)qs is also a presentation of Hy(D7") and that the triangle in diagram (23) com-
mutes.

From diagram (23), we also see that homology with coefficients in R is indeed derived

R-linearization; note that both composites

CS(—; R) : sSet RN sModp %> Chp

and

Cs"8(—; R) : Top S8, Set N Chg

is both a left and right Quillen equivalence (using the notation of Exercise 8.7).
26\ fore generally, homology with coefficients in a (possibly derived) R-module is obtained by taking the

(resp. derived) tensor product before taking homology of complexes.
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are automatically derived (in the evident sense).'?” Indeed, diagram (23) yields the commu-
tative diagram

ho(8) Ho(D7")
II II
L(R{-})
Top[WV’V_lh_e_] — L Modg(Top)[W
fgt
|-| | 2 | Sing Modz(|—|) | 2 | Modz(Sing) \
I Gl SRR
sSet[W_ ;.| fJ_ sModz[W_} ] Fun(N, Modg)
gt
Chgr[W
.”.
Ho(DRr)

on localizations.'*® From this, we immediately deduce the Dold—Thom theorem: for any
cofibrant object X € Topgs (i.e. a cell complex or retract thereof), we have a canonical
isomorphism
T (R{X}) = H"&(X: R) .

Said differently, the singular homology of X with coefficients in R is computed by the ho-
motopy groups of the free topological R-module on X. We also deduce a sort of free/forget
adjunction

(i)

ho(8) := Top[W_} . ] T Chr[W_!] =: Ho(Dg)
OT>0

between the homotopy category of spaces and the category of derived R-modules.'??

127Ag always, we prefer to interpret these “homology” functors without actually passing to homology groups
of complexes.

128That is, the two adjunctions are identified via the equivalences, so that in particular the diagram
commutes upon omitting both left adjoints or both right adjoints.

129Note that this adjunction restricts to the free/forget adjunction

R{ }
Set Mod g

%
fgt

between sets and R-modules. This analogy will be amplified below.
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