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History

Goerss–Hopkins obstruction theory is a tool for obtaining E∞-ring
spectra from algebraic data.

For example, the p-adic K -theory of an E∞-ring spectrum
naturally carries the structure of a θ-algebra.

Conversely, given a θ-algebra A, Goerss–Hopkins obstruction theory
allows us to search for an E∞-ring spectrum R with (K∧p )∗R ∼= A.
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The obstructions to realizing a θ-algebra A as an E∞-ring
spectrum lie in André–Quillen cohomology groups:

to existence in Hn+2(A,ΩnA);

to uniqueness in Hn+1(A,ΩnA).

These are both questions about π0 of the moduli space of
(K (1)-local) E∞-ring spectra R with (KU∧p )∗R ∼= A.

In fact, Goerss–Hopkins obstruction theory allows us compute all
its homotopy groups!
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This was originally conceived to construct the E∞-ring spectrum of
topological modular forms,

which is by definition the global
sections of a sheaf of E∞-ring spectra on the moduli stack of
elliptic curves.

It builds on the Hopkins–Miller obstruction theory for A∞-ring
spectra. We will see that the latter is easier because the
A∞-operad is Σ-free: for all n, Σn acts freely on π0(A∞(n)).

In turn, these are both based on the Blanc–Dwyer–Goerss
obstruction theory for obtaining based spaces from Π-algebras.

These all ultimately rely on the E 2-model structure of
Dwyer–Kan–Stover for simplicial based spaces. Also called the
resolution model structure, this is meant to give “projective
resolutions” in a nonabelian setting.
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Overview

Given a homotopy monoid object, one can define an obstruction
theory for strictifying it to an A∞-algebra by attempting to extend
various maps over the interiors of higher and higher associahedra.

Though the obstructions magically live in the same groups, this is
different!

Our obstruction theory will take place in the category of simplicial
algebras.

We’ll start with nothing more than the desired algebraic image A,
and we’ll find a moduli space M∞(A) of simplicial objects which is
equivalent to the moduli space M (A) of realizations of A.
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The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups,

flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side,

and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side,

and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

The obstruction theory relies on the theory of Postnikov towers.

However, note that Postnikov towers don’t work so well for
nonconnective spectra: there’s nowhere to start.

So instead, we take their Z’s worth of homotopy groups, flip it on
its side, and then resolve upwards in a new, simplicial direction.

This gives us a new theory of Postnikov towers with respect to the
simplicial direction.

In fact, we’ll have such theories of Postnikov towers on both the
topology side and the algebra side, and the obstruction theory will
be based on very a tight relationship between them.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

These theories of Postnikov towers will both be strongly
reminiscent of the classical theory of Postnikov towers, so we take
a moment to review that now.

Let X be a based connected space, and write G = π1X . Then the
Postnikov tower of X is a tower

X
lim−→ · · · → P2X → P1X .

If we write M = πnX , then the map PnX → Pn−1X sits in a
pullback square

PnX BG

Pn−1X BG(M, n + 1).

The space BG (M, n + 1) represents G -twisted cohomology for
spaces over BG ' P1X .
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a moment to review that now.

Let X be a based connected space, and write G = π1X . Then the
Postnikov tower of X is a tower

X
lim−→ · · · → P2X → P1X .

If we write M = πnX , then the map PnX → Pn−1X sits in a
pullback square

PnX BG

Pn−1X BG(M, n + 1).

The space BG (M, n + 1) represents G -twisted cohomology for
spaces over BG ' P1X .
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Ultimately, if X is an (n − 1)-type,

then the moduli space
M (X ⊕ (M, n)) of n-types Y with Pn−1Y ' X and with
πnY ∼= M has

π0M (X ⊕ (M, n)) ∼=

 ∐
[X ,BG ]#Top∗

Hn+1
G (X ;M)

/Autho(Top∗)(X )×Aut(G ,M).

Here, # denotes those maps that are isomorphisms on π1.

The group actions keep track of two different ways of getting
equivalences of induced n-types.
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Motivation

The GHOsT story is extremely complicated, and relies on many
technical assumptions on the model category of spectra that
shouldn’t really be necessary.

The obstructions are entirely algebraic, and if there’s any justice in
the world, the obstruction theory itself will be model-independent:
it should factor through the passage to the underlying ∞-category.

Of course, once you’re there, you may as well do it for all
(sufficiently nice) ∞-categories.

(This actually began as a joint project with Markus Spitzweck to
construct a motivic GHOsT, but it eventually became clear that we
weren’t doing anything inherently motivic anyways.)
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In fact, GHOsT undergirds the derived algebro-geometric
construction of tmf , too.

Moreover, GHOsT gives a basis for doing derived algebraic
geometry “naively”: a derived scheme is just an ordinary scheme
(X ,OX ) equipped with a sheaf Otop

X of E∞-rings such that
π0O

top
X
∼= OX .

This is a reasonable definition because for R a connective E∞-ring,
SpecR and Specπ0R have equivalent Zariski sites. (This should
be believable: André–Quillen cohomology groups measure the
failure of a map to be smooth, but Zariski opens are smooth. In
fact, this same statement holds for their étale sites, too.)

So, this could give a basis for doing “naive” derived algebraic
geometry in other contexts, too.
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be believable: André–Quillen cohomology groups measure the
failure of a map to be smooth, but Zariski opens are smooth. In
fact, this same statement holds for their étale sites, too.)

So, this could give a basis for doing “naive” derived algebraic
geometry in other contexts, too.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

History
Overview
Motivation

In fact, GHOsT undergirds the derived algebro-geometric
construction of tmf , too.

Moreover, GHOsT gives a basis for doing derived algebraic
geometry “naively”: a derived scheme is just an ordinary scheme
(X ,OX ) equipped with a sheaf Otop

X of E∞-rings such that
π0O

top
X
∼= OX .

This is a reasonable definition because for R a connective E∞-ring,
SpecR and Specπ0R have equivalent Zariski sites.

(This should
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But more concretely, lots of people care about other ∞-categories
that aren’t the ∞-category of spectra,

and these people deserve an
obstruction theory too!

Later in this talk, we’ll also briefly mention work in progress
towards a generalization that applies to stronger notions of
commutativity that (ought to) exist e.g. in equivariant and motivic
homotopy theory.

And if nothing else: a guy’s gotta write a thesis, right??!?
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2. Blanc–Dwyer–Goerss obstruction
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As a warm-up, let’s start with the Blanc–Dwyer–Goerss
obstruction theory for obtaining based spaces for Π-algebras.

This is easier for two reasons:

The functor π∗ already determines equivalences, so our
desired moduli space is simply a subgroupoid of our category
(instead of a localization thereof).

There’s no operad in the game.
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So, let C be a model category, and let G ⊂ C be a set of generators.

We assume our generators are cobased, though of course
everything gets easier if they are even h-cogroup objects.
(Throughout, feel free to assume that C is pointed.)

We also assume (without loss of generality) that G is closed under
finite coproducts and that for any Sβ ∈ G, also Sn+β = ΣnSβ ∈ G.

We write A = PδΣ(G) for the category of product-preserving
presheaves of sets on G (or really on ho(G)).

We then have the functor π∗ : C→ A given by

(π∗X )(Sβ) = [Sβ ,X ]C.
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Of course, the canonical example of an object of A is given by π∗X
for X ∈ C.

But more generally, if we have a functor ϕ : G→M to a model
category M which preserves coproducts up to weak equivalence,
then for any X ∈M we can also obtain πϕ∗X ∈ A by setting

(πϕ∗ X )(Sβ) = [ϕ(Sβ),X ]M.

This induces a functor πϕ∗ : ho(M)→ A.
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Of course, historically, the original example was C = Top≥1
∗ , G = Π,

and A = Π-alg.

But there’s no reason to restrict to this case.

Note that one can really just keep track of the values on a subset
of G which generates it under coproducts, along with some extra
algebraic structure.

For instance, a Π-algebra is a product-preserving functor
Πop → Set, but it’s determined by its values on just the spheres,
along with:

their (abelian) group structures;

their compositions induced by elements of πiS
j ;

their Whitehead brackets.

(This reidentification is due to the Hilton–Milnor theorem for
computing the homotopy type of Ω(ΣX1 ∨ ΣX2).)
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There is a model structure on sA where Y → Z is an equivalence
if for all Sβ ∈ G, Y (Sβ)→ Z (Sβ) is an equivalence in sSet (with
the standard Quillen model structure).

This is compatible with the external simplicial structure on sA: for
K ∈ sSet and Y ∈ sA we define K � Y ∈ sA by

(K � Y )n =
∐
Kn

A

Yn.

Explicitly, this means that it is compatible with the Quillen model
structure on sSet.

Even more explicitly, this means that the tensoring
sSet× sA→ sA descends to a tensoring H × ho(sA)→ ho(sA),
where H ' sSet[W−1

Quillen] denotes the homotopy category of
topological spaces.
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For Y ∈ A, we simply write K � Y for K � const(Y ).

For K ∈ sSet∗, we also define

K ∧ Y = colim (pt� 0← pt� Y → K � Y ) ,

as one would expect.

Now, let’s define ϕn : G→ sA by

ϕn(Sβ) = Sn
∆ ∧ π∗Sβ ,

where Sn
∆ = ∆n/∂∆n ∈ sSet∗.

Then, for any Y ∈ sA, we can define πnY = πϕn
∗ Y ∈ A:

(πnY )(Sβ) = [ϕn(Sβ),Y ]sA ∼= πn(Y (Sβ)).
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In fact, for any n ≥ 1 we have a split cofiber sequence

Sn
∆ (Sn

∆)+ S0
∆.

For any Sβ ∈ G, this induces a natural split short exact sequence

0
[
Sn

∆ ∧ π∗Sβ ,Y
]
sA

[
(Sn

∆)+ ∧ π∗Sβ ,Y
]
sA

[
S0

∆ ∧ π∗Sβ ,Y
]
sA

0.

(πnY )(Sβ) (π0Y )(Sβ)

Note that (Sn
∆)+ ∈ (sSet∗)/S0

∆
is an h-cogroup object in the

Quillen model structure.

Thus, collecting over all Sβ, this displays πnY as the kernel of the
structure map of an abelian group object in A/π0Y .
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Another way of saying all this is that we’ve endowed πnY with the
structure of a module for π0Y .

We denote the category of π0Y -modules by Modπ0Y (A); the A

emphasizes the underlying category in which the modules live.

Modules appear in our story since the obstruction groups are
André–Quillen cohomology groups, and these are defined with
respect to a module of coefficients.

Now that we know what modules are, we’re ready to talk about...
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The big picture

Suppose we have some A ∈ A, and we’re interested in the moduli
space M (A) ⊂ C of objects X ∈ C with π∗X ∼= A.

For any Y ∈ sC, we have π∗Y ∈ sA, and there is a spectral
sequence running E 2

i ,β = πiπβY ⇒ πi+β|Y |.

Using the E 2-model structure on sC (which we’ll define in a
moment), we define M∞(A) ⊂ sCE2 to be the moduli space of
those Y ∈ sC with π0π∗Y ∼= A and πiπ∗Y = 0 for i > 0.

Such Y ∈ sC are called ∞-stages for A.

Note that for Y ∈M∞(A), the above spectral sequence collapses,
so |Y | ∈M (A). In fact, geometric realization defines an
equivalence

M∞(A)
∼−→M (A).
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We will define the moduli spaces Mn(A) ⊂ sCE2 of n-stages such
that

M∞(A)
lim−→ · · · →M1(A)→M0(A).

Moreover, we will have that M0(A) ' BAut(A), and for all n ≥ 1
we will have a pullback square

Mn(A) BAut(A,ΩnA)

Mn−1(A) Ĥ n+2(A,ΩnA).

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

Categorical generalities
The big picture
The E2-model structure
The spiral exact sequence
Obstruction theory

We will define the moduli spaces Mn(A) ⊂ sCE2 of n-stages such
that

M∞(A)
lim−→ · · · →M1(A)→M0(A).

Moreover, we will have that M0(A) ' BAut(A),

and for all n ≥ 1
we will have a pullback square

Mn(A) BAut(A,ΩnA)
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Mn−1(A) Ĥ n+2(A,ΩnA).

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

Categorical generalities
The big picture
The E2-model structure
The spiral exact sequence
Obstruction theory

Let us explain the map BAut(A,ΩnA)→ Ĥ n+2(A,ΩnA).

For any i ≥ 1, H i
A(X ,M) denotes the André–Quillen cohomology

of X ∈ A/A with coefficients in M ∈ ModA(A).

This is given by π0 of a certain mapping space, which we denote
by H i

A(X ,M).

These are based spaces, and in fact ΩH i 'H i−1.

Moreover, the basepoint map pt→H i
A(X ,M) picks out the

component 0 ∈ H i = π0H i and is Aut(A,M)-equivariant.

Taking the homotopy orbits of this basepoint map yields the map
in question (for X = A, M = ΩnA, and i = n + 2).
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Thus, this map BAut(A,M)→ Ĥ n+2(A,ΩnA) has fiber

ΩH n+2(A,ΩnA) 'H n+1(A,ΩnA)

over the path component of 0 ∈ Ĥn+2 and has empty fiber
otherwise.

Of course, this tells us about the fibers of Mn(A)→Mn−1(A):

If Hn+2(A,ΩnA) = 0 then this map is surjective on π0, so we
can always lift an (n − 1)-stage to an n-stage.

If Hn+1(A,ΩnA) = 0 then the fibers of this map are
connected, so that these lifts are unique up to equivalence
(although the equivalence need not be essentially unique).

As we make our way up the tower for M∞(A) 'M (A), this
recovers the obstructions to existence and uniqueness asserted
earlier!

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

Categorical generalities
The big picture
The E2-model structure
The spiral exact sequence
Obstruction theory

Thus, this map BAut(A,M)→ Ĥ n+2(A,ΩnA) has fiber
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So, what are these “n-stages”, you ask?

An n-stage Y will have π∗π∗Y (the E 2-page of its spectral
sequence) concentrated at π0π∗Y ∼= A and πn+2π∗Y ∼= Ωn+1A
(which we haven’t defined yet).

Of course, a spectral sequence always has an exact couple lurking
in the background, and we want to have the correct E 2-exact
couple, not just the correct E 2-page.

But even just to describe the exact couple, we’ll need to talk
about...
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The E 2-model structure

Recall that the Reedy model structure on sC has the levelwise
equivalences.

The E 2-model structure is weaker: a map Y → Z in sC is an
E 2-equivalence if the induced map π∗Y → π∗Z is a weak
equivalence in sA.

(In this language, a Reedy equivalence is an E 1-equivalence: it
induces an isomorphism in sA.)

The E 2-equivalences are exactly those maps that induce an
isomorphism of E 2-pages of the spectral sequence; in fact, they
automatically induce isomorphisms of E 2-exact couples.
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In the E 2-model structure on sC, every object admits a cofibrant
replacement

by a simplicial object which is inductively given by
latching on an arbitrary coproduct of elements of G. Such an
object is called G-free.

As mentioned before, this is also called the resolution model
structure; one should think of the elements of G as “projective
generators”.

In fact, we’re secretly using the E 2-model structure on the algebra
side, too: our model structure on sA is just the E 2-model
structure with respect to the full subcategory

GA = π∗G ⊂ A.
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latching on an arbitrary coproduct of elements of G. Such an
object is called G-free.

As mentioned before, this is also called the resolution model
structure; one should think of the elements of G as “projective
generators”.

In fact, we’re secretly using the E 2-model structure on the algebra
side, too:

our model structure on sA is just the E 2-model
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Recall that we’ve defined the functors πn : sA→ A for all n ≥ 0,
and in fact we’ve seen that πn ∈ Modπ0(A) for n ≥ 1.

Note that we also have π∗ : sC→ sA, defined levelwise.

For Y ∈ sC, we call the πnπβY the classical homotopy groups;
though we need the actual simplicial object to define them, they
are invariants of its E 2-equivalence class.

Thus πnπ∗Y ∈ A, and in fact πnπ∗Y ∈ Modπ0π∗Y (A) for n ≥ 1.

By definition, the E 2-equivalences are created by the classical
homotopy groups.
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There is another type of homotopy group which will constitute the
rest of the E 2-exact couple.

First, recall that the E 2-model structure is compatible in the with
the external simplicial structure.

On the other hand, the Reedy model structure is only compatible
with the trivial model structure on sSet (and this is tautological).
We’ll need this later.

We use the same notations K � Y and K ∧ Y as before.

These actually take part in the two-variable adjunctions

−�− : sSet× C→ sC

map(−,−)0 : sSetop × sC→ C

homlw
C (−,−) : C× sC→ sSet

− ∧− : sSet∗ × C∅ → sC

map∗(−,−)0 : sSetop∗ × sC→ C∅

homlw
C (−,−) : C∅ × sC→ sSet∗.
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In this language, the classical homotopy groups are given by

πnπβY = πn[Sβ ,Y ]lw
C = πn(πlw

0 homlw
C (Sβ ,Y )).

Using the E 2-model structure, we define the natural homotopy
groups to be

πn,βY = πn homsC
E2 (const(Sβ),Y ) ∼= [Sn

∆∧Sβ ,Y ]sC
E2
∼= [Sβ ,map∗(S

n
∆,Y )0]C∅ .

The same technique as before shows that πn,∗Y ∈ A, and even
that πn,∗Y ∈ Modπ0,∗Y (A) for n ≥ 1.

So finally we can attempt to understand the E 2-exact couple.

Of course, the best way to understand an exact couple is to unroll
it into a long exact sequence, and when we do this we get...
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The spiral exact sequence

The spiral exact sequence comes from unrolling the E 2-exact
couple of the spectral sequence E 2

i ,β = πiπβY ⇒ πi+β|Y |.

This is of course the derived couple of the E 1-exact couple, which
is of course not an invariant of the E 2-equivalence class of Y ∈ sC
(but only its Reedy equivalence class).

Note that the natural homotopy groups πi ,βY have to do with
maps Sβ → Yi , whereas the classical homotopy groups πiπβY are
not as directly related to geometry.

But by a stroke of divine providence, the spiral exact sequence is
2/3 natural and 1/3 classical! Thus, we can control the natural
homotopy groups in order to control the classical homotopy
groups, which are what show up on the E 2-page.
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There are two adjoint methods for obtaining the E 1-exact couple.

(1) Note that in (sSet∗)triv, we have a (homotopy!) cofiber
sequence

Sn−1
∆ → Dn

∆ → Sn
∆,

where Dn
∆ = ∆n/Λn

0 ∈ sSet∗.

For any Sβ ∈ G, this yields a (homotopy!) cofiber sequence

Sn−1
∆ ∧ Sβ → Dn

∆ ∧ Sβ → Sn
∆ ∧ Sβ

in sCReedy.

Applying [−,Y ]sCReedy
yields a long exact sequence.

When we collect over all Sβ ∈ G and range over all n ≥ 1,
these splice together into the E 1-exact couple.
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(2) Adjointly (and more homotopico-algebraically),

given Y ∈ sC
we can form its nonabelian cobased normalized n-chains
object

NnY = map∗(D
n
∆,Y )0

and its nonabelian cobased n-cycles object

ZnY = map∗(S
n
∆,Y )0.

These fit into fiber sequences

ZnY → NnY → Zn−1Y

in C∅.

Applying [Sβ,−]C∅ yields the same long exact sequences as
before.
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In either case, the key fact that identifies the derived exact couple
is that we have an exact sequence

[Dn+1
∆ ∧ Sβ ,Y ]sCReedy → [Sn

∆ ∧ Sβ ,Y ]sCReedy → [Sn
∆ ∧ Sβ ,Y ]sC

E2 → 0.

The key point is that the map Sn
∆ ∧ Sβ → Dn+1

∆ ∧ Sβ is an
“E 2-cone”.

That is, it’s an E 2-cofibration into an E 2-contractible object.
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Finally, the spiral exact sequence runs

· · · Ωπn−1,∗Y πn,∗Y πnπ∗Y · · ·

· · · Ωπ0,∗Y π1,∗Y π1π∗Y pt.

Here, for any A ∈ A, we define ΩA ∈ A by (ΩA)(Sβ) = A(ΣSβ).
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This is not just a long exact sequence in A.

On the one hand, all the πnπ∗Y for n ≥ 1 live in Modπ0π∗Y (A).

On the other hand, all the πn,∗Y and Ωπn,∗Y for n ≥ 1 (and
Ωπ0,∗Y too, it turns out) live in Modπ0,∗Y (A).

In fact, it turns out that π0,∗Y ∼= π0π∗Y ! Really the spiral exact
sequence ends with

pt = Ωπ−1,∗Y π0,∗Y π0π∗Y pt.∼

If we denote their common value by π0Y ∈ A, then the spiral
exact sequence (excluding this last little bit) actually takes place in
Modπ0Y (A).

Aaron Mazel-Gee GHOsT for∞-categories
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In particular, these really are abelian groups, and so it’s not
dangerous to say that the sequence (which a priori just lives in
Set∗) is “exact”.

(Of course, we know what an exact sequence in
Set∗ is, too. And who doesn’t like to live dangerously?)

To prove that the spiral exact sequence supports this module
structure requires lots and lots of fiddling around with the interplay
between the Reedy and E 2-model structures on sC.

Anyways, now that we have the spiral exact sequence in hand, we
can finally talk about...
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Obstruction theory

Recall that for an object A ∈ A, we will define the moduli spaces
Mn(A) ⊂ sCE2 of n-stages such that

M (A)
∼←−M∞(A)

lim−→ · · · →M1(A)→M0(A).

We’ve already defined the ∞-stages: these are the objects
Y ∈ sC such that π0π∗Y ∼= A and πiπ∗Y = 0 for i > 0.

Recall also that we said that an n-stage Y would have π0π∗Y ∼= A
and πn+2π∗Y ∼= Ωn+1A, but that that wasn’t enough to pin down
its E 2-exact couple. Finally, we can define Y ∈ sC to be an
n-stage if it has

i 0 1 2 · · · n − 1 n n + 1 n + 2 n + 3 · · ·
πiπ∗Y A 0 0 · · · 0 0 0 Ωn+1A 0 · · ·
πi,∗Y A ΩA Ω2A · · · Ωn−1A ΩnA 0 0 0 · · ·
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The obstruction theory exploits the interplay between Postnikov
theory in sCE2 and Postnikov theory in sA = sAE2 .

Thus, we will
need to understand Eilenberg–MacLane objects in both categories.

The stories begin identically, so we use D to denote either
category, and we use πi(∗) : D→ A to simultaneously denote πi ,∗
in the former case and πi in the latter case. We’ll later use the
superscripts top and alg to distinguish things when necessary.

Then, for any A ∈ A, M ∈ ModA(A), and n ≥ 1, we say:

that an object Y ∈ D has type KA if π0(∗)Y ∼= A and
πi(∗)Y = 0 for i 6= 0;

that an object Z ∈ D has type KA(M, n) if π0(∗)Z ∼= A,
πn(∗)Z ∼= M, and πi(∗)Z = 0 for i 6= 0, n.
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Of course, these Eilenberg–MacLane objects always exist, and are
unique up to equivalence.

We use them to define André–Quillen cohomology groups: for any
n ≥ 1 and X ∈ D/KA

, we define

Hn
A(X ,M) = [X ,KA(M, n)]D/KA

.

In fact, by the long exact sequence in homotopy we have that
ΩKA(M, n) ' KA(M, n − 1) in D/KA

.

So, setting KA(M, 0) = ΩKA(M, 1) (which of course has type
KMoA), we have that

KAM = {KA(M, n)}n≥0

forms an Ω-spectrum in D/KA
.
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We then define André–Quillen cohomology spaces

H n
A (X ,M) = homD/KA

(X ,KA(M, n)).

By definition, these have π0H n = Hn.

Since mapping an object into an Ω-spectrum yields an Ω-spectrum,
these collect into an André–Quillen cohomology Ω-spectrum

HA(X ,M) = {H n
A (X ,M)}n≥0

in S∗. (In particular, ΩH n 'H n−1, as we claimed earlier.)

By construction, π−iH ∼= H i for i ≥ 0 and πjH = 0 for j > 0.
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We can define functorial Postnikov towers

Y
lim−→ · · · → P1Y → P0Y

in D.

If we set A = π0Y ∈ A and M = πnY ∈ ModA(A), then we have
a pullback square

PnY KA

Pn−1Y KA(M, n + 1),

where the map on the right is an isomorphism on π0(∗).

This nth k-invariant map Pn−1Y → KA(M, n + 1) can be
constructed functorially, too.
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But here the algebraic and topological stories diverge:

πiπ∗K
top
A
∼=


A, i = 0
ΩA, i = 2
0, i 6= 0, 2

and

πiπ∗K
top
A (M, n) ∼= πiπ∗K

top
A ×


M, i = n
ΩM, i = n + 2
0, i 6= n, n + 2.

In particular, π∗K
top
A 6' K alg

A and π∗K
top
A (M, n) 6' K alg

A (M, n).

However, there is nevertheless a universal morphism

π∗K
top
A (M, n)→ K alg

A (M, n),

which for any Y ∈ sCE2 yields an equivalence

hom(sC
E2 )

/K
top
A

(Y ,K top
A (M, n))

∼−→ homsA
/K

alg
A

(π∗Y ,K
alg
A (M, n)) = H n

A (π∗Y ,M).
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So, the object K top
A (M, n) ∈ (sCE2)/K top

A
simultaneously:

acts as the target of the functorial nth k-invariant map, and

represents the functor H n
A (π∗−,M).

From here, routine manipulations yield our desired pullback square

Mn(A) BAut(A,ΩnA)

Mn−1(A) Ĥ n+2(A,ΩnA).

...and that’s how you get based spaces from Π-algebras!
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Before moving on, we briefly mention a rather surprising
interpretation of the objects Y ∈Mn(A) given by
Blanc–Dwyer–Goerss.

From the spectral sequence, we can see that |Y | ∈ Top∗ has
homotopy groups that agree with those encoded in A ∈ Π-alg in
the range [1, n + 1] and vanish elsewhere.

We might write |Y | ∈M (A〈1,n+1〉). If Y lifts to an ∞-stage

Ỹ ∈M∞(A), then |Y | ' |Ỹ |〈1,n+1〉.

However, if we write P i
lwY for the levelwise i th cotruncation of Y ,

then |P i
lwY | ∈M (A〈i ,n+i〉)!

That is, in some sense, Y “knows” how to thread together any
n + 1 consecutive homotopy groups encoded in A ∈ Π-alg.
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Over the course of more than 15 years, Goerss–Hopkins wrote at
least six hefty papers on obstruction theory that spanned more
than 500 pages.

These culminated in the 126-page tome Moduli problems for
structured ring spectra, which to this day remains unpublished.

Recall their two further desiderata:

They want to be able to use E∗ instead of π∗.

They’re interested in the moduli space of algebras over an
operad.

Together, these make for a nearly endless supply of new twists and
subtleties.
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The key ideas

In the Blanc–Dwyer–Goerss story, we’re taking resolutions of
objects C by G-free objects of sC.

The important point is that these are sent to GA-free objects of sA
by the functor π∗ : sC→ sA.

So first of all, in the Goerss–Hopkins story, we need to be able to
say the same of our functor E∗ : sC→ sA. (Of course, now we
take A = ModE∗ , or even A = ComodE∗E .)

To achieve this, we enlarge our G using this One Weird Old Trick.
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We say that a homotopy ring spectrum E satisfies Adams’s
condition if

it can be written as a filtered colimit E ' colimEα of
dualizable spectra Eα, such that:

E∗DEα ∈ ModE∗ is projective, and

for every M ∈ ModE , the Künneth map

[DEα,M]C homModE∗ (E∗DEα,M∗)

(DEα → M) π∗(E ⊗ DEα → E ⊗M → M)

is an isomorphism.

This is the condition given by Adams in his blue book to ensure
that E∗ enjoys a Künneth spectral sequence.

This also implies that

E∗X = π∗(E ⊗ X ) ∼= {colim[Sβ ⊗ DEα,X ]C}Sβ∈G.

So, we assume that E satisfies Adams’s condition.
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that E∗ enjoys a Künneth spectral sequence.

This also implies that

E∗X = π∗(E ⊗ X ) ∼= {colim[Sβ ⊗ DEα,X ]C}Sβ∈G.

So, we assume that E satisfies Adams’s condition.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

The key ideas
Complications

We say that a homotopy ring spectrum E satisfies Adams’s
condition if it can be written as a filtered colimit E ' colimEα of
dualizable spectra Eα, such that:

E∗DEα ∈ ModE∗ is projective, and

for every M ∈ ModE ,
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that E∗ enjoys a Künneth spectral sequence.

This also implies that

E∗X = π∗(E ⊗ X ) ∼= {colim[Sβ ⊗ DEα,X ]C}Sβ∈G.

So, we assume that E satisfies Adams’s condition.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

The key ideas
Complications

We say that a homotopy ring spectrum E satisfies Adams’s
condition if it can be written as a filtered colimit E ' colimEα of
dualizable spectra Eα, such that:

E∗DEα ∈ ModE∗ is projective, and

for every M ∈ ModE , the Künneth map
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that E∗ enjoys a Künneth spectral sequence.

This also implies that

E∗X = π∗(E ⊗ X ) ∼= {colim[Sβ ⊗ DEα,X ]C}Sβ∈G.

So, we assume that E satisfies Adams’s condition.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

The key ideas
Complications

We say that a homotopy ring spectrum E satisfies Adams’s
condition if it can be written as a filtered colimit E ' colimEα of
dualizable spectra Eα, such that:

E∗DEα ∈ ModE∗ is projective, and

for every M ∈ ModE , the Künneth map
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Then, we define the set GE
C ⊂ C to be the closure of G ∪ {ΣβDEα}

under finite coproducts.

This defines the E 2
GE
C

-model structure on

sC.

Moreover, we set
GA = E∗G

E
C ⊂ A,

which similarly defines the E 2
GA

-model structure on sA.

Then, the functor
E∗ : sCE2

GE
C

→ sAE2
GA

takes GE
C -free objects to GA-free objects!
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Now, let’s try to bring the operad into the mix.

If O ∈ Op is our operad of interest, we want to resolve objects of
AlgO(C) by some sort of algebras in sC whose E -homology is still
cofibrant in an appropriate sense.

The other key insight, then, is that we should resolve O by a
simplicial operad T ∈ sOp such that:

the operads Tn are all Σ-free, and

the E∗Tn(k) are all projective E∗-modules.

This gives us an adjunction AlgT (sC)� AlgO(C).

(Note that when O is an A∞-operad, we can simply take
T = const(O). This is the source of the comparative simplicity of
the Hopkins–Miller obstruction theory.)
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Then, for any X ∈ C with E∗X projective,

E∗TnX ∼= E∗

∐
k≥0

(
Tn(k)⊗ X⊗k

)
Σk

 ∼= ⊕
k≥0

(
E∗Tn(k)⊗E∗ (E∗X )⊗k

)
Σk

.

(Recall that the Künneth spectral sequence takes Tor as input.)

So, when X is a Tn-algebra, then E∗X becomes an E∗Tn-algebra!

These collect into a functor

E∗ : AlgT (sC)→ AlgE∗T (sA)

that preserves cofibrancy.

And this is why we want the E∗Tn(k) to be projective: at least
when Y ∈ sC is GE

C -free, we want E∗TY ∈ AlgE∗T (sA) to forget
down to a cofibrant object of sA.
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Let’s put this all together.

We know already that any object of C admits a GE
C -free resolution.

Also, we can always resolve any algebra by free algebras.

So, we can now resolve any O-algebra X ∈ AlgO(C) by a free
T -algebra Y ∈ AlgT (sC) with E∗Y ∈ AlgE∗T (sA) cofibrant!
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However, note that we are now using the functor {[P,−]C}P∈GE
C

to

determined our equivalences in sCE2

GE
C

.

In general, this will have strictly fewer equivalences than those
determined by taking E∗ levelwise: we’ve decomposed
E ' colimEα more or less arbitrarily.

So, we must further localize sCE2

GE
C

and AlgT (sC)E2

GE
C

so that π∗E∗

creates equivalences.

Of course, we could go on for days about all of the...
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Complications

But let’s not.

Especially because the next section is so much cleaner!
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∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

4. To ∞-categories and beyond!
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∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

The ∞-categorical GHOsT story, while still complicated, is
boatloads simpler than the original one.

The original GHOsT story is mired in an obscene amount of
model-categorical technicalities.

For instance, for various point-set reasons involving NDR-pairs and
wanting to compute homotopy quotients by group actions using
on-the-nose quotients, Goerss–Hopkins choose to work with
symmetric spectra in topological spaces with the positive model
structure.

And then, they also need to fuss around with semi-model
structures in order to perform the Bousfield E -localizations we just
mentioned.
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Of course, these sorts of technicalities all vanish when we pass to
∞-categories!

For mere mortals, this simplification is more or less essential if one
wants to generalize the obstruction theory to other homotopy
theories besides that of spectra.

But perhaps most importantly, when we pass to ∞-categories, the
underlying mathematical ideas – which are extremely beautiful! –
come through a lot more clearly.

So: let’s get involved!
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∞-categorical generalities

Let C be a presentable ∞-category.

This is equivalent to saying that C admits a set of strong
generators, i.e. a set G ⊂ C such that the Yoneda embedding

C ↪→ P(G) = Fun(Gop, S)

is fully faithful.

We once again assume that G is closed under finite coproducts and
suspensions, and that its objects are cobased.

As before, we use this to define the functor π∗ : C→ PδΣ(G) by

(π∗X )(Sβ) = [Sβ ,X ]C.

(Recall that PδΣ denotes the category of discrete,
product-preserving presheaves.)
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We want to talk about homology.

So, we assume that C has a monoidal structure ⊗ (that commutes
with colimits in the first variable), and we assume that we have a
homotopy monoid object E satisfying a “left” Adams’s condition.

We write A for the target of the functor E∗ : C→ A given by

E∗X = π∗(E ⊗ X ) = {[Sβ ,E ⊗ X ]C}Sβ∈G.

If we define GE
C and GA as before, then we have an embedding

A ↪→ PδΣ(GA).

In fact, we have an identification A ' ShvδΣ(GA) with the category
of sheaves for the topology generated by the epimorphisms.
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Now, it turns out that the PΣ construction –

that is,
product-preserving presheaves of spaces – is the underlying
∞-category of the E 2-model structure!

This makes a lot of our constructions nearly tautological.

It should make this more believable that the PΣ construction is
also the free cocompletion for sifted colimits.

The main examples of sifted colimits are geometric realizations and
filtered colimits; in fact, these generate all sifted colimits, in the
sense that the functor

s(Ind(D)) PΣ(D)

Y
(
d 7→ | homlw

D(d ,Y )|
)

is essentially surjective.
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The PΣ construction is also called the nonabelian derived
∞-category construction.

When D is an Ind-complete abelian category with enough
projectives, there is a natural equivalence

D−≥0(D)
∼−→ PΣ(Dproj).

In any case, combining all this with what we’ve already seen, we
are now ready for our first look at...

The Diagram.
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We saw previously that in order to get the obstruction theory up
and running, we needed to make a bunch of constructions and
computations using the Reedy model structure to deduce
statements about the E 2-model structure.

These remain necessary in the ∞-categorical setting.

We know that the ∞-categories sC and sA underlie the respective
Reedy model categories, and we know that the ∞-categories given
by the PΣ construction underlie the various E 2-model categories.

But how are these related?
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Model ∞-categories

A model structure (W,C,F) on a 1-category D allows us to make
computations in D[W−1].

A model structure on an ∞-category does exactly the same thing.

The axioms are nearly identical.

Some care must be taken with the lifting axiom, which now asserts
that a certain map of spaces is an effective epimorphism (that is,
an epimorphism on π0).

We also assume that C and W ∩ C are preserved under tensoring
with S, and dually that F and W ∩ F are preserved under
cotensoring with S. (These are “continuous” versions of the
analogous facts for model 1-categories when S is replaced by Set.)
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In the case that D is actually a 1-category, this recovers the
classical definition of a model structure on D.

In fact, if D is a model ∞-category and ho(D) has whatever
co/limits one would like to require (though this is quite rare!), then
a model structure on D descends to a model structure on ho(D).

(The two-out-of-three, retract, and factorization axioms in D are
even verifiable in ho(D), and the lifting axiom descends as well.)

On the other hand, since in general there is a complicated interplay
between co/limits in D and co/limits in ho(D), we are nervous
about drawing any conclusions about the relationship between
these two model ∞-categories.

(Note that the functor D→ ho(D) is the unit of the adjunction
Cat∞ � Cat1, but it is not itself an adjoint.)
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We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D.

We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD.

(Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts,

we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

We can make all the same constructions as in the classical case.

For instance, any ∞-category D can be given the trivial model
structure, in which we set W = D' and C = F = D. We can use
this to define a Reedy model structure on sD. (Of course, this will
just be the trivial model structure on sD.)

More interestingly, given a small full subcategory of D that’s
closed under finite coproducts, we can use it to equip sD with an
E 2-model structure!

These are both a lot cleaner than their classical counterparts,
because everything is already homotopically well-behaved in the
∞-category D.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
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In model 1-categories, one simply quotients by relations to obtain
a set of “homotopy classes of maps”.

Of course, this goes against the core thesis of higher category
theory.

Instead, we will remember the relations, and we will build them
into a space of “homotopy classes of maps”.
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Now, suppose D is a model ∞-category,

d1, d2 ∈ D, and that we
have chosen some cyl•(d1) and path•(d2).

Then, we define the space of left homotopy classes of maps to be

hom
l∼
D(d1, d2) =

∣∣∣homlw
D(cyl•(d1), d2)

∣∣∣ ,
and the space of right homotopy classes of maps to be

hom
r∼
D(d1, d2) =

∣∣∣homlw
D(d1, path•(d2))

∣∣∣ .
(One of the keys to passing from 1-topos theory to ∞-topos theory
is replacing quotients by equivalence relations with geometric
realizations of simplicial objects.)
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Of course, the main result is that when d1 is cofibrant and d2 is
fibrant,

then for any cyl•(d1) and path•(d2),

hom
l∼
D(d1, d2)

∥∥homlw
D(cyl•(d1), path•(d2))

∥∥ hom
r∼
D(d1, d2)

homD[W−1](d1, d2)

∼

∼

∼

(where ‖−‖ denotes the colimit of a bisimplicial space).
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Proving for instance that the right horizontal map

hom
r∼
D(d1, d2) ' hom

r∼
D(cyl0(d1), d2)

colimn hom
r∼
D(cyln(d1), d2)

∥∥homlw
D(cyl•(d1), path•(d2))

∥∥ =

↓

is an equivalence

amounts to showing that if d
≈
� d ′ is an acyclic

cofibration, then the induced map

homlw
D(d ′, path•(d2))→ homlw

D(d , path•(d2))

in sS yields a weak equivalence of hom
r∼
D-spaces upon geometric

realization. (When d1 is cofibrant, the coface maps of cyl•(d1) are
all acyclic cofibrations.)

In fact, this is not an equivalence in sS itself...but it’s an
E 2-equivalence! (To prove this, use the lifting axiom for the acyclic

cofibrations Sn ⊗ d
≈
� Sn ⊗ d ′ against the various fibrations

contained in path•(d2).)
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On the other hand, to show that the map∥∥∥homlw
D(cyl•(d1), path•(d2))

∥∥∥→ homD[W−1](d1, d2)

is an equivalence, we first need to have access to D[W−1].

Our T-shaped diagram is essentially lifted from Dwyer–Kan’s
original proof that the hammock construction has the correct
homotopy type, only the hammock construction is now replaced by
the hom-space homD[W−1](d1, d2).

In fact, there’s an extremely elegant method for inverting a class of
maps in an ∞-category – which looks a whole lot like a
“high-dimensional hammock construction” – using Rezk’s theory
of complete Segal spaces.
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∥∥∥→ homD[W−1](d1, d2)

is an equivalence, we first need to have access to D[W−1].

Our T-shaped diagram is essentially lifted from Dwyer–Kan’s
original proof that the hammock construction has the correct
homotopy type,

only the hammock construction is now replaced by
the hom-space homD[W−1](d1, d2).

In fact, there’s an extremely elegant method for inverting a class of
maps in an ∞-category – which looks a whole lot like a
“high-dimensional hammock construction” – using Rezk’s theory
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Recall that the complete Segal space functor CSS : RelCat∞ → sS
takes a relative ∞-category (D,W) and returns the simplicial
space CSS(D,W)• given by

CSS(D,W)n =
(

Fun([n],D)W
)gpd

.

That is, to construct CSS(D,W)n, we take the ∞-category of
chains of n composable arrows in D, pass to its full subcategory on
those natural transformations whose components all lie in W, and
then groupoid-complete the result.

Then, we have the simple formula

homD[W−1](d1, d2) = lim


CSS(D,W)1

pt CSS(D,W)0 × CSS(D,W)0

(δ0, δ1)

(d1, d2)

 .
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This construction makes it clear that homD[W−1](d1, d2) is indeed
some sort of “space of zig-zags”, subject to the usual relations.

Then, just as in the classical case, we can use our model structure

axioms to reduce to the space of zig-zags of the form
≈
�→

≈
�.

That is, the model structure once again buys us a three-arrow
calculus for computing mapping spaces in D[W−1].

From here, we can mimic the analogous classical proof by
Dwyer–Kan to show that we have an equivalence∥∥∥homlw

D(cyl•(d1), path•(d2))
∥∥∥ ∼−→ homD[W−1](d1, d2).
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Of course, there are the notions of a Quillen adjunction of model
∞-categories and of its derived adjunction.

As we’ve indicated, these play a pivotal role in setting up an
∞-categorical Goerss–Hopkins obstruction theory; we’ll display the
diagram again in a moment.

However, we first mention that we will have a need for simplicial
model ∞-categories: that is, model ∞-categories with a tensoring
over sSet which is compatible with the localization sSet→ S.

In fact, sCE2

GE
C

is even simplicio-spatial : sC is naturally tensored

over sS, and the E 2
GE
C

-model structure is compatible with the

colimit functor sS→ S. (This is of course a left localization, and
hence determines a model structure on sS where all objects are
cofibrant.)
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And now once again, for our collective viewing pleasure, here is
The Diagram.
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Of course, as we’ve hopefully made clear, this recovers the existing
obstruction theories.

But now, this can be used in any presentable ∞-category!

As a sample application, let’s attempt to reimagine the
construction of tmf .
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In Behrens’s Notes on the construction of tmf , for p > 2 he

constructs the K (1)-local sheaf Otop
K(1) over M

ord
ell,p “one spectrum

at a time”:

(1) first he constructs the global sections tmfK(1),

(2) then he constructs the sections over any étale affine, and

(3) finally he shows that these patch together in an essentially
unique way.

(The first step is because the obstructions in the category of
tmfK(1)-algebras vanish, but those in the category of S-algebras do
not.)

(At p = 2, the obstructions don’t vanish in either case. Instead, he
constructs a handicrafted and non-functorial “cells and disks”
obstruction theory – an Eckmann–Hilton dual of GHOsT.)
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This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X ,

the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure,

in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff,

it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:

by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

This is sufficient, because he shows that:

For any Deligne–Mumford stack X , the inclusion
i : Xét,aff ↪→Xét induces a Quillen equivalence

i∗ : Fun(Xét, Sp)Jardine � Fun(Xét,aff, Sp)Jardine : i∗

of presheaves of spectra with the Jardine model structure, in
which the fibrant objects are the sheaves (i.e. hypersheaves).

To construct a sheaf of spectra on Xét,aff, it suffices to
construct a presheaf of spectra there whose sectionwise
homotopy groups form a quasicoherent sheaf.

This latter condition is automatic for elliptic cohomology theories:
by fiat, Otop is locally required to have that π2nOtop ∼= ω⊗n and
π2n+1Otop = 0.

Aaron Mazel-Gee GHOsT for∞-categories



Introduction
Blanc–Dwyer–Goerss obstruction theory

From Blanc–Dwyer–Goerss to Goerss–Hopkins
GHOsT for∞-categories

∞-categorical generalities
The diagram
Model∞-categories
Applications and generalizations

So, we can hope to construct Otop
K(1) (or maybe even Otop!) in one

swoop by doing obstruction theory in C = Fun(Xét,aff, Sp).

However, taking homotopy or homology will now land not in sets
but in presheaves of sets on Xét,aff, so this requires an enriched
obstruction theory.

This is in the works!

Of course, we make no claims that this will be any computationally
easier than the existing obstruction-theoretic approach.

Another probably intractable method for constructing tmf would
be to put a Jardine model structure on the ∞-category
Fun(Xét, Sp), do obstruction theory for the stalks, and then
fibrantly replace the result.
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But really, enriching the obstruction theory should be purely formal.

For instance, we should obtain André–Quillen cohomology
Ω-spectra in our enriching ∞-category.

Then, the obstructions will live in André–Quillen cohomology
group objects in its subcategory of discrete objects.
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This should have other applications, too.

For instance, if we care about motivic spectra (which are enriched
in motivic spaces), there are two things we can do.

We can do enriched obstruction theory in motivic spectra, and
obtain obstructions in “motivic groups”.

Or, we can stop caring about motivic spectra, and restrict our
attention to their colocalization to cellular motivic spectra.

By definition, these are the motivic spectra that can be built out of
the S i ,j under homotopy colimits.

Here, equivalences are detected by homotopy groups instead of by
homotopy motivic groups, so we can safely ignore the enrichment.
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Luckily, many motivic spectra of interest are cellular: the sphere,
algebraic K -theory, MGL, and indeed any Landweber exact motivic
spectrum.

(This a complicated question for Eilenberg–MacLane spectra,
though.)

There’s also a cellular colocalization in the equivariant world.

Similarly, the cellular G -spectra are just those that are generated
under homotopy colimits by the virtual representation spheres.

So, among cellular equivariant spectra, to detect equivalences it
suffices to check RO(G )-graded homotopy groups (instead of
Mackey functors).
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As long as we’re talking about equivariant and motivic homotopy
theory, we mention one last bit of work in progress.

Note that the categories of G -spaces and G -spectra are not just
symmetric monoidal: they are G-symmetric monoidal.

That is, given a finite G -set T and a G -equivariant functor
X : T//G → C into either of these categories, we can form the
indexed monoidal product

⊗
t∈T Xt ∈ C.

In particular, if X is constant at an object X ∈ C, then this
deserves to be written X⊗T . (When T has trivial G -action, this is
just X⊗|T |.)
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Then, we say that X is a genuine commutative monoid object if it
is equipped with compatible maps X⊗T → X for all T .

In homotopy, this is the difference between a Green functor (that
is, a commutative monoid in Mackey functors) and a Tambara
functor (that is, a G-commutative monoid in Mackey functors).

There is a motivic version, too!

If we are working over a base scheme B and T → B is étale, then
for any motivic space or spectrum X we can obtain an object X⊗T .

For instance, if B = Spec k , then this must be given by
T = SpecA for A an étale k-algebra: that is, a finite product of
finite field extensions of k.

This provides for an analogous notion of genuine commutative
motivic objects.
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We hope to generalize Barwick’s theory of operator categories for
an arbitrary “set of étale objects” to simultaneously encapsulate
both of these notions.

Moreover, there is an étale realization functor running from
motivic homotopy theory over B to equivariant homotopy theory
with respect to the (profinite) group πét

1 (B). (When B = Spec k ,
then we have πét

1 (Spec k) ∼= Gal(ksep/k).)

By functoriality in the set of étale objects, étale realization should
take genuine commutative motivic objects to genuine commutative
equivariant objects.

Equivariant genuine symmetric operads are explored extensively in
recent work of Blumberg–Hill on what they call N∞-operads, and
we expect to recover these as a special case.
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Then, of course, we hope to extend the obstruction theory to these
genuine operads!

Of course, this will very much be a “B.Y.O. Dyer–Lashof algebra”
sort of party...at least for now.

In addition to putting genuine commutative structures on various
equivariant and motivic spectra, we might hope to one day use this
to construct a motivic spectrum mmf of motivic modular forms: a
motivic version of tmf .

We might very well be able to do this just with motivic E∞-rings,
but then mmf would only inherit an E∞-structure.

In any case, this is probably still light-years away.
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